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Experiments show how a stirred scalar mixture relaxes towards uniformity through an aggregation
process. The elementary bricks are stretched sheets whose rates of diffusive smoothing and coalescence
build up the overall mixture concentration distribution. The cases studied, in particular, include
mixtures in two and three dimensions, with different stirring protocols and Reynolds numbers which
all lead to a unique family of concentration distributions stable by self-convolution, the signature of the
aggregation mechanism from which they originate.
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A mixture is a transient state between the initial seg-
regation of the constituents and their ultimate homoge-
neity. The overall mixing process of a drop of dyed fluid
in a stirred medium involves two phenomena: a process of
dispersion of the drop in the diluting medium by which
the phases interpenetrate, and a process of interaction
between the dispersed elements from which homogeneity
arises. We report in this Letter on findings suggesting that
the nature of the interaction is of an aggregation type and
that this phenomenon is the key to understanding the
concentration distribution of a stirred mixture.

Let a jet of water plus a diluted fluorescent dye (diso-
dium fluorecein) discharge in a square, transparent,
long duct. For a given duct cross section, the injection
diameter d and the velocity of the coflow at the entrance
of the duct can be varied so that the average concentration
of the dye in the channel hCi can be set at will. Since
the cross section of the duct and the average velocity of
the mixture in the downstream direction are constant, the
average concentration is conserved. The jet velocity u is
such that the Reynolds number Re ! ud=! ’ 104.

The flow is made visual by means of a plane argon laser
sheet slicing the duct along its axis, and as can be seen in
Fig. 1, the dye rapidly invades the whole duct cross
section, erasing its concentration differences as it travels
downstream to relax towards a more or less uniform
mixture.

After the dye has filled the channel cross section and
evolves around a constant average concentration, the dis-
tribution P"C# presents a skewed, bell shape which gets
narrower around hCi in time (axial distances are con-
verted to time through the average axial velocity with
confidence as the radial velocity profile in a turbulent duct
is flat [1]). The shape of P"C# is very well described by a
family of one parameter distributions, namely, gamma
distributions

P"X ! C=hCi# ! nn

!"n#X
n$1e$nX: (1)

The parameter n is adjusted at each downstream loca-
tion for the gamma distribution of Eq. (1) to fit the

experimental one. It is seen in Fig. 2 that the fairness of
the fit holds for the whole concentration range, down to
quite low probability levels, and accounts for the down-
stream deformation of P"C# through the single parameter
n, whose dependence on the downstream location is quite
strong: Fig. 2 suggests a power-law dependence with an
exponent close to 5=2. The dependence of n on the jet
Reynolds number is, although noticeable, very weak.

The stirring motions progressively convert a compact
blob in a set of sheets of increasing surface and decreasing
thickness [2–5]. The intersections of these sheets with the
visualization plane are visible in Fig. 1 in the form of

FIG. 1. Mixing of a dye discharging from a jet of diameter
d ! 8 mm in a square (L% L with L ! 3 cm) duct. From
1 to 3, successive instantaneous planar cuts of the scalar field
at increasing downstream locations in the duct showing the
progressive uniformization of the dye concentration.
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☛ Stirring results in exponential growth 
of the length of infinitesimal material  

line elements.

☛ We want to understand the statistical 
properties of an ensemble of elements in 

turbulent, chaotic or stochastic flows.

☛ The simplest hypothesis is too simple.
pdf(!, t) = e−γtP

(
e−γt!

)

(Batchelor 1952) 

☛ Start with an excursion into multiplicative 
random variables and large deviation theory.

An ensemble of line elements



Multiplicative random variables
and large deviation theory

An Introduction to Large Deviations for
Teletraffic Engineers

John T. Lewis1 Raymond Russell1

November 1, 1997

1 What Large Deviation Theory is About

Roughly speaking, Large Deviations is a theory of rare events. It is prob-
ably the most active field in probability theory at present, one which has
many surprising ramifications. One of its applications is to the analysis of
the tails of probability distributions and, in recent years, this aspect of the
theory has been widely used in queuing theory. The aim of this tutorial is
to introduce the reader to the ideas underlying the theory, to explain why
it is called “Large Deviations”, and to outline the main theorems and some
important applications, in particular the application to queuing theory. Here
is a summary of what you will learn from this tutorial:

• What Large Deviation Theory is About

• Coin Tossing: Exploring Large Deviations Using Your PC

• Cramér’s Theorem: Introducing Rate-Functions

• Why “Large” in Large Deviations?

• Chernoff’s Formula: Calculating the Rate-Function

• The Connection with Shannon Entropy

• Varadhan’s Theorem and the Scaled CGF

• The Contraction Principle: Moving Large Deviations About

1Dublin Institute for Advanced Studies, 10 Burlington Road, Dublin 4, Ireland; e-
mail:lewis@stp.dias.ie and russell@stp.dias.ie
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Multiplicative random variables

Large deviations

W.R. Young ∗

January 30, 2009

1 Multiplicative random variables

To motivate large deviation theory I’ll begin with some remarks about mul-
tiplicative random processes. Suppose that a random quantity, P , is formed
by taking the product of N independent and identically distributed random
variables

P = m1m2 · · ·mN . (1)

What can we say about the statistical properties of the random product P?
The most nonintuitive aspect of P in (1) is the crucial distinction between

the mean value of P and the most probable value of P . As an illustration,
consider an extreme case in which each mk in (1) is either mk = 0 or mk = 2
with equal probability. Then the sample space consists of 2N sequences of
zeros and two’s. For all but one those sequences, P = 0; in the remaining
single case P = 2N . Thus, the most probable (that is, most frequently
occuring) value of the product P is

Pmp = 0 . (2)

On the other hand, the mean of P is

〈P 〉 ≡
sum all the P ’s from different realizations

number of realizations
= 1 . (3)

Notice that one can also calculate 〈P 〉 by arguing that 〈mk〉 = 1 and, since
the mk’s are independent, 〈P 〉 = 〈mk〉N = 1

The example above is representative of multiplicative processes in that
extreme events, although exponentially rare if N $ 1, are exponentially

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla,
CA 92093–0230, USA. email:wryoung@ucsd.edu.
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☛ Example 1: 

☛ Example 2:
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mk = α±1

〈P 〉 =
(

α + α−1

2

)N

Pmp = 1

and   

and   

☛ Extreme events are exponentially rare, but exponentially 
larger, than typical events.

with probability one half.

with probability one half.



Take the logarithm: 

different from typical or most probable events. Thus, for the product of
N random variables the ratio 〈P 〉/Pmp diverges exponentially as N → ∞.
On the other hand, for the sum of N random variables the most probable
outcome is a good approximation of the mean outcome. Perhaps this is why
people have an intuitive appreciation of sums, but find products confusing.

Now let us consider a more interesting example of a random product in
which each mk is either α or 1/α with probability 1/2. In this case

〈

mβ
k

〉

=
αβ + α−β

2
, (4)

and, since the mk are independent, the β’th moment of P is

〈

P β
〉

=

(
αβ + α−β

2

)N

. (5)

We show below in (7) that because 〈ln mk〉 = 0 the most probable value of
P is Pmp = 1. For example, if α = 2 then 〈P 〉 = (5/4)N , while Pmp = 1.
Again, the most probable value differs exponentially from the mean value
as N → ∞.

Taking the logarithm

A natural reaction to the examples above is that we can avoid all this mul-
tiplicative confusion by simply taking a logarithm of (1):

ln P = ln m1 + ln m2 + · · · + lnmN . (6)

This converts the random product to a random sum, and then the law of
large numbers and the central limit theorem (clt) apply. We’ll see that
this is OK as far as it goes, but in many problems the clt is not powerful
enough.

But taking a logarithm gives some progress: the law of large numbers1

assures us that the most probable value of S ≡ ln P coincides with the mean
value of S and, since Smp = ln Pmp, we obtain the basic result for random
products

Pmp = e〈ln P 〉 . (7)

1I refer to the weak law of large numbers:

lim
n→∞

prob

„
˛

˛

˛

˛

SN

N
− ā

˛

˛

˛

˛

< ε

«

= 1

for all ε > 0.
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☛ Recall Example 2: mk = α±1 ⇒ Pmp = 1

☛ The central limit theorem is valid, but not powerful enough:

1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

!

r

"=4

"=1

"=1.5

"=2

2.5
33.5

Figure 1: The function r(α, β) defined in (11). To accurately estimate 〈Xp〉 using
the cltone must have r ≈ 1.

In our previous example with ln mk = ± ln α, 〈ln P 〉 = 0 and Pmp = 1.
But taking the logarithm is not the complete solution to the problem of

random products: one cannot invoke the clt and conclude that all the im-
portant statistical properties of the P = exp(S) follow from the asymptotic
normal distribution of S. The clt approximates the true probability density
function of S, pdf(S), only in a central scaling region in which |S| < cN1/2,
where c is some constant which depends on the probability density function
of mk. A reliable calculation of 〈P β〉 = 〈exp(βS)〉 may require knowledge
of the tail-structure of pdf(S), and the Gaussian approximation based on
the clt isn’t good enough to describe the tails. This failure of the clt to
describe random products is a main motivation for large deviation theory.

The failure of the central limit theorem in the tails

To illustrate these difficulties, we continue with our earlier example in which
ln mk = ± ln α and therefore 〈ln2 mk〉 = ln2 α. Invoking the clt, the asymp-
totic probability density function of S is therefore

pdfCLT(S) =
1√

2πN ln2 α
exp

(

−
S2

2N ln2 α

)

. (8)

In the central scaling region, pdf(S) ≈ pdfCLT(S).
We now attempt to recover the exact result in (4) by using the approxi-

mation (8) in
〈

P β
〉

≡
∫ ∞

−∞
eβSpdf (S) dS . (9)
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3

S ≡ lnPwhere

〈
P β

〉
=

〈
eβS

〉
☛ Moments of P are dominated by the non-CLT tails
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Figure 6: The probability of fortunes for the example in problem 6.1.

6 Problems

Problem 6.1. Your broker offers you a stock whose value doubles every
year with probability 3/8, or halves with probability 5/8. To justify his
commission, he argues that the expected multiplier is

〈m〉 =
3

8
× 2 +

5

8
×

1

2
=

17

16
.

If you hold this stock for 30 years what is the probability that your return
exceeds (17/16)30 = 6.1641? How about less than one? Should you sell the
family farm and buy this stock?

Solution. If N is the number of years, then there are N + 1 possible final
fortunes, namely

22n−N , with n = 0 , 1 , · · ·N .

Thus with N = 30, the final fortunes range from 2−30 to 230 in factors
of 4. Consequently an increase by at least a factor of 6.1641 means an
increase by at least a factor of 16, corresponding to n greater than or equal
to 17. Iterating the matlab command conv one can obtain the 31 binomial
probabilities, and then sum to compute the probability of the event that
n ≥ 17 . Thus I find that the probability of a final fortune greater than or
equal to (17/16)30 is 0.0255, or less than one chance in 39. The probability
of breaking even or better is 0.1112, or about one chance in 9. In this
example the typical fortune — the peak of the probability density in Figure
6 — decreases exponentially with time, while the average fortune increases
exponentially. As a follow-up, show that this is the case if the probability
of doubling lies strictly in the range 1/3 to 1/2.

13

Homework/Discussion
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probabilities, and then sum to compute the probability of the event that
n ≥ 17 . Thus I find that the probability of a final fortune greater than or
equal to (17/16)30 is 0.0255, or less than one chance in 39. The probability
of breaking even or better is 0.1112, or about one chance in 9. In this
example the typical fortune — the peak of the probability density in Figure
6 — decreases exponentially with time, while the average fortune increases
exponentially. As a follow-up, show that this is the case if the probability
of doubling lies strictly in the range 1/3 to 1/2.
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Large deviation theory

After the integration, one finds that
〈

P β
〉

clt

= exp
(

1
2Nβ2 ln2 α

)

. (10)

To assess the error in this application of the clt, we form the ratio of the
exact result to the approximation:

〈P β〉
〈P β〉clt

= rN , where r ≡ 1
2 exp

(

−β2 ln2 α/2
) (

αβ + α−β
)

. (11)

When r(α, p) is close to 1, the error is tolerable in the sense that ln〈P β〉clt

is close to ln〈P β〉; the function r(α, p) is shown in figure 1.
For example, with α = 2, the exact result for the mean (β = 1) is

〈P 〉 = (5/4)N , while 〈P 〉clt = (1.27)N .

However the second moment, β = 2, is seriously in error. As a general
rule, 〈P β〉clt is a reliable estimate of 〈P β〉 provided that β2〈ln2 mk〉 < c,
where c is the constant which determines the width of central scaling region,
|S| < cN1/2, in which pdf(S) ≈ pdf

clt
(S).

This example should convince you that the complete analysis of a ran-
dom multiplicative quantity cannot be reduced to the clt merely by taking
a logarithm. To quote Kac’s paraphrase of Poincaré: “there must be some-
thing mysterious about the normal law since mathematicians think it is a law
of nature whereas physicists are convinced it is a mathematical theorem”.
Multiplicative random variables defeat even this mysterious law.

2 Large deviations

Consider a sum of N independent and identically distributed random vari-
ables

SN = a1 + a2 + · · · + aN . (12)

We denote the mean value of ak by ā, and we assume that the probability
density function of ak is compact i.e., there is absolutely no probability of
getting an a larger than amax and smaller than amin. I assume you know that
once N is as large as 10 or 20 the probability density function of SN looks
very Gaussian, and is much narrower than the range Namin ≤ SN ≤ Namax.
In fact, the width of the clt Gaussian increases like

√
N , while the range

of SN grows in direct proportion to N . Roughly speaking, a large deviation
is a value of SN which is as large as N i.e., a fluctuation in an empirical

4

☛ Consider a random sum 

☛ A “normal deviation” is 

SN = Nā±
√

N × (a random something)

☛ A “large deviation” is a rare event, such as SN = Nx

statistic that lies well outside the scope of the clt. This distinguishes large
deviations from normal deviations, in which SN is roughly Nā, plus or minus
a random something of order

√
N .

You might regard the sum (12) as the logarithm of the random product
(1). The large deviations mentioned above are responsible for the problem
we had using the clt to calculate 〈P 〉.

The main result2 of large deviation theory is that there is a function
G(x) such that

pdf (SN ) = exp

[

−NG

(
SN

N

)

+ o(N)

]

. (13)

G(x) is called the rate function, or the entropy, or the Cramér function. G(x)
may be difficult to calculate — but often just knowing that the probability
density function of SN has the scaling form in (13) is very useful. One
implication of (13) is that if you plot the probability density function of SN

on a logarithmic scale, and use the full range Namin ≤ S ≤ Namax for the
abscissa, then as N → ∞ the picture becomes independent of N . It’s very
instructive to compare this scaling with the alternative scaling based on the
clt.

An example: the binomial theorem

A standard example in which it is relatively easy to calculate G(x) is the
binomial distribution. Thus suppose that ak in (12) is either 0 or 1 with
probability one-half. In this case

prob(SN = xN) =

(
1

2

)N N !

(xN)!(N(1 − x))!
. (14)

Using Stirling’s approximation for the factorials above, one should show that
in this example

prob(SN = xN) ≈
exp [−N (ln 2 + x ln x + (1 − x) ln (1 − x))]

√

2πNx(1 − x)
. (15)

2A note on notation: aN = bN + o(N) as N → ∞ means that aN/bN → 0 when
N → ∞. We say aN is asymptotic to bN , or aN ∼ bN , if limN→∞ aN/bN = 1 . Thus
Stirling’s approximation is

m! ∼
√

2πm
“m

e

”m

.
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☛ The main result of large deviation theory is  

☛ The CLT is a special case. 



The binomial distribution
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Figure 2: The rate function (48) for the binomial model; p is the probability that
ak = 1, and 1 − p the probability that ak = 0.

The large-deviation result in (13) corresponds to ignoring the pre-exponential
factor in (15), and writing (15) as

prob(SN = xN) = exp




−N [ln 2 + x ln x + (1 − x) ln (1 − x)]

︸ ︷︷ ︸

G(x) for 0 < x < 1

+O(ln N)




 .

(16)
The specific G(x) in (16) is the curve labeled p = 1/2 in Figure 2.

Existence of the rate function G(x)

There is a very pretty argument that establishes the existence of the rate
function G(x). Defining

LN (x) ≡ ln

[

prob

(
n

∑

i=1

ai > Nx

)]

, (17)

the claim is that

lim
N→∞

LN (x)

N
(18)

exists, and is equal to −G(x), where G(x) the rate function in (13). Figure
3 shows LN (x) for the binomial model. The jagged little wiggles in Figure 3
show that the sequence LN/N does not converge monotonically to −G(x).
Nonetheless we can establish convergence of LN/N by showing that LN has
the superadditive property in (21).
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Existence of the rate function
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☛ A definition: 

☛ Then prove the limit exists: 

☛ The key result is super-additivity
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Figure 3: The sequence LN (x) at three values of x, using the binomial model
with prob(ak = 0) = prob(ak = 1) = 0.5. The probabilities are computed by
iteration of the conv command in matlab. There is a wiggly exponential decrease
of prob(SN > xN) as N → ∞.

Start by noting that

prob

(
N1+N2∑

i=1

ai > (N1 + N2)x

)

≥ prob

(
N1∑

i=1

ai > N1x

)

prob





N1+N2∑

i=N1+1

ai > N2x



 ,

(19)
and that

prob





N1+N2∑

i=N1+1

ai > N2x



 = prob

(
N2∑

i=1

ai > N2x

)

. (20)

Thus the sequence Ln(x) is superadditive:

LN1+N2
≥ LN1

+ LN2
. (21)

Moreover, because LN is negative, the sequence LN/N has a supremum

− G(x) ≡ sup
LN (x)

N
. (22)

The two properties of LN (x) in (21) and (22) suffice to prove the existence
of the limit in (18) (see problem 6.4).

Properties of the rate function G(x)

All rate functions have the form illustrated in Figure 2. The main properties
of the rate function are:
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1. G(x) is convex (see problem 6.5);

2. the minimum value is of G(x) is G(ā) = 0, where ā is the mean value
of ak in (12);

3. near the minimum, G(x) ≈ 1
2(x − ā)2G′′(ā);

4. G(x) is the Legendre transform of the cumulant generating function
of the random variable ak in (12), and vice versa.

Property 2 is the link to the law of large numbers: if we pick any fixed
x > ā, then the probability that SN/N is greater than x goes to zero expo-
nentially with N , specifically as exp[−NG(x)]. Property 3 establishes the
connection with the clt: near the minimum, (27) simplifies to

pdf (SN ) ≈
√

G′′(ā)

2πN
exp

[

−
G′′(ā)(x − ā)2

2N

]

. (23)

Evidently 1/G′′(ā) is equal to the variance of ak (see problem 6.8).
In property 4, the cumulant generating function F (β) of the random

variable ak in (13) is defined by

eF (β) =

∫ ∞

−∞
eβapdf(a) da . (24)

You’ll recall we assumed that pdf(a) is identically zero outside (amin, amax),
and thus F (β) is defined for all complex values of β. Property 4 says that
if we possess F (β) then we can obtain the rate function via the Legendre
transform

G(x) = sup
β

(βx − F (β)) . (25)

The “vice versa” in property 4 means that

F (β) = sup
x

(βx − G(x)) . (26)

The problems ask you to investigate these formulas using some specific ex-
amples.

3 The asymptotic form of pdf(SN)

The large-deviation approximation of the probability density function in (16)
is not as informative as the more complete approximation in (15), where the
N−1/2 pre-exponential factor ensures that the integral of the probability
density function is normalized to unity3. The general analog of (15), which

3Or unity with an error of order N−1.
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4. G(x) is the Legendre transform of the cumulant generating function
of the random variable ak in (12), and vice versa.

Property 2 is the link to the law of large numbers: if we pick any fixed
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1. G(x) is convex (see problem 6.5);

2. the minimum value is of G(x) is G(ā) = 0, where ā is the mean value
of ak in (12);

3. near the minimum, G(x) ≈ 1
2(x − ā)2G′′(ā);

4. G(x) is the Legendre transform of the cumulant generating function
of the random variable ak in (12), and vice versa.

Property 2 is the link to the law of large numbers: if we pick any fixed
x > ā, then the probability that SN/N is greater than x goes to zero expo-
nentially with N , specifically as exp[−NG(x)]. Property 3 establishes the
connection with the clt: near the minimum, (27) simplifies to

pdf (SN ) ≈
√

G′′(ā)

2πN
exp

[

−
G′′(ā)(x − ā)2

2N

]

. (23)

Evidently 1/G′′(ā) is equal to the variance of ak (see problem 6.8).
In property 4, the cumulant generating function F (β) of the random

variable ak in (13) is defined by

eF (β) =

∫ ∞

−∞
eβapdf(a) da . (24)

You’ll recall we assumed that pdf(a) is identically zero outside (amin, amax),
and thus F (β) is defined for all complex values of β. Property 4 says that
if we possess F (β) then we can obtain the rate function via the Legendre
transform

G(x) = sup
β

(βx − F (β)) . (25)

The “vice versa” in property 4 means that

F (β) = sup
x

(βx − G(x)) . (26)

The problems ask you to investigate these formulas using some specific ex-
amples.

3 The asymptotic form of pdf(SN)

The large-deviation approximation of the probability density function in (16)
is not as informative as the more complete approximation in (15), where the
N−1/2 pre-exponential factor ensures that the integral of the probability
density function is normalized to unity3. The general analog of (15), which

3Or unity with an error of order N−1.

8

The CGF is the Legendre dual of the 
rate function

☛ The rate function G is the Legendre transform of the 
cumulant generating function, and vice versa. 

The CGF:  

☛ Legendre duals: 

After the integration, one finds that
〈

P β
〉

clt

= exp
(

1
2Nβ2 ln2 α

)

. (10)

To assess the error in this application of the clt, we form the ratio of the
exact result to the approximation:

〈P β〉
〈P β〉clt

= rN , where r ≡ 1
2 exp

(

−β2 ln2 α/2
) (

αβ + α−β
)

. (11)

When r(α, p) is close to 1, the error is tolerable in the sense that ln〈P β〉clt

is close to ln〈P β〉; the function r(α, p) is shown in figure 1.
For example, with α = 2, the exact result for the mean (β = 1) is

〈P 〉 = (5/4)N , while 〈P 〉clt = (1.27)N .

However the second moment, β = 2, is seriously in error. As a general
rule, 〈P β〉clt is a reliable estimate of 〈P β〉 provided that β2〈ln2 mk〉 < c,
where c is the constant which determines the width of central scaling region,
|S| < cN1/2, in which pdf(S) ≈ pdf

clt
(S).

This example should convince you that the complete analysis of a ran-
dom multiplicative quantity cannot be reduced to the clt merely by taking
a logarithm. To quote Kac’s paraphrase of Poincaré: “there must be some-
thing mysterious about the normal law since mathematicians think it is a law
of nature whereas physicists are convinced it is a mathematical theorem”.
Multiplicative random variables defeat even this mysterious law.

2 Large deviations

Consider a sum of N independent and identically distributed random vari-
ables

SN = a1 + a2 + · · · + aN . (12)

We denote the mean value of ak by ā, and we assume that the probability
density function of ak is compact i.e., there is absolutely no probability of
getting an a larger than amax and smaller than amin. I assume you know that
once N is as large as 10 or 20 the probability density function of SN looks
very Gaussian, and is much narrower than the range Namin ≤ SN ≤ Namax.
In fact, the width of the clt Gaussian increases like

√
N , while the range

of SN grows in direct proportion to N . Roughly speaking, a large deviation
is a value of SN which is as large as N i.e., a fluctuation in an empirical

4

Recall:  



Line element stretching: general results



The “local stretching model”

☛ Focus on small scales, and elaborate 
Townsend’s hot-spot model.

No molecular diffusion (yet) 

ξ̇ = W (t)ξ

ξ(x(t), t)

x(t)

☛ In this Lagrangian frame we have a 
stochastic differential equation:

!(t) = |ξ(t)|Notation:  

∂tξ + u · ∇ξ = ξ · ∇u

☛ Solve the line-element equation:

☛We desire the statistical properties of line-element lengths.

h(t) ≡ 1
t

ln
(

!(t)
!0

)



Definition of the Lyapunov exponent

γLpv ≡ lim
t→∞

1
t

〈
ln

(
"(t)
"0

)〉
☛ For the moment, we use the definition:

☛ Using the golden rule for multiplicative processes:

!mp = !0eγLpvt

☛ According to Batchelor, all elements would stretch at this 
rate. This is not exactly true - we need a more complete 

characterization of stretching statistics.



The big picture for line-element stretching

☛

☛

!2 0 2 4

!0.2

0
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0.4

0.6

0.8

1

1.2

1.4

p
F(
p)

F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉

〈
eph

〉
= etF (p) , as t→∞or  

γLpv = lim
p→0

F (p)
p

☛ F(p) is convex, and

F (0) = 0 , F ′(0) > 0 , F (−d) = 0 , F (p) = F (−2− p)︸ ︷︷ ︸
d=2

and   

F(p) is the  CGF.



The other half of the big picture

G(h) = sup
∀p

(ph− F (p)) F (p) = sup
∀h

(ph−G(h))
☛ F(p) and G(h) contain equivalent information:

pdf(h) ≈
√

tG′′(h)
2π

e−tG(h)

☛ Large deviation theory gives

!0.5 0 0.5
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h

G
(h
)

G (γLpv) = 0and 



An example illustrating the main 
features of the big picture



Renewing Couette flow

☛ The illustration at right is misleading:
hyperbolic points are not necessary for 

exponential stretching.

☛ Even Couette flow can produce 
exponential stretching, provided 
there is “random realignment”. u = βy

ξ(t)

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]
the first epoch  

☛ Use a renewal model,

with randomly change direction at the end of each epoch.
the second epoch  the third epoch  



u=! y

Ultimately:

☛ Recall  elementary Couette flow - a material line moves like this:

 Couette flow

!(t) ≡ |ξ(t)| ∝ !0 × βt

ξ(0)

ξ(t) = !0

(
cos θ + βt sin θ

sin θ

)

that the small molecular diffusivity κ is able eventually to destroy tracer
variance.

1 Line element stretching: a preliminary example

The simplest model of exponential stretching is the steady straining flow
u = (sx,−sy) that featured prominently in lecture 1. It is obvious that
all material line elements eventually grow exponentially in this simple flow.
Unfortunately this example gives the mistaken impression that hyperbolic
stagnation points play an essential role in the process of exponential stretch-
ing.

To show that hyperbolic stagnation points are inessential, we begin our
discussion by considering the Couette flow u = (0,βy). If we release a
material line element ! = #0(cos θ, sin θ) at t = 0 then at time t the element
is

!(t) = #0(cos θ + βt sin θ, sin θ) . (2)

The length of this element at t is

#2(t) =
[

1 + βt sin 2θ + β2t2 sin2 θ
]

#2
0 . (3)

When βt is large, #(t) grows linearly with time, which is very different from
the exponential growth in (1).

However, suppose we stop the elongation in (2) at t = τ and renew the
process by starting a new Couette flow at a random angle to the first. We
can implement this sudden change in direction by taking a new angle, say
θ → θ′, in (2) and replacing #0 by #1 ≡ #(τ). The random Couette process

is constructed by renewing at t = nτ with a fresh angle θn in each epoch.
After n iterations

#(nτ) =
n

∏

k=1

√

1 + βτ sin 2θk + β2τ2 sin2 θk
︸ ︷︷ ︸

≡m(θk)

#0 , (4)

where the random multiplicative factor is m(θ) defined above. In other
words, the length of the line at t = nτ is the product of n independent
random stretches, m(θk), where θk is a random angle uniformly distributed
in (0, 2π).

Below we compute averages of the random product in (4) and show that
the asymptotic growth of the “typical” element is exponential, as anticipated
in (1). This exponential growth happens even though the elements grow only

2

☛ The solution of the line-element equation is:

ξ̇ =
(

0 β
0 0

)
ξ

and 



Renewing Couette flow

☛ At the end of the n’th epoch,

that the small molecular diffusivity κ is able eventually to destroy tracer
variance.

1 Line element stretching: a preliminary example

The simplest model of exponential stretching is the steady straining flow
u = (sx,−sy) that featured prominently in lecture 1. It is obvious that
all material line elements eventually grow exponentially in this simple flow.
Unfortunately this example gives the mistaken impression that hyperbolic
stagnation points play an essential role in the process of exponential stretch-
ing.

To show that hyperbolic stagnation points are inessential, we begin our
discussion by considering the Couette flow u = (0,βy). If we release a
material line element ! = #0(cos θ, sin θ) at t = 0 then at time t the element
is

!(t) = #0(cos θ + βt sin θ, sin θ) . (2)

The length of this element at t is

#2(t) =
[

1 + βt sin 2θ + β2t2 sin2 θ
]

#2
0 . (3)

When βt is large, #(t) grows linearly with time, which is very different from
the exponential growth in (1).

However, suppose we stop the elongation in (2) at t = τ and renew the
process by starting a new Couette flow at a random angle to the first. We
can implement this sudden change in direction by taking a new angle, say
θ → θ′, in (2) and replacing #0 by #1 ≡ #(τ). The random Couette process

is constructed by renewing at t = nτ with a fresh angle θn in each epoch.
After n iterations

#(nτ) =
n

∏

k=1

√

1 + βτ sin 2θk + β2τ2 sin2 θk
︸ ︷︷ ︸

≡m(θk)

#0 , (4)

where the random multiplicative factor is m(θ) defined above. In other
words, the length of the line at t = nτ is the product of n independent
random stretches, m(θk), where θk is a random angle uniformly distributed
in (0, 2π).

Below we compute averages of the random product in (4) and show that
the asymptotic growth of the “typical” element is exponential, as anticipated
in (1). This exponential growth happens even though the elements grow only

2

☛ Since this is a  random product:

[0 ≤ t < τ ] [τ ≤ t < 2τ ] [2τ ≤ t < 3τ ]

☛ At the end of each epoch,

randomly rotate the direction of the Couette flow.

!mp = e〈ln !〉 = en〈m(θ)〉 = etγLpv

γLpv =
1
2τ

∮
ln

(
1 + βτ sin 2θ + β2τ2 sin2 θ

) dθ

2π

γLpv =
1
2τ

ln
(

1 +
β2τ2

4

)
or 



The CGF of Renewing Couette flow

(Legendre functions) 

F (p) =
1
τ

ln
[∮ (

1 + βτ sin 2θ + β2τ2 sin2 θ
)p/2 dθ

2π

]
!4 !3 !2 !1 0 1 2
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! p/("
2 #

)

"# !> 0
"# = 0.2
"# = 1.0
"# = 2.0
"# =  4.0
"# = 10.0

Contrary to 
Batchelor (1952).



Properties of F(p): some “proofs”

F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉



F(p) is convex

F (p) ≡ lim
t→∞

1
t

log
〈(

!

!0

)p〉
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F(
p)

☛ It is evident that F(0)=0.

☛Use Cauchy-Schwarz:

〈
!
1
2 (p+q)

〉
< (〈!p〉 〈!q〉)

1
2

⇒ F

(
p + q

2

)
< 1

2 (F (p) + F (q))



In isotropic flow

ln
(

!

!0

)
= 1

2 ln (eᵀJᵀJe) , |e|2 = 1

〈ln
(

!

!0

)
〉e =

1
4π

∫

|e|=1

1
2 ln

(
λ1e

2
1 + λ2e

2
2 + λ3e2

3

)
dS

≥ 1
4π

∫

|e|=1

1
2

(
e2
1 lnλ1 + e2

2 lnλ2 + e3
3 lnλ3

)
dS

=
1
6

ln(λ1λ2λ3) = 0

ξ(t) = J(t)ξ(0) ⇒

☛ Since the line-stretching equation is linear:

ξ(0) = !0e

☛ Use Jensen’s inequality log(avg) > avg(log):

where det J = 1and 

☛Three things we know about: JᵀJ

γLpv = F ′(0) > 0



In isotropic flow

ln
(

!

!0

)
= 1

2 ln (eᵀJᵀJe) , |e|2 = 1

〈ln
(

!

!0

)
〉e =

1
4π

∫

|e|=1

1
2 ln

(
λ1e

2
1 + λ2e

2
2 + λ3e2

3

)
dS

≥ 1
4π

∫

|e|=1

1
2

(
e2
1 lnλ1 + e2

2 lnλ2 + e3
3 lnλ3

)
dS

=
1
6

ln(λ1λ2λ3) = 0

ξ(t) = J(t)ξ(0) ⇒

☛ Since the line-stretching equation is linear:

ξ(0) = !0e

☛ Use Jensen’s inequality log(avg) > avg(log):

where det J = 1and 

☛Three things we know about: JᵀJ symmetric, det =1, and eigenvalues are positive. 

γLpv = F ′(0) > 0



F(-d) = 0

t = 0
t > 0

A = !20θ0 = !2n(t)θn(t) n = 1 , 2 , · · · N

θ0 =
2π

N

⇒ 1
N

N∑

n=1

(
!0

!n(t)

)2

= 1

☛ Incompressibility (conservation of area in d=2) is the key:


