Lecture 5: Line Stretching

Statistics of line elements, Lyapunov exponents, F(p) and G(h), the
Kraichnan-Kazantsev model, Kraichnan’s Gaussian bloblet
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The “local stretching model”
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Townsend’s hot-spot model.

« Solve the line-element equation:

&(x(1),1)

ZE(t) No molecular diffusion (yet)

« In this Lagrangian frame we have a

stochastic differential equation: W(t)§

« Ve desire the statistical properties of line-element lengths.

Nowdon: {(t) = |&(1)




Definition of the Lyapunov exponent

& For the moment, we use the definition:
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« Using the golden rule for multiplicative processes:

brnp = gOevavt

« According to Batchelor, all elements would stretch at this

rate. This is not exactly true - we need a more complete
characterization of stretching statistics.




The big picture for line-element stretching
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« F(p) is convex, and

F(0)=0, F'(0)>0,




The other half of the big picture

« Large deviation theory gives
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e F(p) and G(h) contain equivalent information:

(p))  Fp)= Sup (ph — G(h))




An example illustrating the main
features of the big picture




Renewing Couette flow
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@ The illustration at right is misleading: ?/4 )
hyperbolic points are not necessary for %
exponential stretching. % U @

« Even Couette flow can produce exponential

stretching, provided there is “random realignment”.
(Think of our renewing wave models.)

g0

u = py




Couette flow €= (8 g> £

« Recall elementary Couette flow - a material line moves like this:

Ultimately: /(¢) = |&(t)| o< £o X St

« The solution of the line-element equation is:

cos 0 + Bt sin 6’>

sin 6

&(t) = Lo (

and  0%(t) = [1 + Btsin26 + 3°t° sin® 0] £




Renewing Couette flow

« At the end of each epoch,
0<t<7| [7<t<27r] 271 <t < 37]

randomly rotate the direction of the Couette flow.

« At the end of the n’th epoch, /(nr) H \/1 + (7 sin 20, + 3272 sin? 0, £,

k— 1%—/

(In6) _ on(m(8)) _ otvioy

do
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e Since this is a random product: /,,, = e
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Homework: the renewing sinusoid




The CGF of Renewing Couette flow
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Properties of F(p): some “proofs”

s (7))




F(p) is convex

7= e () )

« It is evident that F(0)=0.

e Use Cauchy-Schwarz:

(800 ) < (@) ()2

= F("0) < @)+ F@)




In isotropic flow 7oy = F'(0) >0

« Since the line-stretching equation is linear:

4
J()EO) = In <€—> = 2In(eTJ"Je) , el =1
detJ =1 ’ where 6(0) — Zoe

e Three things we know about: JT.J

« Use Jensen’s inequality log(avg) > avg(log):
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In isotropic flow 7oy = F'(0) >0

« Since the line-stretching equation is linear:

4
J()EO) = In <€—> = 2In(eTJ"Je) , el =1
detJ =1 ’ where 6(0) — Zoe

e [hree things we know about: JT.J symmetric, det =1,and eigenvalues are positive.
« Use Jensen’s inequality log(avg) > avg(log):
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In (Are] + Aaes + Aze3) dS

pp (6% In\; +e31n Xy +e31n A3) dS
T Jlel=1

1
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@ Incompressibility (conservation of area in d=2) is the key:

A=1000=1021)0,1t) n=1,2,---N
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The Kraichnan-Kazantsev model
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KA2 flows

« Once again, we use a renewal model:

0<t<T|] [71<t<2r] 271 <t<37] et

eButnow: 77— 0, with wu; x /2

« [hus <ui(.’131,t1)u]' (w27t2)> — 22/{73]' (2132 — "171)57'(752 — tl)

e Although the kinetic energy of a KN2-flow is infinite, we are not deterred.

« Homework/discussion: calculate the velocity correlation
function for our favorite example, the renewing sinusoid.




The simplest example: Eddy diffusivity

. p
e Start with: ¢y + u;¢; = KV7cC,

« VWe only have to consider the first epoch:

c(x,7) = c(x,0) — Tusci(x,0) +5 7°u; [uic i (x,0)] i+ 0 (T7u?) .

0(71/2) . O(1) 0(73/2)

Ac
T — —’UJZ'C,i(aZ‘, O) -+ %Tujui,jcyi(m, O) -+ %Tujuz-c,ij (a’:, O) :

«Ensemble average, and take the limit: {¢); = kV*(c) + U;; (0)(c) ;; .

(Assuming spatial homogeneity.)

e Recall <ui($1,t1)uj'(a?2,t2)> — 22/{7;]'(332 — 2131)57-(152 — tl)




The second simplest example: line element FP eqn.

e The line-element equation: 0;§; = W;,&,

O (71/2)

e Zero mean (W;,) = 0., and spatially homogeneous(\W;, W ;) = 0

P) =0

\ unaveraged density of line elements

~

« [he Liouville equation: O P + (Wz’pfp

e Advance through the first  P(g,7) — P(£,0)

= 0, P (g 0) +5 7O} P °(€,0) +O(7 1/2)
epoch: T

O(r 1/2) O(TO)

e Ensemble average: 0;P =1';;,,£,{,FPi; where F@'jp E% <szqu>




The isotropic case

Lijpg = I'[(d 4 1)0ij0pq — diqdjp — dipdiq]
and the solution is isotropic

P(&) x P(¢) with (= |

« With isotropic statistics:

« After some algebra:

« We don’t need large deviation theory, because everything is Gaussian

« There is an equivalent SDE: { = s(t)l,

vt s() =y S0, ()8 (1) =




Decay of Kraichnan’s bloblet

eThe model: ¢+ [vy+8#)] zee — [v+5(1)] ye, = kV?c
where <S/(t1)8/(t2)> = ’75(?51 — tz) n d=2

« How fast does the blob decay, on average?

@« | he solution:

&= —(v+s)a—ra’,

B=(y+s)B—r3.

e VYVe'd like to calculate: <// "z, y, t) d:cdy> x (aG")




Solution of the bloblet model
e« Change variables: a =/¢"te P, B=10"1e"? where £ =\/K/7.

p=7(1+e )+,
G=—(1—e ) -4

@ | he noise is now additive:

« [ he corresponding FP equation is:

Fy + [(1 ‘|‘e_2p)F]p — [(1 _e_Qq) F]q = % (Fpp — 2Fpq + Fyq)

with t' =t

e Resort to an approximate solution: F(p,q,t) = P(p,t)Q(q,1t)




The marginal densities

N p
or P(p,t') ~ exp <—
(p,t) 27t

e For the shrinking axis: Qy — [(1 —¢7*1) Q] =3

and therefore Qeq(q) = 2exp (—261 — e_2q) ),




Calculate some statistics

@ For the shrinking axis: ¢(m+n)/2(qmgny — (g=mp—n4)

~ g(m—l—n)/Q <e—mp> <e—nq>

)

« Note the necessity of H(p) when m is large.

e The easy average is: (¢7"%) =2 /OO exp [—(n+2)g —e ] dg=T (n ; 2>

2
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The tricky average

> n o d
e VWe have <e_mp>=/ emem(pt) L

0

e We find: (™) =«




The answer

e The most basic measure of decay is: <// c*(x,y,t) dﬂ?dy> x e 12

e« Fluctuations in the stretching rate shield some ensemble members from the
mean stretching. these long-term survivors dominate the ultimate statisitcs




