
Lecture 1: Introduction & Overview

 Stirring & mixing; differential advection; and passive scalar decay; 
uniform strain solution; Gaussianology.

As instructed by the organizers, I’ll assume 
that you are totally ignorant, infinitely 
intelligent, and not shy to interrupt.



The passive-scalar problem
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January 19, 2009

1 Introduction

In these lectures I’ll discuss the several problems related to the transport
and mixing of a passive scalar, or “tracer”. The basic mathematical model
is the advection-diffusion equation,

ct + u · ∇c = κ∇2c , (1)

where c(x, t) is the tracer concentration, κ is the molecular diffusivity and
u(x, t) is the velocity, which is incompressible

∇ · u = 0 . (2)

When we say that the scalar is “passive” we mean that c(x, t) does not affect
u(x, t): we suppose that u is specified. In these lectures we’ll take this as
an invitation to invent velocity fields that permit solution and analysis of
(1).

We’ll consider both deterministic and stochastic models for u(x, t), and
discuss questions such as:

1. how quickly is c(x, 0) mixed to uniformity?

2. how rapidly is tracer transported away from an initial release point?
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☛ We’re studying the little brother of the induction equation:

x = (x, y) u = (u, v)

☛

☛ D=2

+ initial and boundary conditions
+ a prescription for the velocity
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ẋ = u(x, t) +
√

2κ dW t

is equivalent to the SDE☛

bt + u · ∇b = b · ∇u + κ∇2b



One version of the passive-scalar 
problem: how long does mixing take?

Eckart (1948) - “stirring” versus “mixing”

κsugar = 4× 10−10m2s−1

(This coffee drinker is in free fall...)

d
dt

∫
c(x, t) dV = 0

With coffee-cup BCs:

so we subtract the mean.

☛

☛



With only diffusion, mixing takes a long time

c(x, t) = J0

(
3.832

r

R

)
exp

(
− (3.832)2κ

R2
t

)

In a two-dimensional coffee cup, the 
second slowest mode is

Note that the decay is exponential, 
and there is no ‘intermittency’:

(∫
cp dV

)1/p

∝ e−νt

☛

☛



The scalar variance integral 

☛Differential advection accelerates mixing by 
increasing concentration gradients (stirring).

☛ Stirring can be so strong that the mixing 
rate is independent of molecular diffusivity.

d
dt

1
2

∫
|∇c|2dV +

∫
∇c·e·∇cdV = −κ

∫
(∇2c)2 dV

eij ≡
1
2

(ui,j + uj,i)

☛
d
dt

∫
c2 dV = −κ

∫
|∇c|2 dV



Stirring without mixing:
an artistic application

κ = 0



“Marbled end papers”



“Marbling” or “suminagashi’’ (floating ink)





Stirring without mixing:
the Cauchy solution

ẋ = u(x(t), t) x(0) = a

∂tc + u·∇c = 0 c(x, 0) = c0(x)

☛ Lagrangian trajectories:

☛The solution of the advection equation:

☛Simple examples: unidirectional shear flow, axisymmetric 
vortices etc.

Mta = x

c(x, t) = c0(a(x, t)) = c0(M−tx)is

The solution defines the “motion map”:

κ = 0



Material line elements

∂tξ + u · ∇ξ = ξ · ∇u

x

x + ξ x + u(x, t)dt

x + ξ + u(x + ξ, t)dt

☛Homework/discussion
∂t (ξ·∇c) + u·∇ (ξ·∇c) = 0 (if κ = 0)

☛The Cauchy solution:
ξ(x, t) = J(a, t)ξ0(a) J ij(a, t) ≡ ∂xi

∂aj
where

☛Simple examples: unidirectional shear flow, axisymmetric vortices.

ξ

ξ + dξ



Renewing flows and random 
maps



Random flows produce random maps
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2.2 The renovating wave model

A recipe for constructing soluble models

The main problem in analyzing transport is solving the differential equations
which describe the motion of particles in even very simple flows. However
there is a class of flows for which this task is trivial. These are steady and
unidirectional flows, such as u = sin y. A particle which starts at (a, b) at
t = 0 finds itself at (a+τ sin b, b) at t = τ . This is dull, but it becomes more
interesting if at intervals of τ we “renovate” the flow by randomly picking
a new direction along which the velocity acts. In this way we can construct
a sequence of iterated random maps and calculate diffusivities, and other
statistical properties, by averaging the exact solution. I learned of this trick
from the literature on dynamo theory. The book Stretch, Twist, Fold: the

Fast Dynamo is highly recommended for students interested in all aspects
of stirring and mixing. .

2.2.1 The renovating wave (RW) model

As a particular example we now formulate the renovating wave (RW) model.
We divide the time axis into intervals

In ≡ {t : (n − 1)τ < t < nτ} , (2.1)

and in each interval we apply a velocity, u = (−ψy,ψx), derived from the
streamfunction

ψn(x, y, t) = k−1U cos[k cos θn x + k sin θn y + ϕn] , (2.2)

where θn and ϕn are independent random variables uniformly distributed in
the interval [−π,π]. Thus in each In there is a steady, unidirectional velocity
with sinusoidal profile (a single wave). There is sudden and complete loss of
all information about the past velocity at t = nτ because at these instants
we “renovate” the velocity by picking new random angles θ and ϕ. (This
means that the velocity correlation function, C(t), is zero if t > τ .)

The renovating wave model can be nondimensionalized by using k−1 as a
unit of length and and 1/(Uk) as a unit of time. With this choice, the model
contains a single dimensionless parameter, τs ≡ τkU , which is a measure of
the persistence of the motion. Much of the literature on random advection-
diffusion uses model velocity fields which are δ-correlated in time. We can
recover this limit as a special case by taking τs → 0.

SIO203C, W.R. Young, November 17, 2008
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Using dimensionless variables, a particle which is at xn = (xn, yn) at
tn = nτs moves to xn+1 at t = (n + 1)τs where

(xn+1, yn+1) = (xn, yn) + τs sin (cnx + sny + ϕn) (sn,−cn) . (2.3)

with sn ≡ sin θn and cn ≡ cos θn. Thus motion in the renovating wave
problem is equivalent to an iterated sequence of random maps.

2.2.2 The single–particle diffusivity

It is very easy to calculate the diffusivity in the RW model (and much more
difficult to interpret the answer). The average of a function of the two
random angles θ and ϕ (suppress the subscript n) is defined by

〈f〉 =

∮
dϕ

2π

∮
dθ

2π
f(θ,ϕ). (2.4)

Therefore, using (2.3),

〈(xn+1 − xn)2〉 =
τ2
s

4
. (2.5)

The computation is trivial if the integral over ϕ is evaluated first.

In (2.5), following our previous discussion based on Einstein’s derivation
of the diffusion equation, we are computing the statistics of dispersion along
the x-axis. Because the renovating wave model is isotropic, dispersion in
the y-direction is identical to that in the x-direction.

Because all of the waves are independent and identically distributed it
follows that after n renovation cycles

〈(xn − x0)
2〉 = n

τ2
s

4
. (2.6)

But t = nτs, and 〈(xn − x0)2〉 = 2Dt, so that using dimensionless variables
the diffusivity is

D =
τs

8
. (2.7)

Sometimes D is referred to as the single-particle diffusivity. “Single-particle”
emphasizes that D strictly applies only to the RMS displacement of a par-
ticle from its initial position; D contains no information concerning the
deformation of a patch of tracer, nor of any other quantity involving corre-
lated motion. Thus, using dimensional variables, the diffusivity in (2.7) is
D = U2τ/8, which is independent of k. Because D is independent of the
scale of the wave, even a spatially uniform, but random-in-time velocity (the
case k = 0), has a single-particle diffusivity.

SIO203C, W.R. Young, November 17, 2008

☛ The Cauchy solution is equivalent to a random map:

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]
the first epoch  the second epoch  the third epoch  

☛ Use a renewal model,

(
xn+1

yn+1

)
=

(
xn

yn

)
+ τU sin (kcnx + ksny + ϕn)

(
sn

−cn

)



t=1! t=2! t=3!

t=4! t=5! t=6!

t=7! t=8! t=9!

t=10! t=11! t=12!

Deformation of a spot, r0k ! 1

The dotted circle is the initial spot - the major 
axis grows exponentially with time.

! ∝ exp(γLpvt)



t=1! t=2! t=3!

Distortion of a patch, r0k = 1

The dotted circle is the initial patch



t=1! t=2! t=3!

t=4! t=5! t=6!

t=7! t=8! t=9!

t=10! t=11! t=12!

Dispersion of a big blob, r0k ! 1

☛ This illustrates “eddy diffusivity”.



Very important example: 
uniform strain



Stirring and mixing  by a straining flow

ct + σxcx − σycy = κ∇2c

Townsend (1951) and  Batchelor (1959) 

☛

☛ The Batchelor length is: 

e =
(

σ 0
0 −σ

)

!B =
√

κ

σ

ψ = −σxyand



The Cauchy solution

Example: a front

We begin our discussion of (34) by obtaining a solution in which c is inde-
pendent of both x and t. In this special case a solution of (34) is

cy = A exp

[

−
y2

2!2
B

]

, c(x,±∞, t) = ±
√

2πA!B . (36)

The solution shows the steady state balance between advection and diffusion:
the concentration c changes smoothly in y between two different asymptotic
values at y = ±∞ in a front of width !B.

We can give an intuitive discussion of how the steady-state erf-profile
is established as the solution of an initial value problem. Suppose we had
started with the initial condition such as c(x, y, 0) = sgn(y) in which the

√
2πA! = 1

transition between c = −1 and c = +1 occurs in a distance much less than
!B. Then the discontinuity in c initially diffuses freely, growing like

√
κt.

Once the width of the front becomes comparable to !B, that is when

√
κt ∼ !B, ⇒ t ∼ s−1 , (37)

the spread is arrested and the steady-state solution is established.
On the other hand, we can also consider an initial condition in which the

transition between c = 1 and c = −1 occurs on a scale L0 & !B. In this case
the front is initially compressed by the hyperbolic strain so that the width
is reduced exponentially, L = L0 exp(−st). Because L0 & !B the diffusion
is unimportant until the exponential reduction in scale reaches !B. That is,

L0e
−st ∼ !B , ⇒ t ∼ s−1 ln(L0/!B). (38)

These considerations illustrate fundamental importance of !B as the scale
on which advection and diffusion come into balance.

Lagrangian coordinates: superexponential decay of a plane
wave

The hyperbolic strain also provides a painless illustration of some mathe-
matical techniques which can be used in more complicated problems. We
begin by considering the solution of (34) with κ = 0. With no diffusion c is
tied to fluid particles. The position of a fluid particle is related to its initial
position (a, b), by solving the differential equations

(ẋ, ẏ) = σ(x,−y), ⇒ (x, y) =
(

eσta, e−σtb
)

. (39)
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☛ Lagrangian coordinates:

☛ Most material line elements (eventually) stretch. 

J =
(

eσt 0
0 e−σt

)
and

κ = 0

ξ(0) =
(

cos φ
sin φ

)
☛ The initial condition: φ

!(t) ≡ |ξ(t)|

prob [!(t) ≥ !(0)] =
2
π

tan−1

(√
e2σt − 1
1− e−2σt

)



The signature of incompressibility

〈!−2〉 = !20

∫
1

e2σt cos2 φ + e−2σt sin2 φ

dφ

2π
︸ ︷︷ ︸

=1

☛ But there is a non-obvious signature of incompressibility:

☛ Of course area is preserved, but this doesn’t seem 
to affect line element stretching in an obvious way. 

☛ Homework: find the pdf of line element length.



Solution 1: a front

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1

-0.5

0

0.5

1

y

The erf solution

−σycy = κcyy ⇒ dc

dy
= A exp

(
− y2

2#2B

)
☛ 

A “front” 

☛ The IVP, starting with a discontinuity, 
identifies a time scale: 

☛ OTOH, starting with a large-scale transition: 

√
κt ∼ "B ⇒ t ∼ 1

σ

Le−σt ∼ !B ⇒ t ∼ 1
σ

ln
(

L

!B

)

κ != 0



Solution 2: super-exponential decay of a plane wave

The solution of (34) can now be obtained by arguing that the particle which
is at the point (x, y) at time t began at (a, b) = (exp(−σt)x, exp(σt)y) at
t = 0. Because the a particle carries the concentration it follows that the
solution of (34) as an initial value problem is

c(x, y, t) = c0
(

e−σtx, eσty
)

, (40)

where c0(x, y) is the initial condition.
This solution seems to rely crucially on the restriction that κ = 0. But

now look what happens if we use the Lagrangian coordinates (a, b) in (39) as
new independent variables in (34). As an accounting device, it is comforting
to define τ = t and consider that ∂τ as the time derivative with (a, b) fixed.
Thus the transformation rules are

(∂x, ∂y) =

(

∂a

∂x
,
∂a

∂y

)

∂a +

(

∂b

∂x
,
∂b

∂y

)

∂b =
(

e−στ∂a, e
στ ∂b

)

. (41)

and

∂t =
∂τ

∂t
∂τ +

∂a

∂t
∂a +

∂b

∂t
∂b = ∂τ − σa∂a + σb∂b. (42)

The punchline is that

∂t + σx∂x − σy∂y = ∂τ , (43)

which shows that the change to a Lagrangian description makes the convec-
tive derivative trivial.

Substituting the transformations above into (34) gives:

ct = κe−2σtcaa + κe2σtcbb. (44)

Naturally, if κ = 0, we recover our earlier solution in (40). But even if κ "= 0
it is often easier to solve (44) than the Eulerian form in (34). For example,
Fourier transforming (44), with (∂a, ∂b) → i(p, q), gives a simple ordinary
differential equation in time.

As an explicit example, consider a plane wave initial condition c0(x, y) =
cos(kx + ly), corresponding to the initial condition cos(ka + kb) in (44). It
is easy to see that the solution is

c = exp

[

−κk2

(

1 − e−2σt

2σ

)

− κl2
(

e2σt − 1

2σ

)]

cos
(

e−σtkx + eσtly
)

. (45)

Unless l = 0, the decay is “superexponential”.
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☛ Lagrangian coordinates

☛ The transformed equation

☛ A plane wave solution

☛ Only waves with wave vectors in an 
exponentially  shrinking ellipse survive.

k!B

l!B

k2 + l2e2σt = !−2
B



Solution 3: exponential decay of a hot spot

Gaussianology: Townsend’s hot spot

Another instructive solution of (34) corresponds to the initial condition

c(x, y, 0) = δ(x)δ(y) . (46)

In his discussion of the turbulent diffusion of a passive scalar, Townsend
(1951) describes this initial condition as “an instantaneous liberation at a
point in the fluid of a finite quantity of heat”. Townsend puts the origin of
the coordinate system at the fluid particle which is initially at the point of
liberation, and he orients the axes of the coordinate system with the prin-
cipal axes of strain. Townsend then argues that (34) describes the initial
spreading of the spot. When σt ! 1 the spot spreads diffusively, with a
diameter which grows as

√
κt. However when σt ∼ 1 the diameter of the

spot becomes comparable to $B ≡
√

κ/σ, and then the spot stops expanding
against the compressive direction of the strain. However the spot contin-
ues to stretch along the extensive direction. Thus, when st > 1, the spot
becomes a thin filament, with an equilibrium width of order $B and length
growing as $Best. Because heat is conserved the peak concentration must
decrease as $−2

B e−σt.
These intuitive arguments are supported by the exact solution (34):

c(x, y, t) =
1

2πab
exp

[

−
x2

2a2
−

y2

2b2

]

, (47)

where the major and minor axes a(t) and b(t) are

a2 ≡
κ

σ

(

e2σt − 1
)

, b2 ≡
κ

σ

(

1 − e−2σt
)

. (48)

I’m not sure who first discovered this beautiful and useful solution of the
advection-diffusion equation: an early reference is Townsend (1951), where
you’ll find the three-dimensional version.

How does one find the solution (47)? One technique is to to solve (44)
with a Fourier transform (∂a → ik and ∂b → il). With the Fourier method
we’re superimposing superexponetially decaying plane waves (45). I suggest
working through this solution and explaining why the Gaussian decay is E
“only” exponential, even though almost every plane wave in the Fourier
representation decays superexponetially.

As an alternative to the Fourier method, I prefer to substitute a Gaussian
guess

c(x, t) = c0(t) exp
[

−1
2α2(t)x2 − 1

2β2(t)y2
]

(49)
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“only” exponential, even though almost every plane wave in the Fourier
representation decays superexponetially.

As an alternative to the Fourier method, I prefer to substitute a Gaussian
guess

c(x, t) = c0(t) exp
[

−1
2α2(t)x2 − 1

2β2(t)y2
]

(49)
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Gaussianology: Townsend’s hot spot

Another instructive solution of (34) corresponds to the initial condition

c(x, y, 0) = δ(x)δ(y) . (46)

In his discussion of the turbulent diffusion of a passive scalar, Townsend
(1951) describes this initial condition as “an instantaneous liberation at a
point in the fluid of a finite quantity of heat”. Townsend puts the origin of
the coordinate system at the fluid particle which is initially at the point of
liberation, and he orients the axes of the coordinate system with the prin-
cipal axes of strain. Townsend then argues that (34) describes the initial
spreading of the spot. When σt ! 1 the spot spreads diffusively, with a
diameter which grows as

√
κt. However when σt ∼ 1 the diameter of the

spot becomes comparable to $B ≡
√

κ/σ, and then the spot stops expanding
against the compressive direction of the strain. However the spot contin-
ues to stretch along the extensive direction. Thus, when st > 1, the spot
becomes a thin filament, with an equilibrium width of order $B and length
growing as $Best. Because heat is conserved the peak concentration must
decrease as $−2

B e−σt.
These intuitive arguments are supported by the exact solution (34):

c(x, y, t) =
1

2πab
exp

[

−
x2

2a2
−

y2

2b2

]

, (47)

where the major and minor axes a(t) and b(t) are

a2 ≡
κ

σ

(

e2σt − 1
)

, b2 ≡
κ

σ

(

1 − e−2σt
)

. (48)

I’m not sure who first discovered this beautiful and useful solution of the
advection-diffusion equation: an early reference is Townsend (1951), where
you’ll find the three-dimensional version.

How does one find the solution (47)? One technique is to to solve (44)
with a Fourier transform (∂a → ik and ∂b → il). With the Fourier method
we’re superimposing superexponetially decaying plane waves (45). I suggest
working through this solution and explaining why the Gaussian decay is E
“only” exponential, even though almost every plane wave in the Fourier
representation decays superexponetially.

As an alternative to the Fourier method, I prefer to substitute a Gaussian
guess

c(x, t) = c0(t) exp
[

−1
2α2(t)x2 − 1

2β2(t)y2
]

(49)
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☛ We consider “An instantaneous 
liberation at a point in the fluid of a 

finite quantity of heat”, and follow the 
hot spot in a Lagrangian frame.

☛ The solution is

(Townsend 1951)  

ψ = −σxy



max
∀x

c(x, t) ∝ e−σt

Anatomy of the hot spot

!B =
√

κ

σ

!Beσt

(Independent of kappa)  



Solution 4:  randomly re-orienting strain
(Homework - this is a difficult one)

☛ Improve the hot-spot model by 
randomly re-orienting the strain.

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]
the first epoch  the second epoch  the third epoch  

etc.  

☛ Use a renewal model,

and at the end of each epoch, randomly rotate the strain.

〈max
∀x

c(x, t)〉 ∝ e−γt γ = σf(στ)☛Your mission:

????



THE END



Exponential stretching in other interesting flows

Welander (1955)
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Observed flow at 500 mb
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24h

24h

36h



Welander’s suminagashi visualization
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Figure 1 Two possible models of the structure of the mantle. The top figure shows two-

layered convection as described by Allrgre & Turcotte (1986) and others. The mantle consists

of two reservoirs which remain largely isolated through time. The upper mantle provides the
source material for MORB; the lower mantle provides the source material for the most

primordial of oceanic island basalts. Heterogeneities are introduced by subduction, delami-
nation of continental material, and entrainment of lower ~nantle material. Heterogeneities

are rapidly mixed into the upper mantle by convective stirring. In the process of mixing, they
form long, narrow stringers which give the mantle a "marble-cake" structure (inset) as seen

in high-temperature peridotites. Variations on the layered mantle picture are described in

the text. The lower figure shows whole mantle convection as proposed by Davies (1984) and

others. Subducting slabs penetrate into the lower mantle. In this model, mixing is sluggish

in the lower mantle due to increased viscosity. Relatively large heterogeneities made up of

subducted material and some primordial material persist for long periods of time. Upwelling
plumes arising from the core-mantle boundary bring this material to the surface at oceanic

islands. Other models than those shown here are also possible.
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Kellogg

☛ Fine-scale filaments, generated by mantle convection, are 
exposed at the Earth’s surface as in high-temperature  peridotites.

The marble-cake mantle


