
Lecture 5: Line Stretching

Statistics of line elements, Lyapunov exponents, F(p) and G(h), the 
Kraichnan-Kazantsev model, Kraichnan’s Gaussian bloblet  



Line element stretching: general results



The “local stretching model”

☛ Focus on small scales, and elaborate 
Townsend’s hot-spot model.

No molecular diffusion (yet) 

ξ̇ = W (t)ξ

ξ(x(t), t)

x(t)

☛ In this Lagrangian frame we have a 
stochastic differential equation:

!(t) = |ξ(t)|Notation:  

∂tξ + u · ∇ξ = ξ · ∇u

☛ Solve the line-element equation:

☛We desire the statistical properties of line-element lengths.

h(t) ≡ 1
t

ln
(

!(t)
!0

)



Definition of the Lyapunov exponent

γLpv ≡ lim
t→∞

1
t

〈
ln

(
"(t)
"0

)〉
☛ For the moment, we use the definition:

☛ Using the golden rule for multiplicative processes:

!mp = !0eγLpvt

☛ According to Batchelor, all elements would stretch at this 
rate. This is not exactly true - we need a more complete 

characterization of stretching statistics.



The big picture for line-element stretching

☛

☛
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F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉

〈
eph

〉
= etF (p) , as t→∞or  

γLpv = lim
p→0

F (p)
p

☛ F(p) is convex, and

F (0) = 0 , F ′(0) > 0 , F (−d) = 0 , F (p) = F (−2− p)︸ ︷︷ ︸
d=2

and   

F(p) is the  CGF.



The other half of the big picture

G(h) = sup
∀p

(ph− F (p)) F (p) = sup
∀h

(ph−G(h))
☛ F(p) and G(h) contain equivalent information:

pdf(h) ≈
√

tG′′(h)
2π

e−tG(h)

☛ Large deviation theory gives
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An example illustrating the main 
features of the big picture



Renewing Couette flow

☛ The illustration at right is misleading:
hyperbolic points are not necessary for 

exponential stretching.

☛ Even Couette flow can produce exponential 
stretching, provided there is “random realignment”.

(Think of our renewing wave models.)

u = βy

ξ(t)



!"! $

Ultimately:

☛ Recall  elementary Couette flow - a material line moves like this:

 Couette flow

!(t) ≡ |ξ(t)| ∝ !0 × βt

ξ(0)

ξ(t) = !0

(
cos θ + βt sin θ

sin θ

)

that the small molecular diffusivity κ is able eventually to destroy tracer
variance.

1 Line element stretching: a preliminary example

The simplest model of exponential stretching is the steady straining flow
u = (sx,−sy) that featured prominently in lecture 1. It is obvious that
all material line elements eventually grow exponentially in this simple flow.
Unfortunately this example gives the mistaken impression that hyperbolic
stagnation points play an essential role in the process of exponential stretch-
ing.

To show that hyperbolic stagnation points are inessential, we begin our
discussion by considering the Couette flow u = (0,βy). If we release a
material line element ! = #0(cos θ, sin θ) at t = 0 then at time t the element
is

!(t) = #0(cos θ + βt sin θ, sin θ) . (2)

The length of this element at t is

#2(t) =
[

1 + βt sin 2θ + β2t2 sin2 θ
]

#2
0 . (3)

When βt is large, #(t) grows linearly with time, which is very different from
the exponential growth in (1).

However, suppose we stop the elongation in (2) at t = τ and renew the
process by starting a new Couette flow at a random angle to the first. We
can implement this sudden change in direction by taking a new angle, say
θ → θ′, in (2) and replacing #0 by #1 ≡ #(τ). The random Couette process

is constructed by renewing at t = nτ with a fresh angle θn in each epoch.
After n iterations

#(nτ) =
n

∏

k=1

√

1 + βτ sin 2θk + β2τ2 sin2 θk
︸ ︷︷ ︸

≡m(θk)

#0 , (4)

where the random multiplicative factor is m(θ) defined above. In other
words, the length of the line at t = nτ is the product of n independent
random stretches, m(θk), where θk is a random angle uniformly distributed
in (0, 2π).

Below we compute averages of the random product in (4) and show that
the asymptotic growth of the “typical” element is exponential, as anticipated
in (1). This exponential growth happens even though the elements grow only

2

☛ The solution of the line-element equation is:

ξ̇ =
(

0 β
0 0

)
ξ

and 



Renewing Couette flow

☛ At the end of the n’th epoch,

that the small molecular diffusivity κ is able eventually to destroy tracer
variance.
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2

☛ Since this is a  random product:

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]

☛ At the end of each epoch,

randomly rotate the direction of the Couette flow.

!mp = e〈ln !〉 = en〈m(θ)〉 = etγLpv

γLpv =
1
2τ

∮
ln

(
1 + βτ sin 2θ + β2τ2 sin2 θ

) dθ

2π

γLpv =
1
2τ

ln
(

1 +
β2τ2

4

)
or 



Homework: the renewing sinusoid



The CGF of Renewing Couette flow

(Legendre functions) 

F (p) =
1
τ

ln
[∮ (

1 + βτ sin 2θ + β2τ2 sin2 θ
)p/2 dθ

2π

]
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Properties of F(p): some “proofs”

F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉



F(p) is convex

F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉
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☛ It is evident that F(0)=0.

☛Use Cauchy-Schwarz:

〈
!
1
2 (p+q)

〉
< (〈!p〉 〈!q〉)

1
2

⇒ F

(
p + q

2

)
< 1

2 (F (p) + F (q))



In isotropic flow

ln
(

!

!0

)
= 1

2 ln (eᵀJᵀJe) , |e|2 = 1

〈ln
(

!

!0

)
〉e =

1
4π

∫

|e|=1

1
2 ln

(
λ1e

2
1 + λ2e

2
2 + λ3e2

3

)
dS

≥ 1
4π

∫

|e|=1

1
2

(
e2
1 lnλ1 + e2

2 lnλ2 + e3
3 lnλ3

)
dS

=
1
6

ln(λ1λ2λ3) = 0

ξ(t) = J(t)ξ(0) ⇒

☛ Since the line-stretching equation is linear:

ξ(0) = !0e

☛ Use Jensen’s inequality log(avg) > avg(log):

where det J = 1and 

☛Three things we know about: JᵀJ

γLpv = F ′(0) > 0



In isotropic flow

ln
(

!

!0

)
= 1

2 ln (eᵀJᵀJe) , |e|2 = 1

〈ln
(

!

!0

)
〉e =

1
4π

∫

|e|=1

1
2 ln

(
λ1e

2
1 + λ2e

2
2 + λ3e2

3

)
dS

≥ 1
4π

∫

|e|=1

1
2

(
e2
1 lnλ1 + e2

2 lnλ2 + e3
3 lnλ3

)
dS

=
1
6

ln(λ1λ2λ3) = 0

ξ(t) = J(t)ξ(0) ⇒

☛ Since the line-stretching equation is linear:

ξ(0) = !0e

☛ Use Jensen’s inequality log(avg) > avg(log):
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γLpv = F ′(0) > 0



F(-d) = 0

t = 0
t > 0

A = !20θ0 = !2n(t)θn(t) n = 1 , 2 , · · · N

θ0 =
2π

N

⇒ 1
N

N∑

n=1

(
!0

!n(t)

)2

= 1

☛ Incompressibility (conservation of area in d=2) is the key:



The Kraichnan-Kazantsev model



[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]

☛ Once again, we use a renewal model:

K^2 flows

etc 

☛But now: τ → 0 , with ui ∝ τ−1/2

☛ Thus 〈ui(x1, t1)uj(x2, t2)〉 = 2Uij(x2 − x1)δτ (t2 − t1)

☛Homework/discussion: calculate the velocity correlation 
function for our favorite example, the renewing sinusoid.

☛Although the kinetic energy of a K^2-flow is infinite, we are not deterred. 



The simplest example: Eddy diffusivity

The random initial phase τ0 is uniformly distributed in (0, τ) and is constant
in each realization. This device ensures that the renewals in different real-
izations aren’t synchronized: the ensemble begins at t = 0 in a statistically
steady state, and the correlation function δτ (t2− t1) indeed depends only on
the difference t2 − t1. In practice we usually ignore this nicety and consider
that the renewals occur synchronously at t = nτ .

Notice also that

〈[ui(x2, t2) − ui(x1, t1)] [uj(x2, t2) − uj(x1, t1)]〉 = 4Sij(x)δτ (t2 − t1) , (7)

where the structure tensor is

Sij(x) ≡ Uij(0) − Uij(x) . (8)

The average concentration

Now consider the tracer equation

ct + uic,i = κ∇2c , (9)

where ui is a realization of our random renewal model. We desire an evo-
lution equation for the average concentration 〈c(x, t)〉. We ignore κ for the
moment and simply use a Taylor series to obtain c(x, τ) from c(x, 0):

c(x, τ) = c(x, 0) − τuic,i(x, 0)
︸ ︷︷ ︸

O(τ1/2)

+1
2 τ2uj [uic,i(x, 0)],j
︸ ︷︷ ︸

O(τ)

+ O
(

τ3u3
)

︸ ︷︷ ︸

O(τ3/2)

. (10)

The actual dependence on τ of the various terms is indicated by the under-
brace: recall that ui = ui(x, 0) is a steady, O(τ−1/2) velocity throughout
the epoch 0 < t < τ . Rearranging a bit, we have:

∆c

τ
= −uic,i(x, 0) + 1

2τujui,jc,i(x, 0) + 1
2τujuic,ij(x, 0) . (11)

Notice that the first term on the right is O(τ−1/2), and so we cannot take
τ → 0 and obtain a differential equation (yet). However this large term
vanishes when we take an ensemble average. Thus averaging, taking the
limit τ → 0, using 〈ui〉 = 0 and (4) and reinstating κ, one obtains

〈c〉t = κ∇2〈c〉 + Uij(0)〈c〉,ij . (12)

The eddy diffusivity tensor is therefore κ + Uij(0).
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☛ Start with:

☛We only have to consider the first epoch:

or 

☛Ensemble average, and take the limit:
(Assuming spatial homogeneity.) 

☛Recall 〈ui(x1, t1)uj(x2, t2)〉 = 2Uij(x2 − x1)δτ (t2 − t1)



The second simplest example: line element FP eqn.

The line-element Fokker-Planck equation

Let us return to the problem of line-element stretching and derive a Fokker-
Planck equation in the K2-limit. In the quasi-Lagrangian frame, the line-
element equation is

∂tξi = Wipξp , (13)

where Wip(t) = ui,p is local strain tensor; because the flow is incompressible
Wii = 0. We model Wip(t) as zero-mean 〈Wip〉 = 0, renewing process. Thus
Wip(t) is O(τ−1/2), and constant in each epoch. We do not assume (yet)
that Wip is statistically isotropic, but we do assume spatial homogeneity, so
that

〈WipWqi〉 = 0 . (14)

Let P̃ (ξi, t) denote the unaveraged density equation i.e., P̃ (ξ, t)dξ is the
number of line elements in the dξ. The Liouville equation is

∂tP̃ +
(

WipξpP̃
)

,i
= 0 , (15)

The derivatives above above are with respect to the coordinates ξi.
Since Wipξp,i = Wii = 0, the Liouville equation simplifies to

∂tP̃ + WipξpP̃,i = 0 , (16)

and thus
∂2

t P̃ − WipWjiξpP̃,j − WipWjqξpξqP̃,ij = 0 . (17)

The expressions above can be used on the right of

P̃ (ξ, τ) − P̃ (ξ, 0)

τ
= ∂tP̃ (ξ, 0)

︸ ︷︷ ︸

O(τ−1/2)

+1
2 τ∂2

t P̃ (ξ, 0)
︸ ︷︷ ︸

O(τ0)

+O(τ1/2) . (18)

But to obtain a differential equation we must kill the first term on the right
of (18) by ensemble averaging, and then take τ → 0. This produces the
Fokker-Planck equation

∂tP = ΓijpqξpξqP,ij , (19)

where P ≡ 〈P̃ 〉 and
Γijpq ≡ 1

2τ〈WipWjq〉 . (20)
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and thus
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t P̃ − WipWjiξpP̃,j − WipWjqξpξqP̃,ij = 0 . (17)

The expressions above can be used on the right of

P̃ (ξ, τ) − P̃ (ξ, 0)
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But to obtain a differential equation we must kill the first term on the right
of (18) by ensemble averaging, and then take τ → 0. This produces the
Fokker-Planck equation

∂tP = ΓijpqξpξqP,ij , (19)

where P ≡ 〈P̃ 〉 and
Γijpq ≡ 1

2τ〈WipWjq〉 . (20)
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The isotropic case

where b(x1, t) is a solution of

∂tb + u · ∇1b = b · ∇1u + κ∇2b . (28)

This is the dynamo problem originally considered by Kazantsev. If I’ve done
the index gymnastics correctly, the evolution equation for the correlation
function is

1
2∂tBij = SpqBij,pq + Sij,pqBpq − Siq,pBpj,q − Spj,qBiq,p + κBij,pp . (29)

3 Isotropic line element stretching

Now consider simplifying the line-element Fokker-planck equation

∂tP = ΓijpqξpξqP,ij , (30)

in the isotropic case. With isotropy

Γijpq ≡ 1
2τ〈WipWjq〉Γijpq = Γ

[

(d + 1)δijδpq − δiqδjp − δipδjq

]

(31)

and
P,ij = P""ninj + &−1P" (δij − ninj) , (32)

where ni = ξi/&. Substituting these isotropic expressions into the line-
element equation eventually yields

Pt − γPq =
γ

d
Pqq , (33)

where q ≡ ln(&/&0), and the Lyapunov exponent is

γ ≡ d(d − 1)Γ = Γijij . (34)

The Fokker-Planck equation (??) is equivalent to saying that &(t) satisfies
the stochastic differential equation2

&̇ = s(t)& , (35)

where s(t) is a random stretching process, with

s(t) = γ + s′(t) , 〈s′(t1)s′(t2)〉 =
2γ

d
δ(t2 − t1) . (36)

The non-zero mean γ = 〈s〉, arises not because there is a mean shear (there
is not in the K74 model): γ is a consequence of the random realignments
which occur at the instants of renewal.
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with 

P (ξ) ∝ P (!) with ! ≡ |ξ|

Pt + γPq =
γ

d
Pqq



Decay of Kraichnan’s bloblet
which is a solution of

ct +
[

γ + s′(t)
]

xcx −
[

γ + s′(t)
]

ycy = κ∇2c . (1.10)

In (1.10), γ is the Lyapunov exponent and s′(t) is a rapidly de-correlating
strain with

d = 2
〈s′(t1)s′(t2)〉 = γδ(t1 − t2) . (1.11)

We’re following a two-dimensional Gaussian blob using principal axes: y is
oriented along the minor axis of the blob.

By substitution, one can see that (1.9) is a solution of (1.10) provided
that

α̇ = −(γ + s′)α − κα3 ,

β̇ = (γ + s′)β − κβ3 . (1.12)

These are “stochastic logistic” equations. We’re interested in calculating
averages such as

〈∫∫

cn+1(x, y, t) dxdy

〉

∝ 〈αnβn〉 (1.13)

in the long time limit.
We can linearize the noise term in (1.12) by the change of variables

α = &−1e−p , β = &−1e−q , (1.14)

where & ≡
√

κ/γ. This results in

ṗ = γ(1 + e−2p) + s′ ,

q̇ = −γ(1 − e−2q) − s′ . (1.15)

The corresponding Fokker-Planck equations is

Ft′ +
[

(1 + e−2p)F
]

p
−

[(

1 − e−2q
)

F
]

q
= 1

2 (Fpp − 2Fpq + Fqq) , (1.16)

where t′ = γt is a non-dimensional time.
It would be wonderful to unveil an exact solution of the Fokker-Planck

equation (1.16). Unfortunately, this doesn’t seem to be available2. Instead
we make do with a plausible approximate solution. To develop this approx-
imation we first look at the marginal densities.

2The Carleman imbedding method used in Graham & Schenzle, Phys. Rev. A 25

1731-1754 (1982), might come to the rescue here. This is a good research project.
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where in 

☛The solution:

is non-zero, and shows that the probability density function of

q(t) ≡ ln

(
r(t)

r(0)

)

, (1.4)

say H(q, t), satisfies the constant-coefficient Fokker-Planck equation

Ht + γHq =
γ

d
Hqq . (1.5)

γ is the Lyapunov exponent of the Kraichnan model. The standard Gaussian
solution of the initial value problem posed by (1.5) indicates that r has a
log-normal distribution.

The Fokker-Planck equation (1.5) is equivalent to saying that r(t) satis-
fies the stochastic differential equation1

ṙ = s(t)r , (1.6)

where s(t) is a random stretching process, with

s(t) = γ + s′(t) , 〈s′(t1)s′(t2)〉 =
2γ

d
δ(t2 − t1) . (1.7)

As we explained in the previous lecture, the non-zero mean γ = 〈s〉, arises
not because there is a mean shear (there is not in the K74 model): γ is
a consequence of the random realignments which occur at the instants of
renewal.

It is interesting that the coefficients of the advection and diffusion terms
in (1.5) differ by a factor of d. As an exercise , you should show from (1.5) E

that
〈rp〉t = γp

(

1 +
p

d

)

〈rp〉 . (1.8)

Thus 〈r−d〉 is constant — you should recognize this as our earlier stochastic
conservation law. The coefficients in the Fokker-Planck equation (1.5) have
to be related by a factor d so that this law is respected. Another way
of thinking about γ/d on the right of (1.5) is that fluctuations are less
important in higher dimensions.

1.2 The randomly strained Gaussian

For the derivation of this model, starting from a general model of a rapidly
de-correlating strain, see appendix .3. We consider a Gaussian blob of tracer

c =
α(t)β(t)

2π
exp

[

−1
2α2(t)x2 − 1

2β2(t)y2
]

, (1.9)

1We’re always using the Stratononvich interpretation.
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with 

F (p, q, t) ≈ P (p, t)Q(q, t)☛Resort to an approximate solution:



The marginal densities

The marginal densities

The first marginal density

P (p, t) =

∫

F (p, q, t) dq , (1.17)

satisfies
Pt′ +

[(

1 + e−2p
)

P
]

p
= 1

2Ppp . (1.18)

There is a mean velocity pushing probability relentlessly towards p = +∞,
and in this region e−2p → 0. Thus, eventually, the solution should approach

P (p, t′) ≈
N√
2πt′

exp

(

−
(p − t′)2

2t′

)

H(p) , (1.19)

where N(t′) is a normalization factor. We’ve inserted the step function H(p)
to cut off the exponentially small tail of the approximate density at p < 0.
This improves the approximation by ensuring that there is no probability in
the region p < 0. Although the Gaussian approximation doesn’t have much
probability in this region as t → ∞, even a little is too much (see below).

The second marginal density

Q(q, t′) =

∫

F (p, q, t) dp , (1.20)

satisfies
Qt′ −

[(

1 − e−2q
)

Q
]

q
= 1

2Qqq . (1.21)

The mean drift is pushing probability towards q = 0 from both sides. Thus
as t → ∞, solutions of (1.20) rapidly approach the equilibrium density

Qeq(q) = 2 exp
(

−2q − e−2q
)

,

=
d

dq
exp

(

−e−2q
)

. (1.22)

The approximate solution

Let’s cobble together an approximate solution of (1.16) using the marginal
densities above:

F (p, q, t′) ≈ Qeq(q) ×
N√
2πt′

exp

(

−
(p + t′)2

2t′

)

H(p) . (1.23)

It is a little disconcerting that this approximation treats p and q as inde-
pendent random variables — they’re not. In fact, with κ = 0, p + q = 0.
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☛For the expanding axis:

or 

☛For the shrinking axis:
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and therefore 
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☛The approximate solution is:



Calculate some statistics

However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)
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☛For the shrinking axis:

☛Note the necessity of H(p) when m is large.
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The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)
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☛The easy average is:



The tricky average

☛We have

However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)
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However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)
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However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)

5

☛The max of the integrand is at:

However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)

5

☛We find:



The answer

However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)

5

☛The most basic measure of decay is:

☛Fluctuations in the stretching rate shield some ensemble members from the 
mean stretching. these long-term survivors dominate the ultimate statisitcs


