
Lecture 3: Eddy diffusivity and 
homogenization

Eddy diffusion, ensemble averages, spatial averages, 
variance (c^2-stuff) budgets, the Batchelor Spectrum,

homogenization

We start with an example.



Example 1: the dispersing front

☛ We use the renewing wave 
flow as an illustration:

☛ Recall that the eddy 
diffusivity  of this flow is:

κe =
1
8
τU2

(Independent of the 
flow length scale!)

λ =
2π

k

ct + u · ∇c = 0 , c(x, 0) = sgn(x)



Dispersion of a front,
t=3! t=6! t=9! t=12!

t=15! t=18! t=21! t=24!

☛ The ensemble average is:

〈c〉 = erf(η) η ≡ x

2
√

κet

〈c〉t = κe∇2〈c〉 ??

or with

κ = 0

c(x, 0) = sgn(x)



Dispersion of a front,
t=3! t=6! t=9! t=12!

t=15! t=18! t=21! t=24!

☛ The ensemble average is:

〈c〉 = erf(η) η ≡ x

2
√

κet

〈c〉t = κe∇2〈c〉 ??

or with

κ = 0

〈c〉 is a function of x and t

c(x, 0) = sgn(x)
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Asymptotic triumph of 
eddy diffusivity

Histogram of 10^4 particles, all starting on x=0

Ukτ = 1



-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1

-0.5

0

0.5

1

!

erf(!) and 1-erf 2(!)

The concentration variance 
of the dispersing front

c′ = c︸︷︷︸
=±1

−〈c〉 ⇒ 〈c′2〉 = 1− erf2(η)

☛ Homework/discussion:

pdf(c, η) =
1 + erf(η)

2
δ(c− 1) +

1− erf(η)
2

δ(c + 1)



Now we turn to general principles:
the Reynolds decomposition, scale separation 

and variance budgets



The Reynolds decomposition
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in figure 2.8, will still show concentration patches2. Thus, in this Brownian
bug example, ĉ != 〈c〉. Indeed, the patches are surely an important feature of
the “real” answer. The correct but useless result in (2.35) exposes a failure
of ensemble averaging. What do we make of this example? Are biological
problems, with reproduction and death, so fundamentally different from the
advection-diffusion of chemical tracers? I am not prepared to answer that
question in these lectures and I leave further development of this example
to the students.

2.5 Variance budgets

In this section we return to basics and present an alternative view of eddy-
diffusivity. The following arguements emphasize the importance of the con-
centration variance equation.

2.5.1 The Reynolds’ decomposition

We depart from the advection-diffusion equation

ct + u·∇c = κ∇2c + s , (2.36)

where κ is the molecular diffusivity of c and u is an incompressible (∇·u = 0)
velocity field. Also in (2.36) we have included a source term, s(x, t), which
forces the system.

The velocity u in (2.36) is a single realization selected from an ensemble
of velocity fields. Then we can introduce the “Reynolds’ decomposition”:

c = 〈c〉 + c′ , (2.37)

where 〈〉 is the ensemble average and c′ is the fluctuation from 〈c〉 which
arises in a single realization. Taking the ensemble average of (2.36) gives

〈c〉t + 〈u〉·∇〈c〉 + ∇·〈u′c′〉 = κ∇2〈c〉 + s . (2.38)

(The source s is taken to be deterministic, 〈s〉 = s.)

2If the width of the kernel, K in (2.30), is larger than the dimension of the patches then
filtering will remove the patches. However, since the patches expand in scale, eventually
they will become so large that they survive the blurring power of the filter.
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Subtracting the ensemble average in (2.38) from (2.36) gives the fluctu-
ation equation

c′t + 〈u〉·∇c′ + ∇·
[
u′c′ − 〈u′c′〉

]
− κ∇2c′ = −u′ ·∇〈c〉 . (2.39)

Equation (2.39) has been organized by taking the source term to the right
hand side. Thus we see that advective distortion of the mean gradient, ∇〈c〉,
generates the fluctuation c′.

2.5.2 Consequences of linearity

If c′ = 0 at t = 0 then, because (2.39) is linear, c′ and ∇〈c〉 will be linearly
related. It follows that the eddy flux 〈u′c′〉 will also be linearly related to
the mean gradient ∇〈c〉. These simple observations, in alliance with the
scale separation assumption, can be used to extract a surprising amount of
information [?].

The scale separation it is plausible that this linear relation between eddy
flux and mean gradient can be developed in a series of the form

〈u′c′〉i = −D(1)
ij ∗ 〈c〉,j −D(2)

ijk ∗ ∇〈c〉,jk + · · · (2.40)

The ∗ in (2.40) indicates that the product also involves convolutions in time,
such as

D(1)
ij ∗〈c〉,j =

∫ t

0
D(1)

ij (t′)〈c〉,ij(t − t′) dt′ . (2.41)

If the mean field is varying slowly over an eddy decorrelation time then the
convolution above approximates to

〈u′c′〉 ≈ −D(1)
ij ∗〈c〉,j ≈ −

∫ ∞

0
D(1)

ij (t′) dt′ 〈c〉,j(t) . (2.42)

In the simplest cases3
∫ ∞

0
D(1)

ij (t′) dt′ = Deδij , (2.43)

where De is the eddy diffusivity. Using (2.43) the flux gradient relation is

〈u′c′〉 − κ∇〈c〉 = −D∇〈c〉 , D ≡ De + κ , (2.44)

and the evolution of the average concentration is determined by

〈c〉t ≈ D∇2〈c〉 + s . (2.45)

3“Simple” means that the velocity ensemble is isotropic, homogeneous and reflexionally
invariant. The last requirement means that the mirror image of a particular realization
of u′ is just as probable as u′. If the ensemble is reflexionally invariant then D(1)

ij is a
symmetric tensor. This subtle point will be illustrated later in this lecture series.
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☛ In single realization: and

☛ The ensemble average is:

☛ The fluctuation 
equation is: The source of 

fluctuations

☛ The fluctuation equation is linear, so with scale separation:
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The eddy-diffusion equation
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∫ ∞

0
D(1)

ij (t′) dt′ = κ′eδij

〈u′c′〉 − κ∇〈c〉 = −κe∇〈c〉 , κe = κ + κ′
e

☛ With a slowly varying in time mean field:

☛ In the simplest case:
(Isotropic, homogeneous and 
reflexionally invariant flows.)

☛ Finally:

and 〈c〉t ≈ κe∇2〈c〉+ s

☛ The Gx trick (and an ergodic assumption) 
provides the eddy diffusivity in simulations.

c = Gx + c′(x, t)



The variance (c^2-stuff) equation 
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2.5.3 The Gx-trick

The tensors D(n)(t) are determined by the linear operator on the left hand
side of (2.39). Thus, these tensors depend on (i) the statistical properties of
u′; (ii) the mean advection 〈u〉; (iii) the molecular diffusion κ. The essential
point is that these tensors do not depend on 〈c〉. At least for the first term

in the series, D(1)
ij , we can exemplify this by noting that there is a special

solution of (2.36) in which 〈u〉 = s = 0 and concentration has the form

c = Gx + c′ . (2.46)

In (2.46) the mean concentration is simply 〈c〉 = Gx and the fluctuation c′

is determined from a reduced version of (2.39):

c′t + u′ ·∇c′ − κ∇2c′ = −Gu′ . (2.47)

As emphasized above, the advection of the mean gradient appears as a source
term for c′ on the right hand side of (2.47). Because (2.47) is linear, and G
is constant, the solution c′ will be proportional to the large-scale gradient G
and otherwise independent of G.

This Gx-trick enforces the platonic ideal of scale separation between the
eddies and the mean field. If the concept of an eddy diffusivity is to have any
validity, then it must work in the simplified context of (2.47). In fact, the
Gx-trick is used in doubly-periodic turbulence simulation to calculate eddy
diffusivities. In that context, u′ = (u, v) and c′ are efficiently represented
by Fourier series. Then (2.47) is solved using a spectral code and the eddy
flux is estimated by computing the integral

〈u′c′〉 = A−1
∫∫

u′c′ dxdy , (2.48)

over the computational domain. (In (2.48) A is the total area of the domain
so 〈1〉 = 1). Notice that in (2.48) the ensemble average is identified with
an integral over the domain. Later in these lectures we will use this same
procedure to analytically calculate the eddy diffusivities of some spatially
periodic velocity fields.

2.5.4 The concentration variance equation

An equation for the concentration variance,

Z ≡
1

2

〈
c′

2
〉

, (2.49)
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is obtained by multiplying (2.39) by c′ and ensemble averaging. The result
is

Zt + 〈u〉·∇Z + ∇ ·
〈

1

2
u′c′2

〉
−κ∇2Z = −κ

〈
|∇c′|2

〉
−

〈
u′c′

〉
·∇〈c〉 . (2.50)

The terms on the left hand side of (2.50) can be interpreted as fluxes of Z.
The two terms on the right hand side of (2.57) are respectively a source of
variance due to advective distortion of the mean gradient, and dissipation
of variance by molecular diffusion κ.

2.5.5 Heuristic closure arguments

In (2.50) there are three terms which we would like to relate to the mean
quantities 〈c〉 and Z. First, there is −〈u′c′〉 ·∇〈c〉 = De∇〈c〉 ·∇〈c〉. The
remaining two terms are 〈u′c′2/2〉 and κ〈∇c′ ·∇c′〉.

The correlation 〈u′c′2/2〉 in (2.50) is an eddy-flux of c′2, just as 〈uc′〉 is
an eddy flux of c′. Thus, by analogy with (2.44), we can argue that

1

2
〈u′c′2〉 = −De∇Z . (2.51)

This heuristic argument is discussed further in appendix B.

The final term in (2.50) is the dissipation of variance by molecular dif-
fusivity, κ〈∇c′ ·∇c′〉. The simplest closure assumption we can make about
this term is that

κ〈∇c′ ·∇c′〉 ≈ βZ , (2.52)

where β has the dimensions of time. The closure above relies on dimensional
analysis and the linearity of (2.36). However, in anticipation of a later dis-
cussion of the Batchelor spectrum, we now make some heuristic arguments
in support of (2.52) which suggest that β is independent of the molecular
diffusivity.

Suppose that the mean field 〈c〉 has a length scale L and that the velocity
field u′ has a length scale Lu (in the RW example Lu = k−1). The scale
separation assumption is that

L & Lu . (2.53)

The inequality in (2.53) is exemplified in idealized case of (2.46) in which L
is infinite. If follows that advective distortion of ∇〈c〉 generates c′ first on
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☛ The variance equation is:

SINK SOURCE

☛ To explicate the source of c^2-stuff:

SOURCE SINK

☛In the kappa =0  dispersing front problem, this monster reduces to:
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the scale Lu. Then, following our arguments in lecture 1, the scale of c′ will
be exponentially reduced, like exp(−γt), where γ is roughly proportional
to the RMS strain of u′. This exponential contraction continues till the
cascade is halted by molecular diffusion at the scale

" ≡
√

κ

γ
. (2.54)

Using arguments from lecture 1, we can estimate that the time taken for
this arrest at " is

t! ≈ γ−1 ln (Lu/") . (2.55)

Then the smallest length scale in the c′-field is " and, plausibly, the gradient
is ∇c′ ∼ c′RMS/" where c′RMS ≡

√
2Z . We now have a simple estimate

κ〈∇c′·∇c′〉 ∼ γZ. This rough argument leads to the closure in (2.52), with
β ∝ γ, and the caveat that t > t!.

We can summarize the arguments above by rewriting the variance equa-
tion (2.50) as

Zt + 〈u〉·∇Z − D∇2Z = De∇〈c〉·∇〈c〉 − βZ , (if t ≥ t!) . (2.56)

The most dubious approximation is probably (2.52). To conclude this dis-
cussion we will interpret the variance equation in two specific examples.

2.5.6 Example 1: the dispersing front

First consider the dispersing front in figure 2.5. In this example s = κ =
〈u〉 = 0 and we have already know from (2.28) that

Z =
1

2

[
1 − erf2 (η)

]
, η =

x

2
√

Dt
. (2.57)

On the other hand, since κ = 0, it follows that D = De and β = 0. With
these simplifications the variance equation (2.50) reduces to

Zt − DZxx = D∇〈c〉·∇〈c〉 , (2.58)

where 〈c〉 is the erf-solution in (2.25). As a consistency check, one can show
that (2.57) is the solution of the variance equation in (2.58).

This example shows that the destruction of variance by molecular diffu-
sivity is not required in order to prevent an accumulation of variance: the
source on the right hand side of (2.58) is balanced by eddy diffusion.
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and we verify that the solution is indeed:

Zt − κ′
eZxx = κ′

e|∇〈c〉|2

Zt + 〈u〉 · ∇Z + ∇ ·
〈

1
2u′c′2〉− κ∇2Z = κ′

e|∇〈c〉|2 − κ〈|∇c′|2〉



Example 2: the source problem
ct + u · ∇c = cos qy + κ∇2c

☛ Again we use the renewing 
wave flow as an illustration:

q

k
! 1☛ Scale separation is:

λ =
2π

k



Another renewing wave example

〈c〉t = κe〈c〉xx + cos qx ⇒ 〈c〉(x,∞) =
cos qx

κeq2

☛ First consider kappa = 0, and look 
for a statistically steady solution of 

☛ The ensemble averaged concentration is:

☛ But the total solution is not statistically steady, because 
with kappa=0 there is no variance sink.

ct + u · ∇c = cos qy



Runaway variance

Zt − κ′
eZxx = κ′

e|∇〈c〉|2
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The sink of c^2-stuff:
the Batchelor spectrum

113 

Small-scale variation of convected quantities like 
temperature in turbulent fluid 

Part 1. General discussion and the case of small conductivity 

By G. K. BATCHELOR 
Cavendish Laboratory, University of Cambridge 

(Received 1 June 1958) 

When some external agency imposes on a fluid large-scale variations of some 
dynamically passive, conserved, scalar quantity 0 like temperature or concentra- 
tion of solute, turbulent motion of the fluid generates small-scale variations of 0. 
This paper describes a theoretical investigation of the form of the spectrum of 
0 at large wave-numbers, taking into account the two effects of convection with 
the fluid and molecular diffusion with diffusivity K .  Hypotheses of the kind made 
by Kolmogoroff for the small-scale variations of velocity in a turbulent motion 
at high Reynolds number are assumed to apply also to small-scale variations of 0. 

Previous contributions to the problem are reviewed. These have established 
that the spectrum of 0 varies as n-* (n being wave-number) at the low wave- 
number end of the equilibrium range, but there has been some confusion about 
the wave-number marking the upper end of the range of validity of this relation. 
The existence of a conduction ‘cut-off’ near n = (e//c3)* as put forward by 
Obukhoff and Corrsin is shown to hold only when v Q K,  and that near n = ( E / v K ~ ) *  

put forward by Batchelor is shown to apply only when v > K .  In  the case v Q K ,  

the remaining problem is to determine the form of the spectrum of 8 beyond the 
conduction cut-off; this is done in Part 2. In the case v K ,  the conduction cut-off 
occurs at wave-numbers much higher than (e/v3)*, which is where the energy 
spectrum is cut off by viscosity, and where the spectrum of 0 ceases to vary as n-8. 

The form of the spectrum of 0 in this latter case is determined over the range 
n > (e/v3)& by analysing the effect of the velocity field, regarded as effectively a 
persistent uniform straining motion for these small-scale variations of 8, and of 
molecular diffusion on a single Fourier component of 8. The wave-number of this 
sinusoidal variation of 8 is changed (and generally increased in magnitude) by the 
straining motion and the amplitude is diminished by diffusion. By supposing that 
the level of the spectrum of # is kept steady at wave-numbers near (e/v3)k by some 
mechanism of transfer from lower wave-numbers, the linearity of the equation 
for 8 then allows the determination of the spectrum for n > (e/v3)4, the result 
being given by (4.8). The same result is obtained, using essentially the same 
approximation about the velocity field, from a different kind of analysis in terms 
of velocity and 0 correlations. Finally, the relation between this work and 
Townsend’s model of the small-scale variations of vorticity in a turbulent fluid is 
discussed. 

8 Fluid Mech. 5 
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SOURCE SINK

Zt + 〈u〉 · ∇Z + ∇ ·
〈

1
2u′c′2〉− κ∇2Z = κ′

e|∇〈c〉|2 − κ〈|∇c′|2〉

☛ If the Peclet number is large, then the SOURCE and the SINK 
are at very different scales.



Flux of c^2-stuff through wavenumber space

☛ Stirring increases gradients exponentially in time.

☛ But stirring conserves c^2-stuff.

ct + u·∇c = s + κ∇2c

☛ Advection generates new harmonics, and transfers c^2-
stuff to larger wavenumbers.

1
AT

∫ T

0

∫∫
csdxdt =

1
AT

∫ T

0

∫∫
κ|∇c|2 dxdt

︸ ︷︷ ︸
≡χ

c2
RMS =

1
AT

∫ T

0

∫∫
c2(x, t) dxdt =

∫ ∞

0
Γ(k) dk



A dimensional argument

☛If stretching by the velocity field is characterized by a single time 
scale, then we can predict the spectrum with dimensional argument.

Γ(k) =
χ

γk
, provided q ! k ! #−1

B =
√

γ

κ

☛In the renewing wave examples,  gamma is the Lyapunov exponent

k = k0eγt

(γkΓ)k = −κk2Γ

☛B. argues that the the flux through wavenumber space is
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deformed by the straining process into one with wave-number of order ( ~ / v K ' ) &  

and is 
1 v  

Y K  
--log- 

(in agreement with (4 .10)  in view of the definition of x), and this may be larger 
than the time scale of thelarge-scale components of 8 again without inconsistency. 

The relation (4.9) can also be interpreted in terms of the formation of steep 
spatial gradients of 8 in the fluid. If IV81 became infinite (or as near infinite as the 
small conductivity allowed) at a finite number of points in unit volume of the 
fluid as a result of the effect of convection, r(n) would vary as n-'. The diver- 
gence of (V8)' as given by (4 .9 )  is stronger than this, corresponding to the fact that 
convection actually steepens the gradient of 8, and does so persistently, through- 
out typical material elements of fluid; large values of (V81 thus appear, not at 
isolated points, but over a finite fraction of the whole fluid. 

- 

log n 

FIGURE 1. Spectra of 0 and u in the equilibrium range of 
wave-numbers for the case v S K.  

The conduction cut-off given by (4.8) is sharp, and occurs, as expected, at 
wave-numbers of order ( E / v K ~ ) * .  The available information about r(n) in the 
equilibrium range in the case v a K is shown schematically in figure 1. Finally, it 
is worth noting that these results about the form of r(n) beyond the viscous 
cut-off wave-number do not require the Reynolds number of the turbulence 
to be so large that an inertial subrange exists. Whatever the Reynolds number 
of the turbulence, the distortion of sufficiently small material elements of 
fluid will be approximately a pure straining motion. Thus the first part of the 
relation (4.8) will still hold, although the estimate of the straining rate y may 
not be accurate at low Reynolds number. 

5. The case v 9 K :  Eulerian analysis in terms of correlations 
Inasmuch as the analysis presented in the preceding section contains some 

novel features and may not carry immediate conviction, it may be useful to show 
how the same results can be obtained in a quite different way from essentially the 
same assumptions about the effect of the fluid motion on small-scale features of 

The original problem was high 
Prandtl number turbulence

ν

κ
! 1

☛But B’s argument applies to stirring by any “large-scale” flow.



where n is the iteration index, and the map of y is understood

to make use of the updated value of x. This is manifestly area

preserving; the ‘‘standard map’’ is a special case of this class

of maps. Because un and vn are continuous functions, if
(x ,y) is originally located on the discrete lattice, its image

will not in general lie on the lattice. If we adopt a regular

grid with spacing (!x ,!y), then by slightly modifying the
map "26#, we can define a nearby map that bijectively maps
the lattice to itself. The required modified map is

x!x!$un"y #/!x%!x ,y!y!$vn"x #/!y %!y , "27#

where $ . . . % is the nearest-integer function. The associated
concentration is shuffled along the lattice like tiles in the

familiar puzzle-tray, or like colors on the surface of a Ru-

bik’s cube. An example is shown in Fig. 2.

The lattice-rearrangement representation of the advec-

tion step has the desirable consequence that the advection

step by itself exactly preserves P(&). This property is diffi-
cult or impossible to achieve for numerical representations of

the advection operator v•' appearing in "1#. Exact preserva-
tion of P(&) is equivalent to conserving all the moments of
& , which is a property the exact solution of "1# has in the
limit f"0, Pe→(, but which numerical solutions have not
been able to reproduce. A further advantage of "27# is that it
can generally be implemented as a shift operation on the

rows and columns of the matrix of values of & , so that the
advection step does not require any floating point operations

at all. Simulations can therefore be carried out at very high

resolution, with modest expenditures of computer time.

Some interesting aspects of the ergodicity problem are

revealed starkly when thought of in terms of the lattice

model. For example, one may raise the question as to

whether every possible state of an N#N lattice can be

reached from an initial state via a sequence of shift opera-

tions of the form in Eq. 27. If not all states are accessible,

one would like to know the number of distinct equivalence

classes of mutually accessible states the set of shift maps

defines, and the minimum and average number of transfor-

mations needed to take one given state into another acces-

sible one. One could inquire as to whether the set of all states

accessible from a given condition are in some sense dense in

the space of all lattice configurations. With regard to appli-

cations to statistical mechanics on the lattice—and perhaps

to statistical mechanics in general—it must be remarked that

questions of ergodicity are perhaps academic. A 1000

#1000 lattice can be rearranged in 106! or roughly 106 000 000

ways. This is unimaginably greater than the number of pico-

seconds since the beginning of the Universe. In fact, if the

entire mass of the Universe were converted into a parallel

processor with each element having the mass of an electron,

and if each processor processed one lattice state per picosec-

ond since the beginning of time, only around 10100 lattice

states would have been examined. Clearly, any attainable

physical system or simulation thereof samples only an insig-

nificant proportion of the totality of states of the system, so

that the relevance of true ergodicity seems obscure. What is

more at issue in statistical arguments is whether a sparse

sampling of an enormous phase space provides stable esti-

mates of the gross statistical properties in which one is inter-

ested, as if most of the vast number of states are in some

sense alike.

Following our earlier work,15 we shall study mixing in a

doubly periodic domain, induced by the shear

un"y #"4sin "y!)n#, vn"x #"sin "x!*n#, "28#

where )n and *n are independent random phases chosen in

the interval $0,2+% . The randomization was employed so as
to break up invariant tori and assure ergodicity over the

whole domain. The consequences of the presence of tori and

other transport-inhibiting structures are interesting, but will

be left to future work. A small deviation from the original

map15 is that we now randomize the phase of both shears,

rather than just one of them. This had little impact on the

forced equilibrium cases, but was found to be necessary in

the simulation of the very long-term behavior of the decay-

ing case.

In the following, we present results for the freely decay-

ing case ( f"0) with a large-scale initial condition, and for
two flavors of forced-equilibrium cases. The first type of

forced case, and the one we will emphasize, is simple addi-

tive forcing, in which f n is a specified function of space and

iteration. It could be made a random function of space and

time with a definite spatial and temporal correlation length,

but in pursuit of somewhat greater relevance to problems of

physical relevance, we chose the steady large-scale incre-

ment f (y)"sin (y). Since the trajectories are chaotic, the

FIG. 2. Schematic of the advection

step on a lattice, showing rearrange-

ment by the composition of a shift op-

eration in the x-direction followed by a

shift operation in the y-direction.

67Chaos, Vol. 10, No. 1, 2000 Lattice models of advection-diffusion

☛ Coerce the displacements onto a grid using shift 
operations on rows and cols of the c-matrix

☛ Use the “XY renewal model”:

[0 τ/2] [τ/2 τ ]︸ ︷︷ ︸ [τ 3τ/2] [3τ/2 2τ ]︸ ︷︷ ︸
The first epoch The second epoch

etc.

First (u, v) = (cos(y + φn), 0) , and then (u, v) = (0, cos(x + θn))

Numerical simulation of the Batchelor spectrum

Pierrehumbert  (2000)



Homework/Discussion

☛How does
δrc ≡ avg (|c(x + r)− c(x)|)

vary with separation, r, in the Batchelor range?

☛Investigate
ct + u · ∇c = −µc

in the Batchelor range. For example, is the spectral slope 
changed? How about delta_r?



Homogenization: Cellular flows



Homogenization of cellular flows
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Closed eddies plus channels

☛ Cellular flows provide simple examples of   
deterministic flows with “effective diffusivities”.

(u, v) = (−ψy, ψx)

ct + J(ψ, c) = κ∇2c

!f

!f
〈θ〉 = "−2

f

∫

cell
θ(x, y) dA



The two-scale method

no flux BC

no flux BC

☛

x = Lx = 0☛ The flux is

c
=

0

c
=

G
L

F = −κG + 〈uc′〉
= −KG

c(x, y) = G · x + c′(x, y)

〈c′〉 = 0

☛ Linearity c′(x, y) = −a(x, y)G · x̂− b(x, y) G · x̂
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G = Gx̂

ε ≡ "f

L
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We can interpret the effective diffusivity
√

κψmax as

Deff = # × kψmax × δ
#

. (4.16)

The first factor # on the RHS is the mixing length and the second, kψmax, is the eddy
velocity. The third factor is the fraction of “active” particles, meaning particles in the
boundary layers.

4.2 The fundamental problem

Because (4.2) is linear, there must be a linear relation between the large scale
concentration gradient, G, and the flux F . In other words, we anticipate
that

F = −KG. (4.17)

where K is 2 × 2 diffusion tensor. One of our goals is to calculate K for a
few simple cellular flows.

If G is not uniform then we should regard (4.17) as simply the first term
in an expansion of the form Fi = −KijGj +LijkGj,k+· · · We will not trouble
with higher order terms such as Lijk — obtaining the leading-order effect
contained in K is our main goal.

The advection-diffusion equation (4.2) has a solution of the form

c(x, y, t) = G · x + c′(x, y), (4.18)

where c′, like ψ, is a cellular function. The first term on the RHS of (4.18)
is the externally imposed, large-scale gradient; the second term c′ is the
small-scale distortion created by the velocity u advecting the large-scale
field G · x.

Substituting (4.18) into (4.2) we obtain

u · ∇c′ − κ∇2c′ = −uGx − vGy, (4.19)

where G ≡ (Gx, Gy) is a constant vector. Because (4.19) is a linear equation
it must be that

c′ = −aGx − bGy, (4.20)

where the cellular function a ≡ [a(x, y), b(x, y)] is determined by solving the
fundamental problem:

L ≡ u·∇ − κ∇2, La = u. (4.21)

SIO203C, W.R. Young, November 17, 2008
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Simple prescriptions for u will often have symmetries which will enable us to
deduce the solution of for b from the solution for a, and vice-versa (examples
follow).

The total flux is calculated using

F ≡ 〈uc − κ∇c〉 = −κG + 〈uc〉, (4.22)

Solving the fundamental problem and constructing c as a linear combination
of a and b then gives

(
Fx

Fy

)
= −

[
κ + 〈ua〉 〈ub〉
〈va〉 κ + 〈vb〉

](
Gx

Gy

)
. (4.23)

The 2 × 2 matrix above is the effective diffusion tensor K.

Quadratic integrals

From (4.21) one can show using integration by parts that

κ〈∇a · ∇a〉 = 〈ua〉, κ〈∇b · ∇b〉 = 〈vb〉, (4.24)

and

〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈ub〉, −〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈va〉. (4.25)

Using these quadratic integrals the symmetric and antisymmetric parts of
K can then be written as

K(s) =

[
κ + κ〈∇a · ∇a〉 κ〈∇a · ∇b〉

κ〈∇a · ∇b〉 κ + κ〈∇b · ∇b〉

]
, (4.26)

and

K(a) =

[
0 〈ψJ(a, b)〉

−〈ψJ(a, b)〉 0

]
. (4.27)

With the Cauchy-Schwarz inequality, one can show that the matrix K(s) is
positive definite.

The antisymmetric part of K is equivalent to advection. To see what is
meant by this, let φ ≡ −〈ψJ(a, b)〉 and uφ ≡ (−φy,φx). In a slowly varying
situtation the averaged concentration evolves according to

〈c〉t = ∇ · K∇〈c〉 . (4.28)

SIO203C, W.R. Young, November 17, 2008

☛The fundamental cell-problem is:

The two-scale method (cont’d)

K

(
ψmax

κ

)

☛The Peclet number is: p ≡ ψmax

κ



The large-scale evolution 

〈c〉t = ∇ · K∇〈c〉

L! !f

☛Once we possess the effective diffusion tensor, we dispense 
with Gx, and assert that:

☛This approximation is valid provided that:

☛In fact, homogenization requires that:
L

!f
! p ≡ ψmax

κ



Example: ψ(x, y) = ψmax cos kx cos ky

J(ψ, c′)− κ∇2c′ = Gψy

Lecture 4. The effective diffusivity of cellular flows 63

y = 0 to y = N! we find that

F =
1

N!

∫ N!

0
uc − κcxdy (4.3)

is constant. F is the flux which is passing from the high-c source at x = N!
to the low-c sink at x = 0. Our goal is determine F in terms of imposed
gradient G and parameters such as the Péclet number

p ≡ ψmax/κ . (4.4)

The Péclet number measures the stength of advection relative to diffusion;
when p is small the diffusive solution c = Gx is only slightly distorted by
advection.

The first step is to make a simple substitution

c = Gx + c′(x, y) , (4.5)

which separates c into the large-scale uniform gradient and a flow-induced
perturbation c′. Throwing (4.5) into (4.2) we obtain

J(ψ, c′) − κ∇2c′ = −Gu . (4.6)

Once we have solved (4.6) we get F by evaluating the integral in (4.3).

It is impossible to solve (4.6) exactly so instead we rely on a combination
of numerical solution and analysis of the limits p $ 1 and p % 1. Figure 4.2
shows the solution of (4.6) with G = 1 and four different Péclet numbers.
The case with p = 1 shows that c is distorted only slightly away from the
diffusive solution c = x. When p is large the solution exemplifies the Prandtl-
Batchelor limit in which all of the variation in c is compressed into thin layers
at the eddy boundaries. Figure 4.3 shows how this boundary layer solution
is established in an intial value problem starting with c(x, y, 0) = x.

The p $ 1 case (weak advection) is particularly simple because to leading
order we neglect the Jacobian on the left hand side of (4.6) and, since u =
kψmax cos(kx) sin(ky), we quickly obtain

c′ ≈ −
[
ψmax

2kκ
cos kx sin ky

]
G . (4.7)

With c′ in hand, the final step is to calculate F by evaluating the integral
in (4.3). Because F is a constant we can make this evaluation at any x and
get the same result. Alternatively, we can average over a cell to obtain

F = −κG + 〈uc′〉 , (4.8)
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or, using (4.7),

F ≈ −
[
κ +

ψ2
max

8κ

]
G . (4.9)

The effect of weak advection (p # 1) is to slightly enhance the transfer of c.

It is convenient to describe the transport properties of a flow using nondi-
mensional variables. The Nusselt number is the ratio

Nu ≡
F

F0
, (4.10)

where F0 = −κG is the diffusive flux which occurs if ψmax = 0. For instance,
from (4.9),

Nu = 1 +
p2

8
+ O(p4) , (4.11)

where the O(p4) anticipates some later results in this lecture by indicating
the higher order corrections.

The solid curve in figure 4.4 is a numerical calculation of Nu(p) in the
range 0.1 < p < 1000 and the dashed curve labelled [0/0] is the small p
approximation in (4.11). The dashed line in figure 4.4, labelled “BL theory”,
is the prediction of a large-p theory, namely

Nu ∼ 1.0655p1/2 . (4.12)

The asymptotic prediction (4.12) is the subject of section 4.5 and problem
4.1.

Problem 4.1. Using dimensional variables the large-p result in (4.12) imples an effective
diffusivity Deff ∼

√
κψmax. Give a physically motivated scaling argument for this result.

Solution. Denote the boundary layer thickness in figure 4.2 by δ. The jump in c between
two adjacent cells is ∆c ∼ G$ and since all of this varaition occurs in the boundary layer,
the flux is

F ∼ κ
∆c
δ

. (4.13)

To determine δ, we argue that in the neighbourhood of the eddy boundary boundary the
dominant balance in the advection diffusion equation is

− Xv′(Y )cX + v(Y )cY = κcXX , (4.14)

where the capitals denote local coordinates and v(Y ) = kψmax sin kY . With ∂X ∼ δ−1

and ∂y ∼ k ∼ $−1 (4.14) implies a balance

k2ψmax ∼ κδ−2 or δ ∼
r

κ
ψmax

$ . (4.15)

Putting (4.15) into (4.13) gives F ∼
√

κψmaxG, or Deff ∼
√

κψmax.
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☛ The Gx cell problem is:

☛ The small Peclet solution of the cell problem is:

☛ The flux is then:

☛ Symmetry arguments show the diffusion tensor has the form: K = κeI

(Roberts 1972, Childress 1979)
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Substituting a = a0 + pa1 + · · · into 〈∇a·∇a〉 and invoking (4.51), the sums collapse so
that

〈∇a ·∇a〉 = 〈∇a0 · ∇a0〉 − p2〈∇a1 · ∇a1〉 + p4〈∇a2 · ∇a2〉 + · · · (4.52)

There is an analogous identity for 〈∇b·∇b〉.

Similar manipulations, with f = a and g = b in (4.50), give

〈∇a ·∇b〉 = 〈∇a0 ·∇b0〉 − p2〈∇a1 ·∇b1〉 + p4〈∇a2 ·∇b2〉 + · · · (4.53)

Using (4.52) and (4.53) one can deduce higher order terms in the expansion of K(s) from
lower order terms in the expansion of a and b. This trick saves a lot of calculation in the
next examples.

Problem 4.9. The antisymmetric part of the diffusion tensor, K (a) in (4.41) contains
only one element; show that this element is given perturbatively by

〈ψJ(a, b)〉 = 〈∇a0 ·∇b1〉 − p2〈∇a1 ·∇b2〉 + p4〈∇a2 ·∇b3〉 + · · · (4.54)
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Figure 4.5: Concentration field obtained using the p ! 1 expansion with
p = 2. Left hand panel shows ψ = sin x sin y and the right hand panel shows
ψ = sin2 x sin2 y.

Problem 4.10. Consider the streamfunction ψ = sin x sin y (see figure 4.5). Find a few
terms in the small-p expansion of K .

Solution. Because of the mirror symmetry of ψ, 〈au〉 = 〈bv〉 and 〈av〉 = 〈bu〉 = 0 so that
K is isotropic. From (4.42) we find

a0 = −1
2

sin x cos y, a1 = − 1
16

sin 2x, a2 = − 1
16

a0 − 1
160

sin 3x cos y, (4.55)
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and

a3 =
3

640
sin 2x − 1

2560
sin 4x +

1
1280

sin 2x cos 2y − 1
6400

sin 4x cos 2y. (4.56)

Invoking the identity (4.52) we get

〈ua〉 =
1
8
− p2

128
+

3p4

5120
− 381p6

500 × 214
+ O(p8). (4.57)

Problem 4.11. Consider the streamfunction ψ = sin2 x sin2 y (see figure 4.5). Find a
few terms in the small-p expansion of K .

Solution. Because all the eddies rotate the same way, the mirror symmetry is broken.
However, because of parity invariance in either x or y, we can conclude that 〈vb〉 = 〈ua〉
and 〈ub〉 = −〈va〉. From (4.52) we find that

a0 = −1
8

sin 2y +
1
16

cos 2x sin 2y , (4.58)

and

a1 = − 3
128

sin 2x +
1

512
sin 4x +

1
64

sin 2x cos 2y

− 1
640

sin 4x cos 2y − 1
640

sin 2x cos 4y .
(4.59)

The higher order terms become increasingly cumbersome. Using the identity (4.52) we
have

〈ua〉 =
5

128
− 269p2

163840
+

505021p4

6815744000
− 337081764493p6

100257958461440000
+ O(p8) ,

= 0.0391 − 0.0263q + 0.0190q2 − 0.0138q3 + O(p8) , (4.60)

where we have approximated the coefficients at the fourth decimal digit and used q ≡
(p/4)2. Using (??) we find

〈va〉 = − p
128

+
57p3

163840
− 53743p5

3407872000
+

14358445251p7

20051591692288000
+ O(p9) . (4.61)

Problem 4.12. Consider the streamfunction ψ = sin x sin y + µ cos x cos y. Calculate a
few term in the small-p expansion of the K .

Solution. Using symmetry arguments 〈au〉 = 〈bv〉 and 〈av〉 = 〈bu〉. Explicit calculation
from (4.42) gives

a0 = −1
2

sin x cos y +
1
2
µ cos x sin y, a1 = − 1

16
sin 2x +

1
16

µ2 sin 2x, . . . (4.62)

Using (4.52) we then have

〈ua〉 =
1
8

`

1 + µ2´

− 1
128

`

1 − µ2´2
p2 +

3
5120

`

1 + µ2´ `

1 − µ2´2
p4

− 3
8192000

`

127 + 562µ2 + 127µ4´ `

1 − µ2´2
p6 + O(p8), (4.63)

and
〈ub〉 =

µ
4
− µ

1024

`

1 − µ2´2
p4 + O(p4). (4.64)
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Examples of the algebra are given in the problems at the end of this section.

These perturbation expansions result in power series representations of
K. For example, with ψ = sinx sin y, there are so many symmetries that
K = NuI where I is the identity matrix and Nu is the Nusselt number
defined in (4.10). From (4.57), Nu(p) has the expansion

Nu(p) = 1 + 2q

[
1 − q +

6

5
q2 −

381

250
q3 + O(p8)

]
, (4.43)

where q ≡ (p/4)2. How can we extract maximum information from this
hard-won series? The answer is Padé summation.

The philosophy is that the radius of convergence of the series in (4.43)
is limited by a singularity in the complex-q plane. For instance, consider

1

1 + q
= 1 − q + q2 + · · · (4.44)

The function on the left hand side has a pole at q = −1 and consequently the
series on the right hand side does not converge if |q| > 1. In fact, the series
in the square bracket on the right hand side of (4.43) slightly resembles
(4.44), and this suggests that (4.43) is a convergence-limiting singularity
somewhere near q = −1. Following this heuristic argument we “resum” the
terms within the square bracket in (4.43) using (4.44):

Nu(p) = 1 + 2q

[
1

1 + q

]
+ O(p6) . (4.45)

We refer to the result above as a “[0/1]” Padé approximant because the ra-
tional function in the square bracket has a polynomial of order zero upstairs
and a polynomial of order one downstairs. This approximation is dotted
curve labelled [0/1] in figure 4.4. Our expectation is that the rational ap-
proximations, such as (4.45), have a greater range of validity than the naked
series in (4.43). Comparison with the numerical solution gratifyingly affirms
this hope.

We improve on (4.45) by matching more terms in the series (4.43). Thus,
we expand a more general rational function, with three undetermined coef-
ficients,

1 + aq

1 + bq + cq2
= 1 + (a − b)q + (b2 − ab − c)q2

+
[
c(b − a) + b(c + ab − b2)

]
q3 + O(q4) .

(4.46)
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Pade scenery: ∇2a = sinx cos y + pJ(sinx sin y, a)

and

The beginning of the small Peclet number expansion is:

The corresponding expansion of the flux is:
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(4.46)
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Matching up terms in (4.46) with the series in (4.43) then gives

Nu(p) = 1 + 2q

[
50 + 31q

50 + 81q + 21q2

]
+ O

(
p10

)
. (4.47)

This is a [1/2]-approximant because the numerator is a first order polynomial
and the denominator is second order. Figure 4.4 also shows two higher order
Padé approximants, [2/2] and [2/3]. Using Padé approximants of fairly
modest order we have obtained pretty accurate results to beyod p = 10
using a p ! 1 expansion.

The denominator in (4.47) has zeros at p = ±4
√

16/21i and ±4
√

65/21i.
This suggests that Nu(p), viewed as a function of complex-p, has pole sin-
gularities close to these same points. Padé summation is rolling over the
convergence problems presented by the poles of Nu(p) by using rational
functions as approximants. Ineed, if we could prove that the only singu-
larities of Nu(p) are poles then we would have a compelling motivation for
trusting extrapolation based on Padé summation. Figure 4.4 shows how
successively higher order Padé approximants provide alternately upper and
lower bounds on the exact answer. Thus in this particular problem Padé
summation is a potent computational tool.

These observations suggest two problems. First, can we systematically
obtain more terms in the series (4.43), and obtain higher order Padé ap-
proximants (see Baker & Graves-Morris, 1996)? Following this route we can
obtain even more accurate approximations of K(p) and accumulate more
evidence as to the nature of the singularities in the p-plane. Second, instead
of gropping in the dark, what can we prove about the analytic structure of
K(p) (see Avellenda & Majda 1991)?

Problem 4.8. Prove that the diagonal terms of K(s) in (4.40) are given perturbatively
by

〈∇f ·∇f〉 = 〈∇f0 · ∇f0〉 − p2〈∇f1 · ∇f1〉 + p4〈∇f2 · ∇f2〉 + · · · (4.48)

where f is either a or b. Show that the off-diagonal terms of K(s) are

〈∇a·∇b〉 = 〈∇a0 ·∇b0〉 − p2〈∇a1 ·∇b1〉 + p4〈∇a2 ·∇b2〉 + · · · (4.49)

Solution. Taking 〈am (4.42)〉 and integrtating by parts gives

〈∇fm ·∇gn〉 = −〈∇fm+1 ·∇gn−1〉 = −〈∇fm−1 ·∇gn+1〉, (4.50)

where f and g are either a or b. With f = g = a, repeatedly applying identity (4.50)
shows that

m − n odd: 〈∇am ·∇an〉 = 0,

m − n even: 〈∇am ·∇an〉 = (−1)(m−n)/2〈∇a(m+n)/2 ·∇a(m+n)/2〉 . (4.51)
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Now re-sum, for example suggests

q ≡
(p

4

)2

where

To match ALL the terms we have the [1/2] Pade
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or, using (4.7),

F ≈ −
[
κ +

ψ2
max

8κ

]
G . (4.9)

The effect of weak advection (p # 1) is to slightly enhance the transfer of c.

It is convenient to describe the transport properties of a flow using nondi-
mensional variables. The Nusselt number is the ratio

Nu ≡
F

F0
, (4.10)

where F0 = −κG is the diffusive flux which occurs if ψmax = 0. For instance,
from (4.9),

Nu = 1 +
p2

8
+ O(p4) , (4.11)

where the O(p4) anticipates some later results in this lecture by indicating
the higher order corrections.

The solid curve in figure 4.4 is a numerical calculation of Nu(p) in the
range 0.1 < p < 1000 and the dashed curve labelled [0/0] is the small p
approximation in (4.11). The dashed line in figure 4.4, labelled “BL theory”,
is the prediction of a large-p theory, namely

Nu ∼ 1.0655p1/2 . (4.12)

The asymptotic prediction (4.12) is the subject of section 4.5 and problem
4.1.

Problem 4.1. Using dimensional variables the large-p result in (4.12) imples an effective
diffusivity Deff ∼

√
κψmax. Give a physically motivated scaling argument for this result.

Solution. Denote the boundary layer thickness in figure 4.2 by δ. The jump in c between
two adjacent cells is ∆c ∼ G$ and since all of this varaition occurs in the boundary layer,
the flux is

F ∼ κ
∆c
δ

. (4.13)

To determine δ, we argue that in the neighbourhood of the eddy boundary boundary the
dominant balance in the advection diffusion equation is

− Xv′(Y )cX + v(Y )cY = κcXX , (4.14)

where the capitals denote local coordinates and v(Y ) = kψmax sin kY . With ∂X ∼ δ−1

and ∂y ∼ k ∼ $−1 (4.14) implies a balance

k2ψmax ∼ κδ−2 or δ ∼
r

κ
ψmax

$ . (4.15)

Putting (4.15) into (4.13) gives F ∼
√

κψmaxG, or Deff ∼
√

κψmax.
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p ≡ ψmax

κ

Summary of the solution

Nu ≡ F

(−κG)
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The large Peclet number limit

☛ The gradients are expelled to the cell boundaries 
(Prandtl-Batchelor).

X =
x

δ
Y = ky

−Xv′(Y )cX + v(Y )cY = CXX

☛ There is simple scaling for the boundary layers

☛ The flux through the BLs is therefore F ∼ κ
∆c

δ
=

√
κψmaxG

☛There are problems realizing this large Peclet-number limit...

κe = 1.0655
√

ψmaxκ

δ =
1
k

√
κ

ψmax
= $fp−1/2

(Soward 1987)

with:
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We can interpret the effective diffusivity
√

κψmax as

Deff = # × kψmax × δ
#

. (4.16)

The first factor # on the RHS is the mixing length and the second, kψmax, is the eddy
velocity. The third factor is the fraction of “active” particles, meaning particles in the
boundary layers.

4.2 The fundamental problem

Because (4.2) is linear, there must be a linear relation between the large scale
concentration gradient, G, and the flux F . In other words, we anticipate
that

F = −KG. (4.17)

where K is 2 × 2 diffusion tensor. One of our goals is to calculate K for a
few simple cellular flows.

If G is not uniform then we should regard (4.17) as simply the first term
in an expansion of the form Fi = −KijGj +LijkGj,k+· · · We will not trouble
with higher order terms such as Lijk — obtaining the leading-order effect
contained in K is our main goal.

The advection-diffusion equation (4.2) has a solution of the form

c(x, y, t) = G · x + c′(x, y), (4.18)

where c′, like ψ, is a cellular function. The first term on the RHS of (4.18)
is the externally imposed, large-scale gradient; the second term c′ is the
small-scale distortion created by the velocity u advecting the large-scale
field G · x.

Substituting (4.18) into (4.2) we obtain

u · ∇c′ − κ∇2c′ = −uGx − vGy, (4.19)

where G ≡ (Gx, Gy) is a constant vector. Because (4.19) is a linear equation
it must be that

c′ = −aGx − bGy, (4.20)

where the cellular function a ≡ [a(x, y), b(x, y)] is determined by solving the
fundamental problem:

L ≡ u·∇ − κ∇2, La = u. (4.21)
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Simple prescriptions for u will often have symmetries which will enable us to
deduce the solution of for b from the solution for a, and vice-versa (examples
follow).

The total flux is calculated using

F ≡ 〈uc − κ∇c〉 = −κG + 〈uc〉, (4.22)

Solving the fundamental problem and constructing c as a linear combination
of a and b then gives

(
Fx

Fy

)
= −

[
κ + 〈ua〉 〈ub〉
〈va〉 κ + 〈vb〉

](
Gx

Gy

)
. (4.23)

The 2 × 2 matrix above is the effective diffusion tensor K.

Quadratic integrals

From (4.21) one can show using integration by parts that

κ〈∇a · ∇a〉 = 〈ua〉, κ〈∇b · ∇b〉 = 〈vb〉, (4.24)

and

〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈ub〉, −〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈va〉. (4.25)

Using these quadratic integrals the symmetric and antisymmetric parts of
K can then be written as

K(s) =

[
κ + κ〈∇a · ∇a〉 κ〈∇a · ∇b〉

κ〈∇a · ∇b〉 κ + κ〈∇b · ∇b〉

]
, (4.26)

and

K(a) =

[
0 〈ψJ(a, b)〉

−〈ψJ(a, b)〉 0

]
. (4.27)

With the Cauchy-Schwarz inequality, one can show that the matrix K(s) is
positive definite.

The antisymmetric part of K is equivalent to advection. To see what is
meant by this, let φ ≡ −〈ψJ(a, b)〉 and uφ ≡ (−φy,φx). In a slowly varying
situtation the averaged concentration evolves according to

〈c〉t = ∇ · K∇〈c〉 . (4.28)

SIO203C, W.R. Young, November 17, 2008

☛The cell-problem is:

Now recall the diffusion tensor

☛The diffusion tensor is:

K = κeI☛For the Roberts cell, the diffusion tensor is simply

☛But more complicated flows have more interesting tensors...
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Using the decomposition K = K(s) + K(a), (4.28) can be rewritten as

〈c〉t + uφ ·∇〈c〉 = ∇ · K(s)∇〈c〉 . (4.29)

Thus, the antisymmetric part of the diffusion tensor is equivalent to advec-
tion with a velocity uφ.

Problem 4.2. Prove that if a, b and c are cellular functions then 〈a∇2b〉 = −〈∇a ·∇b〉
and 〈aJ(b, c)〉 = 〈cJ(a, b)〉 = 〈bJ(c, a)〉. Use these results to obtain (4.40) and (4.41).
Prove that 〈∇ψ ·∇a〉 = 〈∇ψ ·∇b〉 = 0.

Problem 4.3. How does the effective diffusion tensor K change if we flip the sign of the
velocity u?

Solution. Consider the differential operators:

L ≡ u·∇ − κ∇2, and L† ≡ −u·∇ − κ∇2. (4.30)

L† is the differential adjoint of L, and L† is also the operator associated with u† ≡ −u.
In addition to the vector a = (a, b), we introduce a† = (a†, b†) defined as the solution of
the †-problem. In other words,

La = u, and L†a† = −u . (4.31)

The flux-gradient relationship of the †-problem:
„

F †
x

F †
y

«

= −
»

κ − 〈ua†〉 −〈ub†〉
−〈va†〉 κ + 〈−vb†〉

– „

Gx

Gy

«

. (4.32)

The 2 × 2 matrix above is the diffusion tensor of the reversed flow, K†.

With assiduous integration by parts one can prove the identities:

〈θLφ〉 = 〈φL†θ〉 and 〈θLθ〉 = 〈θL†θ〉 = κ〈∇θ ·∇θ〉 . (4.33)

The identities above can be used to relate the terms in K† to those in K . For example,
consider 〈a†u†〉 = −〈a†u〉. Then 〈a†u〉 = 〈a†La〉 = 〈aL†a†〉 = −〈au〉. In this fashion,
working through the four different terms in K†, we find that

K = K†T, (4.34)

where T denotes “transpose”. Equation (4.34) shows that daggering undoes transposition.

Problem 4.4. A flow is said to be mirror symmetric if either ψ(x, y) = −ψ(−x, y)
or ψ(x, y) = −ψ(x,−y). Prove that the diffusion tensor of a mirror symmetric flow is
symmetric.

Solution. For mirror-symmetric flows the sign of u is an accident of the choice of the
coordinate system. Consequently, using the notation of the previous problem, K = K†.
Invoking (4.34) we conclude that K = KT.

Problem 4.5. Prove that if ψ is mirror symmetric, and if the line of symmetry is taken
to be a coordinate axis, then K is a diagonal tensor.
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Simple prescriptions for u will often have symmetries which will enable us to
deduce the solution of for b from the solution for a, and vice-versa (examples
follow).

The total flux is calculated using

F ≡ 〈uc − κ∇c〉 = −κG + 〈uc〉, (4.22)

Solving the fundamental problem and constructing c as a linear combination
of a and b then gives

(
Fx

Fy

)
= −

[
κ + 〈ua〉 〈ub〉
〈va〉 κ + 〈vb〉

](
Gx

Gy

)
. (4.23)

The 2 × 2 matrix above is the effective diffusion tensor K.

Quadratic integrals

From (4.21) one can show using integration by parts that

κ〈∇a · ∇a〉 = 〈ua〉, κ〈∇b · ∇b〉 = 〈vb〉, (4.24)

and

〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈ub〉, −〈ψJ(a, b)〉+ κ〈∇a ·∇b〉 = 〈va〉. (4.25)

Using these quadratic integrals the symmetric and antisymmetric parts of
K can then be written as

K(s) =

[
κ + κ〈∇a · ∇a〉 κ〈∇a · ∇b〉

κ〈∇a · ∇b〉 κ + κ〈∇b · ∇b〉

]
, (4.26)

and

K(a) =

[
0 〈ψJ(a, b)〉

−〈ψJ(a, b)〉 0

]
. (4.27)

With the Cauchy-Schwarz inequality, one can show that the matrix K(s) is
positive definite.

The antisymmetric part of K is equivalent to advection. To see what is
meant by this, let φ ≡ −〈ψJ(a, b)〉 and uφ ≡ (−φy,φx). In a slowly varying
situtation the averaged concentration evolves according to

〈c〉t = ∇ · K∇〈c〉 . (4.28)
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The anti-symmetric part is 
equivalent to advection

is equivalent to:

where 

☛ We need either BCs or large-scale modulation for this 
advective transport to be manifest e.g.,

☛ A trivial identity

ψ = eεx sin2 x sin2 y



Homework
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Using the decomposition K = K(s) + K(a), (4.28) can be rewritten as

〈c〉t + uφ ·∇〈c〉 = ∇ · K(s)∇〈c〉 . (4.29)

Thus, the antisymmetric part of the diffusion tensor is equivalent to advec-
tion with a velocity uφ.

Problem 4.2. Prove that if a, b and c are cellular functions then 〈a∇2b〉 = −〈∇a ·∇b〉
and 〈aJ(b, c)〉 = 〈cJ(a, b)〉 = 〈bJ(c, a)〉. Use these results to obtain (4.40) and (4.41).
Prove that 〈∇ψ ·∇a〉 = 〈∇ψ ·∇b〉 = 0.

Problem 4.3. How does the effective diffusion tensor K change if we flip the sign of the
velocity u?

Solution. Consider the differential operators:

L ≡ u·∇ − κ∇2, and L† ≡ −u·∇ − κ∇2. (4.30)

L† is the differential adjoint of L, and L† is also the operator associated with u† ≡ −u.
In addition to the vector a = (a, b), we introduce a† = (a†, b†) defined as the solution of
the †-problem. In other words,

La = u, and L†a† = −u . (4.31)

The flux-gradient relationship of the †-problem:
„

F †
x

F †
y

«

= −
»

κ − 〈ua†〉 −〈ub†〉
−〈va†〉 κ + 〈−vb†〉

– „

Gx

Gy

«

. (4.32)

The 2 × 2 matrix above is the diffusion tensor of the reversed flow, K†.

With assiduous integration by parts one can prove the identities:

〈θLφ〉 = 〈φL†θ〉 and 〈θLθ〉 = 〈θL†θ〉 = κ〈∇θ ·∇θ〉 . (4.33)

The identities above can be used to relate the terms in K† to those in K . For example,
consider 〈a†u†〉 = −〈a†u〉. Then 〈a†u〉 = 〈a†La〉 = 〈aL†a†〉 = −〈au〉. In this fashion,
working through the four different terms in K†, we find that

K = K†T, (4.34)

where T denotes “transpose”. Equation (4.34) shows that daggering undoes transposition.

Problem 4.4. A flow is said to be mirror symmetric if either ψ(x, y) = −ψ(−x, y)
or ψ(x, y) = −ψ(x,−y). Prove that the diffusion tensor of a mirror symmetric flow is
symmetric.

Solution. For mirror-symmetric flows the sign of u is an accident of the choice of the
coordinate system. Consequently, using the notation of the previous problem, K = K†.
Invoking (4.34) we conclude that K = KT.

Problem 4.5. Prove that if ψ is mirror symmetric, and if the line of symmetry is taken
to be a coordinate axis, then K is a diagonal tensor.

SIO203C, W.R. Young, November 17, 2008

☛ How does the diffusion tensor change if we 
flip the sign of the velocity?
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Using the decomposition K = K(s) + K(a), (4.28) can be rewritten as

〈c〉t + uφ ·∇〈c〉 = ∇ · K(s)∇〈c〉 . (4.29)

Thus, the antisymmetric part of the diffusion tensor is equivalent to advec-
tion with a velocity uφ.

Problem 4.2. Prove that if a, b and c are cellular functions then 〈a∇2b〉 = −〈∇a ·∇b〉
and 〈aJ(b, c)〉 = 〈cJ(a, b)〉 = 〈bJ(c, a)〉. Use these results to obtain (4.40) and (4.41).
Prove that 〈∇ψ ·∇a〉 = 〈∇ψ ·∇b〉 = 0.

Problem 4.3. How does the effective diffusion tensor K change if we flip the sign of the
velocity u?

Solution. Consider the differential operators:

L ≡ u·∇ − κ∇2, and L† ≡ −u·∇ − κ∇2. (4.30)

L† is the differential adjoint of L, and L† is also the operator associated with u† ≡ −u.
In addition to the vector a = (a, b), we introduce a† = (a†, b†) defined as the solution of
the †-problem. In other words,

La = u, and L†a† = −u . (4.31)

The flux-gradient relationship of the †-problem:
„

F †
x

F †
y

«

= −
»

κ − 〈ua†〉 −〈ub†〉
−〈va†〉 κ + 〈−vb†〉

– „

Gx

Gy

«

. (4.32)

The 2 × 2 matrix above is the diffusion tensor of the reversed flow, K†.

With assiduous integration by parts one can prove the identities:

〈θLφ〉 = 〈φL†θ〉 and 〈θLθ〉 = 〈θL†θ〉 = κ〈∇θ ·∇θ〉 . (4.33)

The identities above can be used to relate the terms in K† to those in K . For example,
consider 〈a†u†〉 = −〈a†u〉. Then 〈a†u〉 = 〈a†La〉 = 〈aL†a†〉 = −〈au〉. In this fashion,
working through the four different terms in K†, we find that

K = K†T, (4.34)

where T denotes “transpose”. Equation (4.34) shows that daggering undoes transposition.

Problem 4.4. A flow is said to be mirror symmetric if either ψ(x, y) = −ψ(−x, y)
or ψ(x, y) = −ψ(x,−y). Prove that the diffusion tensor of a mirror symmetric flow is
symmetric.

Solution. For mirror-symmetric flows the sign of u is an accident of the choice of the
coordinate system. Consequently, using the notation of the previous problem, K = K†.
Invoking (4.34) we conclude that K = KT.

Problem 4.5. Prove that if ψ is mirror symmetric, and if the line of symmetry is taken
to be a coordinate axis, then K is a diagonal tensor.
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☛ Hint: the flip generates adjoint differential operator:
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Using the decomposition K = K(s) + K(a), (4.28) can be rewritten as

〈c〉t + uφ ·∇〈c〉 = ∇ · K(s)∇〈c〉 . (4.29)

Thus, the antisymmetric part of the diffusion tensor is equivalent to advec-
tion with a velocity uφ.

Problem 4.2. Prove that if a, b and c are cellular functions then 〈a∇2b〉 = −〈∇a ·∇b〉
and 〈aJ(b, c)〉 = 〈cJ(a, b)〉 = 〈bJ(c, a)〉. Use these results to obtain (4.40) and (4.41).
Prove that 〈∇ψ ·∇a〉 = 〈∇ψ ·∇b〉 = 0.

Problem 4.3. How does the effective diffusion tensor K change if we flip the sign of the
velocity u?

Solution. Consider the differential operators:

L ≡ u·∇ − κ∇2, and L† ≡ −u·∇ − κ∇2. (4.30)

L† is the differential adjoint of L, and L† is also the operator associated with u† ≡ −u.
In addition to the vector a = (a, b), we introduce a† = (a†, b†) defined as the solution of
the †-problem. In other words,

La = u, and L†a† = −u . (4.31)

The flux-gradient relationship of the †-problem:
„

F †
x

F †
y

«

= −
»

κ − 〈ua†〉 −〈ub†〉
−〈va†〉 κ + 〈−vb†〉

– „

Gx

Gy

«

. (4.32)

The 2 × 2 matrix above is the diffusion tensor of the reversed flow, K†.

With assiduous integration by parts one can prove the identities:

〈θLφ〉 = 〈φL†θ〉 and 〈θLθ〉 = 〈θL†θ〉 = κ〈∇θ ·∇θ〉 . (4.33)

The identities above can be used to relate the terms in K† to those in K . For example,
consider 〈a†u†〉 = −〈a†u〉. Then 〈a†u〉 = 〈a†La〉 = 〈aL†a†〉 = −〈au〉. In this fashion,
working through the four different terms in K†, we find that

K = K†T, (4.34)

where T denotes “transpose”. Equation (4.34) shows that daggering undoes transposition.

Problem 4.4. A flow is said to be mirror symmetric if either ψ(x, y) = −ψ(−x, y)
or ψ(x, y) = −ψ(x,−y). Prove that the diffusion tensor of a mirror symmetric flow is
symmetric.

Solution. For mirror-symmetric flows the sign of u is an accident of the choice of the
coordinate system. Consequently, using the notation of the previous problem, K = K†.
Invoking (4.34) we conclude that K = KT.

Problem 4.5. Prove that if ψ is mirror symmetric, and if the line of symmetry is taken
to be a coordinate axis, then K is a diagonal tensor.
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and the cell-average satisfies:
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The cellular flow example, with Monte Carlo
x(t + dt) = x(t) + u(x(t), t)dt +

√
2κ dtN

☛ Small diffusion 
enables motion along 

the separatrices.

☛ But the particle 
can also get trapped.

Trajectory of a single particle



Limitations of homogenization
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☛ Positions of 10^4 particles (all released at a hyperbolic point).
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Pre-asymptotic subdiffusion
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The exponent 1/4

☛ We argue that:

The fraction of “active” particles.

〈x2〉 ∼ V !f ×
δ√
κt

× t = V 1/2!3/2
f t1/2

☛ There is a cross-over to normal diffusion once: t ≥
!2f
κ

☛ At the cross-over time: 〈x2〉 ∼ κ−1/2V 1/2"5/2
f

☛ To use the effective diffusivity, the domain must be large enough:

L! !5/4
f V 1/4κ−1/4 = !fp1/4


