
Lecture 2: Diffusion and shear 
dispersion

Brownian motion, SDE formulation of advection-diffusion, 
Taylor’s formula, some Gaussianology, shear dispersion



Lecture 1. Overview 5

A random walk with 200 steps

Figure 1.1: Simulated Brownian motion using MATLAB; the routine rand is used
to generate a sequence of 200 random displacements.

In the interval τ each particle has a random displacement ∆ along the
x-axis. The probability density function (PDF) of ∆ is φ(∆). This means
that if we observe N ! 1 particles for a time τ then the number of particles
which are displaced through a distance which lies between ∆ and ∆+d∆ is

dN = Nφ(∆) d∆. (1.1)

The PDF φ(∆) does not change from interval to interval, and φ is symmetric
and normalised:

φ(∆) = φ(−∆) ,

∫ ∞

−∞
φ(∆) d∆ = 1. (1.2)
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Brownian motion

Delta is the one-dimensional 
displacement along an axis 

(Einstein 1905).

κ =
〈∆2〉
2τ

(Brown 1828, Delsaux 1877)



Expansion of the master equation

2 Diffusion by discontinous movements

Now we backtrack to understand the origin of the diffusive term κ∇2c on
the right of (1). One version of the story begins in 1827 when Robert Brown,
observed that suspended pollen grains are in an uninterrupted and irregular
“swarming” motion. Brown was a botanist and at first he believed that only
organic materials exhibited this agitation. But very soon he extended his
observations to particles of inorganic material, such as a ground-up fragment
of the Sphinx. Through the nineteenth century there was a intermittent dis-
cussion concerning the cause of this Brownian motion, and in 1877 Delsaux
suggested that the impact of molecules on a macroscopic particle produces
observable displacements. In 1905, after nearly a century of debate, Einstein
definitively explained this phenomenon [?, ?].

Einstein’s derivation of the diffusion equation

Our interest here is in Einstein’s derivation of the diffusion equation, which
is very different from that of Fourier. We consider one-dimensional Brownian
motion by projecting the location of the particle onto a straight line which
we call the x-axis.

Einstein’s assumptions are the following: (i) the particles move indepen-
dently of one another; (ii) we can observe particle positions at time intervals
τ which are much greater than the time intervals between molecular colli-
sions τc:

τ " τc , (8)

Because of (8), the motion in the interval (t, t + τ) is independent of the
motion the previous interval.

In the interval τ each particle has a random displacement ∆ along the x-
axis. The probability density function (PDF) of ∆ is φ(∆, τ)1. This means
that if we observe N " 1 particles for a time τ then the number of particles
which are displaced through a distance which lies between ∆ and ∆+d∆ is

dN = Nφ(∆, τ) d∆. (9)

The PDF φ(∆, τ) does not change from interval to interval, and φ is sym-
metric and normalised:

φ(∆, τ) = φ(−∆, τ) ,

∫ ∞

−∞
φ(∆, τ) d∆ = 1. (10)

1Einstein’s simply writes φ(∆) i.e., he implicitly assumes that φ is independent of τ .
In this the great man is mistaken, or at least guilty of not being sufficiently explicit.
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A random walk with 200 steps

Figure 1: Simulated Brownian motion using MATLAB; the routine rand is used
to generate a sequence of 200 random displacements.

The average of any function of ∆, f(∆), is

f̄(τ) ≡
∫ ∞

−∞
f(∆)φ(∆, τ) d∆ . (11)

In particular, ∆̄ = 0 and ∆2 is the mean square displacement in an interval
τ .

If the concentration of particles at time t is denoted by c(x, t), then the
evolution of c is determined from the master equation:

c(x, t + τ) =

∫ ∞

−∞
c(x − ∆, t)φ(∆, τ) d∆ . (12)

The integral over ∆ is a sum over the prior locations of the particles which
are at x at time t + τ . Thus, the number of particles in the interval (x −
∆, x−∆+d∆) is c(x−∆, t)d∆ and φ(∆, τ) is the fraction of these particles
which jump from x − ∆ onto x.
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If the concentration c(x, t) changes on a length scale which is much
greater than the root mean square displacement, then we can approximate
the integral equation (12) by the diffusion equation. This assumption that c
is slowly varying means that it it is sensible to use a Taylor series expansion

c(x, t)+ τct(x, t) ≈
∫ ∞

−∞
φ(∆, τ)

[

c(x, t) − ∆cx(x, t) +
∆2

2
cxx(x, t) + · · ·

]

d∆.

(13)
The Taylor series expansion of c(x − ∆, τ) is justified by a scale separation
assumption

√

∆2 # # , (14)

where # is the scale over which c(x, t) varies.
Next, using (10), we reduce (13) to

ct(x, t) ≈ κcxx(x, t) , (15)

where

κ ≡
∆2

2τ
(16)

is the diffusivity. Einstein says that the odd terms in (13) are zero because φ
is an even function of ∆, and the averages such as ∆4, ∆6 are small relative
to ∆2 because “φ differs from zero only for small values of ∆”. I’ve written
≈ in (15) to indicate neglect of these small terms.

Now κ is a property of the particles and the medium through which they
move. So κ should be independent of the time between observations, τ .
For example, if we develop an improved experiment permitting observations
separated by τ/2 then κ shouldn’t change: the ratio in (16) should be inde-
pendent of τ . This why we introduced the PDF of displacements as φ(∆, τ):
as τ → 0 the diffusivity κ should tend to a finite limit which independent of
τ .

A more precise and explicit version of these assumptions and approxi-
mations is to assert that φ has the form

φ(∆, τ) =
1√
τ
Φ

(

∆√
τ

)

, (17)

and that we take the limit τ → 0. With the scaling form in (17)

∆n = τn/2
∫

XnΦ(X) dX , (18)
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☛ Observe Brownian particles at intervals:

☛ Brownian displacements are IID random variables:

☛ Assume scale separation, and expand:

☛ If the concentration changes only a little between observations:

(independent of tau)  

project onto the 
x-axis  

κ =
〈∆2〉
2τ



Example: the renewing 
sinusoidal flow

Lecture 2. Eddy diffusion 31

Using dimensionless variables, a particle which is at xn = (xn, yn) at
tn = nτs moves to xn+1 at t = (n + 1)τs where

(xn+1, yn+1) = (xn, yn) + τs sin (cnx + sny + ϕn) (sn,−cn) . (2.3)

with sn ≡ sin θn and cn ≡ cos θn. Thus motion in the renovating wave
problem is equivalent to an iterated sequence of random maps.

2.2.2 The single–particle diffusivity

It is very easy to calculate the diffusivity in the RW model (and much more
difficult to interpret the answer). The average of a function of the two
random angles θ and ϕ (suppress the subscript n) is defined by

〈f〉 =

∮
dϕ

2π

∮
dθ

2π
f(θ,ϕ). (2.4)

Therefore, using (2.3),

〈(xn+1 − xn)2〉 =
τ2
s

4
. (2.5)

The computation is trivial if the integral over ϕ is evaluated first.

In (2.5), following our previous discussion based on Einstein’s derivation
of the diffusion equation, we are computing the statistics of dispersion along
the x-axis. Because the renovating wave model is isotropic, dispersion in
the y-direction is identical to that in the x-direction.

Because all of the waves are independent and identically distributed it
follows that after n renovation cycles

〈(xn − x0)
2〉 = n

τ2
s

4
. (2.6)

But t = nτs, and 〈(xn − x0)2〉 = 2Dt, so that using dimensionless variables
the diffusivity is

D =
τs

8
. (2.7)

Sometimes D is referred to as the single-particle diffusivity. “Single-particle”
emphasizes that D strictly applies only to the RMS displacement of a par-
ticle from its initial position; D contains no information concerning the
deformation of a patch of tracer, nor of any other quantity involving corre-
lated motion. Thus, using dimensional variables, the diffusivity in (2.7) is
D = U2τ/8, which is independent of k. Because D is independent of the
scale of the wave, even a spatially uniform, but random-in-time velocity (the
case k = 0), has a single-particle diffusivity.

SIO203C, W.R. Young, November 17, 2008

☛ The Cauchy solution is equivalent to a random map:

☛ The “eddy diffusivity” of this flow is

(
xn+1

yn+1

)
=

(
xn

yn

)
+ τU sin (kcnx + ksny + ϕn)

(
sn

−cn

)

☛ Note the “coupling” between particles in this smooth flow.
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κe =
U2τ
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Alternative construction of Brownian Motion 

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]
the first epoch  the second epoch  the third epoch  

etc.  

☛ Use the renewal model,

☛ The velocity of a tracer molecule in each epoch is:

ũ(x, t) = u(x, t) +
√

2κ

τ
N(t) IID normal random 

variable, with unit variance, 
renewing at the start of 

each epoch.

☛ Monte Carlo 
recipe: x(t + dt) = x(t) + u(x(t), t)dt +

√
2κdtN



Homework/Discussion

☛Suppose the pdf of the jumps is:φ(∆, x, τ)
Above, x is the position of the particle before the jump. Find 
the diffusion equation (a.k.a. the Fokker-Planck equation).

ct = (κc)xx



☛ Find a stochastic difference equation equivalent to

ct + u·∇c = ∇·κ∇c

☛ Simulate the case:

x(t + dt) = x(t) + u(x(t), t)dt +
√

2κ(x(t))dtN
☛ The “obvious” answer,

 is wrong.

ct = [(1− x2)cx]x , −1 < x < 1
(Make sure that constant concentration is a steady solution!)

κ(x)

Homework



Taylor’s formula for the 
“diffusing power” of a 

turbulent or chaotic flow

κ =
∫ ∞

0
C(t) dt

C(t1 − t2) ≡ 〈u(t1)u(t2)〉
and  



Diffusion by continuous movements 

d〈x2〉

dt
= 2

∫
t

0

C(t′) dt
′

C(t1 − t2) ≡ 〈u(t1)u(t2)〉

☛ What is the “diffusing power” of a velocity field?

☛ Use the Lagrangian correlation function:

or κ =
∫ ∞

0
C(t) dt

(Taylor 1922)

☛ Taylor’s formula is:

0 1 2 3 4 5 6

!2

0

2

time

u(
t)



Example 1 

☛ A Markov model:

κ =
U2

2α

u(t) = ±U , prob(flip in dt) = αdt

C(t) = U2e−2αt and ∴ 

☛ The correlation function is:



Example 2:  

☛ The  renewal model again:

κ =
〈∆2〉
2τ

= 1
2τu2

RMS☛ According to Einstein:

☛ Homework/Discussion: does Taylor agree with Einstein?

C(t) =???

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]
the first epoch  the second epoch  the third epoch  

etc.  

pdf(u) =
exp

(
− 1

2
u2

u2
RMS

)

√
2πu2

RMS



Gaussianology: part 1



Recall Townsend’s hot-spot

ct + σxcx − σycy = κ∇2c☛ This advection-diffusion equation 

has a Gaussian solution: c = c0(t) exp
(
− 1

2α2(t)x2 − 1
2β2(t)y2

)

☛ Substituting the guess, we find 
α̇ + σα = −κα3 , β̇ − σβ = −κβ3

ċ0 = −κ(α2 + β2)c0

☛ This is the tip of the Gaussian ice-berg..... 

and

Gaussianology: Townsend’s hot spot

Another instructive solution of (34) corresponds to the initial condition

c(x, y, 0) = δ(x)δ(y) . (46)

In his discussion of the turbulent diffusion of a passive scalar, Townsend
(1951) describes this initial condition as “an instantaneous liberation at a
point in the fluid of a finite quantity of heat”. Townsend puts the origin of
the coordinate system at the fluid particle which is initially at the point of
liberation, and he orients the axes of the coordinate system with the prin-
cipal axes of strain. Townsend then argues that (34) describes the initial
spreading of the spot. When σt ! 1 the spot spreads diffusively, with a
diameter which grows as

√
κt. However when σt ∼ 1 the diameter of the

spot becomes comparable to $B ≡
√

κ/σ, and then the spot stops expanding
against the compressive direction of the strain. However the spot contin-
ues to stretch along the extensive direction. Thus, when st > 1, the spot
becomes a thin filament, with an equilibrium width of order $B and length
growing as $Best. Because heat is conserved the peak concentration must
decrease as $−2

B e−σt.
These intuitive arguments are supported by the exact solution (34):

c(x, y, t) =
1

2πab
exp

[

−
x2

2a2
−

y2

2b2

]

, (47)

where the major and minor axes a(t) and b(t) are

a2 ≡
κ

σ

(

e2σt − 1
)

, b2 ≡
κ

σ

(

1 − e−2σt
)

. (48)

I’m not sure who first discovered this beautiful and useful solution of the
advection-diffusion equation: an early reference is Townsend (1951), where
you’ll find the three-dimensional version.

How does one find the solution (47)? One technique is to to solve (44)
with a Fourier transform (∂a → ik and ∂b → il). With the Fourier method
we’re superimposing superexponetially decaying plane waves (45). I suggest
working through this solution and explaining why the Gaussian decay is E
“only” exponential, even though almost every plane wave in the Fourier
representation decays superexponetially.

As an alternative to the Fourier method, I prefer to substitute a Gaussian
guess

c(x, t) = c0(t) exp
[

−1
2α2(t)x2 − 1

2β2(t)y2
]

(49)
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☛Finally



ct + (Wx) · ∇c = κ∇2c , W ij(t) ≡ ui,j

☛ The general “local” advection-diffusion equation 

has a gaussian solution c = c0(t) exp
(
− 1

2Sij(t)xixj

)

☛ The moment matrix Mij ≡
∫
xixjcdV∫

cdV

(Lyapunov’s equation - which is linear.)

satisfies

Ṁ(t) = WMᵀ + MW ᵀ + 2κI

The general “hot-spot” problem



☛ Possessing the moment matrix, the solution is

ct + sycx = κ∇2c☛ Example (Couette flow)

M =
(

2κt + 2
3κs2t3 κst2

κst2 2κt

)

Gaussianology: Townsend’s hot spot
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I’m not sure who first discovered this beautiful and useful solution of the
advection-diffusion equation: an early reference is Townsend (1951), where
you’ll find the three-dimensional version.

How does one find the solution (47)? One technique is to to solve (44)
with a Fourier transform (∂a → ik and ∂b → il). With the Fourier method
we’re superimposing superexponetially decaying plane waves (45). I suggest
working through this solution and explaining why the Gaussian decay is E
“only” exponential, even though almost every plane wave in the Fourier
representation decays superexponetially.

As an alternative to the Fourier method, I prefer to substitute a Gaussian
guess

c(x, t) = c0(t) exp
[

−1
2α2(t)x2 − 1

2β2(t)y2
]

(49)
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☛ We easily find

c(x, t) =
∫
cdV

(2π)d/2
√

det M
exp

(
− 1

2xᵀM−1x
)

The key to successful Gaussianology
(e.g., van Kampen’s textbook)



Shear dispersion ct + sycx = κ∇2c

An example: shear dispersion

As an illustrative example of a deterministic velocity, consider a two-dimensional
Couette flow u = syx̂, where s is the shear. The mathematical problem cor-
responding to a sudden release of a spot of tracer at t = 0 is

ct + sycx = κ∇2c , c(x, t) = δ(x) . (3)

This equation has an exact solution, namely

c(x, y, t) =
1

2κtα
exp

(

−
(x − 1

2syt)2 + α2y2

4κtα2

)

, (4)

where α(t) ≡
√

1 + 1
12 (st)2. This is our first, and far from our last, Gaus-

sian solution. In the problems we develop some tricks for obtaining these
Gaussians with only a little pain. Notice that the peak value of c(x, t) in (3)
ultimately decreases at t−2, while length in x of the tracer stripe increases
as sκ1/2t3/2, which is faster than diffusion alone (s = 0 and κ = 0), and also
faster than differential advection alone (κ = 0 and s $= 0). This accelerated
transport and dilution is known as shear dispersion.

These results can be understood intuitively by considering the random
walk of a cloud of tracer molecules. The random walk in the y-direction
is not affected by the Couette flow, and thus the y-width of the cloud of
tracer molecules simply grows diffusively, with ∆y ∝

√
κt. The ∆u across

the cloud is therefore
∆u ∝ s∆y ∝ s

√
κt . (5)

Therefore molecules on opposite sides of the cloud separate in x with

d∆x

dt
= ∆u ∝ s

√
κt , ⇒ ∆x ∝ sκ1/2t3/2 . (6)

The area of the cloud is growing as ∆x∆y ∝ sκt2, and thus to conserve
tracer, cmax ∝ s−1κ−1t−2.

Since this is a school on the dynamo problem, I expect other speakers
will be talking about the closely related problem of a passive vector field

bt + u · ∇b = b · ∇u = κ∇2
b . (7)

We’ll also discuss solutions of this vector equation in connection with the
motion of material line elements.

2

☛ Another Gaussian solution with a “hot-spot” IC

☛Algebraic decay max
∀x

c(x, t) ∝ t−2

c(x, t) =
1

4πκαt
exp

(
−

(x− 1
2sty)2 + α2y2

4κtα2

)

☛Super-diffusive (and super-advective) dispersion

∆x ∼
√

κs2t3



56 S.W.  Jones  Phys ica  D 76 (1994)  5 5 - 6 9  

. .:..~,~. ~... . . . .  

• ~ ' ~ ~ Z ~ - ;  ~ , 
:.. • , ~ . , ~ < , ~ a ~ , 4 . i t ; ~  ~.:.~: ~ . . .  

Fig. 1. Dispersion o f  an ensemble o f  diffusive particles 

by the flow u = 2y. In an (a) unbounded  domain;  (b) 

bounded  domain.  The channel  shown in (b) is reproduced 

in the lower r ight-hand corner  o f  (a).  

in Fig. lb is reproduced, to scale, in the lower 

right hand corner of Fig. 1 a. 

In many practical circumstances the P6clet 

number of the flow (the ratio of the diffusive 

timescale to the advective timescale, Pe = 

UL/Dmol, where U and L are characteristic ve- 

locity and length scales respectively) is large and 

the effects of  diffusion are practically negligible. 

For steady laminar flows the dispersion rate in 

simple geometries, for Pe = oe, is t r 2 ( t )  ,-~ t 2. 

However, in complex flow regimes it is possi- 

ble to observe slower dispersion rates. In these 

regimes it is the fluctuations in the velocity field 

that lead to complex Lagrangian trajectories and 

provide the mechanism of tracer dispersion. 

Complex trajectories can arise due to several 

different physical processes: 

(i) The flow geometry itself is quite intricate, 

such as in a porous medium, and the par- 

ticle trajectories mirror this structure; 

(ii) Dynamical instabilities lead to spatially 

complicated time-dependent flow patterns 

that possess a wide range of length scales 

(turbulent flow). Once again, the complex- 

ity of the flow is reflected by the particle 

trajectories; 

(iii) The trajectories generated by simple (lam- 

inar) flow fields are generically chaotic 

for time-dependent two-dimensional flows 

and for steady three-dimensional flows. 

This phenomen has been termed "chaotic 

advection" [2 ]. 

For these cases the actual dispersion law ob- 

served will depend on the details of the flow 

regime. Thus in the case of dispersion in porous 

media, it is the form of the permeability distri- 

bution that governs the evolution of the tracer 

distribution [ 3 ]. Similarly, in turbulent flow the 

slope of the energy spectrum dictates the rate of 

two-particle separation. Finally, the distribution 

of "islands" and "cantori" dramatically affect 

the spread of tracer due to chaotic advection. 

In this paper we will focus our attention on the 

regime of chaotic advection and the dispersion 

laws it engenders. The crucial observation, that 

will be exploited throughout this paper, is that in 

many cases of practical interest the flow domain 

that leads to chaotic particle trajectories in three- 

dimensional steady flows is spatially periodic in 

the "streamwise" direction. For example, Ottino 

[4] presents several examples of in-line stirring 

devices that possess this periodicity. Moreover, 

the flow within each of these periodic cells can be 

integrable and it is only because the cells are con- 

nected in a discontinuous manner that the over- 

all non-integrability is achieved. We then have a 

situation where the flow consists of  a sequence of 

piecewise-integrable cells that generate chaotic 

particle trajectories (similar observations have 

been made in the study of "K systems" such as 

Physical explanation of the power laws

y = b

y = −b

∆y ∼
√

κt d∆x

dt
∼ s∆y ⇒ ∆x ∼

√
κs2t3

max
∀x

c(x, t) ∼ 1
∆x∆y

∼ t−2

☛In a confined layer,  
the problem of 

shear dispersion is 
more interesting.

cy(x, b, t) = 0 no flux

(Taylor 1953)



Shear Dispersion

κe ∝
1
κ

(Taylor 1953)



 Taylor’s (1953) derivation

c̄t +
(
u′c′

)
x

= κc̄yy

c(x, y, t) = c̄(x, t) + c′(x, y, t) u(y) = u′(y) = −ψy

☛ Define a “sectional average’’ and a “fluctuation”:

☛ Averaging the equation:

So we need the flux:

u(y) = −dψ

dy

f(x, t) ≡ u′c′ = ψc′
y

c̄(x, t) ≡ 1
2b

∫ b

−b
c(x, y, t) dy

y = b

y = −b



☛In the “homogenization limit”, this simplifies to:

⇒ c′
y = −ψ

κ
c̄x

κe = κ +
ψ2

κ

⇒ f = −ψ2

κ
c̄xκc′

yy ≈ u′c̄x

☛The effective diffusivity is therefore:

The mean field is large 
scale, and slowly varying.

 The flux f(x, t) ≡ u′c′ = ψc′
y

BCs✓ 

c′
t +

(
u′c′ − u′c′

)
x
− κ∇2c′ = −u′c̄x

☛ The fluctuation equation is:

The source of 
“fluctuations” 



 The Gx trick (a.k.a homogenization)

c(x, y, t) = Gx + c′(y)☛ Look for a steady solution:

☛ Obtain the flux-
gradient relation:

☛ Identify the effective 
diffusivity:

κc′
yy = uG ⇒ c′

y = −ψ

κ
G

F = −κG + uc

= −κG + ψc′
y

= −
(
κ + ψ2

κ

)
G

κe

(An exact solution.)



κe =
∫ ∞

0
C(t) dt ∼ u2

RMSTcorr

Tcorr ∼
b2

κ
uRMS =

√
u2

κe ∼
b2u2

RMS

κ

☛ This diffusive regime requires:  t! Tcorr
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x
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u = cos y

κ = 10−3 ∆t = 105and

 Taylor’s formula also explains κe ∝
1
κ



More homework (an easy one)

☛ Calculate the effective diffusivity:

☛ Write the solution as

ct + U cos(ωt) cos(my)cx = κ∇2c

and explain why F(x) has a maximum at a certain value of 
m^2 kappa/omega.

κe =
U2

ω
F

(
m2κ

ω

)



☛The approximation is valid only at long times 
(and in a long channel). 

Validity of the effective-diffusion approximation

√
κt" b

☛The “pre-asymptotic” dispersion problem is non-
universal, and therefore more interesting than the 

final diffusive regime....

L

b
! bu

κ
≡ Pe


