
Lecture 5: The decay problem



“Elementary” example: diffusive decay

☛ For a random IC with finite, non-zero correlation length in 
unbounded space:

☛ This result is obtained using the CLT, or by solving

Ct = 2κ∇2C where C(x2 − x1, t) ≡ 〈c(x1, t)c(x2, t)〉

☛ In a finite domain, the ultimate decay is exponential:

c(x, t) ∼ e−νt , where ν is the smallest nonzero eigenvalue

cRMS(t) ∼ !d/2

(κt)d/4
cRMS(0)



d
dt

∫
c2 dV = −κ

∫
|∇c|2 dV

ct + u · ∇c = κ∇2c

Now scalar decay with stirring

☛ WLOG so we focus on 
∫

cdV = 0
∫

c2 dV = 0

c(x, 0) = c0(x)



☛ Simulations, theory and experiments all 
indicate that:

☛ For turbulent flows, and strongly 
chaotic flows without transport barriers, 

we expect fast mixing:

☛Givenu(x, t), predict 

The  decay problem

☛ Are the statistics of the decaying field intermittent, or self-similar?

∫
c2 dV ∼ e−ν(κ)t

lim
κ→0

ν(κ) = ν0 != 0

ν0

(In a bounded domain.)
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Abstract--We have re-examined the inertial range behavior of a passive scalar which is advected by 
a large-scale velocity field causing a cascade of tracer variance to small scales, where it is dissipated 
by diffusion. This has been done within the context of an idealized model based on mixing by a 2D 
area-preserving map alternating with a weak diffusion step; the model is a special case of the general 
advection-diffusion problem. Both freely decaying and forced equilibrium systems were considered. 
Our main interest in this concerns the validity of Batchelor's theory predicting a k -I tracer variance 
spectrum, but the tracer microstructure has been diagnosed in terms of concentration probability 
distribution functions, generalized dimensions of the dissipation field, structure functions, and 
cancellation exponents. 2D simulations carried out at 10242 resolution show that i;, the decaying case 
the evolution settles into a 'fractal eigenmode' in which the variance decays exponentially with time 
at a rate dependent on the Lyapunov exponent but independent of the diffusion coefficient. 
Although the concentration pattern is self-similar with time, the power spectrum is not algebraic. 
Concentration PDFs have exponential tails. The dissipation field is not multifractal, and formally has 
Dq = 2 for all q. The convergence of the squared-gradient PDFs under coarse-graining indicates 
some underlying fractal behavior, however, and we have introduced the notion of 'fractal degree of 
freedom' systems to describe such entities. Cancellation exponents and structure functions were also 
considered, and have a self-similarity which is compatible with a non-intermittent behavior of the 
dissipation field. These matters have also been addressed for the equilibrium case. The main 
difference is that the power spectrum of concentration variance in equilibrium exhibits a power-law 
inertial range, though it is steeper than k -1, but not as steep as k -2. Other features are similar to 
the decaying case. Very high resolution simulations of the undiffused problem indicate that a k -1 
spectrum is approached asymptotically, but only at resolutions corresponding to 106 x 106. The 
passive scalar behavior is compared and contrasted with the behavior of scalar pseudo-vorticity (an 
'active scalar') in the family of generalized 2D turbulence models introduced elsewhere in this issue. 

1. INTRODUCTION 

There  are two great  spectra  be l ieved to prevai l  for passive scalars u n d e r  the act ion of 

t u r bu l en t  or r a n d o m  velocity fields. The  first is the k -5/30bukhov-Corrsin spec t rum 

prevai l ing in iner t ia l - range  h o m o g e n e o u s  isotropic t u rbu lence  when  the viscous cutoff  of 

the velocity field is comparab le  to or smal ler  than  the diffusive cutoff  of the tracer  field. In  

this case, the t racer  micros t ruc ture  is created by advect ion  by the k -5/3 velocity field, which 

has inf ini te  shears and  can be expected to lead to cr inkl ing of t racer  isosurfaces even  at 

short  t imes.  This spec t rum appears  to be  uncon t rovers ia l  and robus t ,  and  is readi ly 

observable  in na tu ra l  and  l abora to ry  exper iments .  

The  o ther  spec t rum is the Batche lor  k -1 spec t rum [1], which is expected  to prevai l  when  

the t racer  diffusivity is so small  tha t  the smallest  scales in  the t racer  field are smal ler  than  

the viscous cutoff  of the velocity field. In  this case, the t racer  micros t ruc ture  is c rea ted  by  

long- te rm r e a r r a n g e m e n t  by a smooth  velocity field which,  in Ba tche lor ' s  theory  is 

character ized by a single d o m i n a n t  t imescale.  To  the best  of our  knowledge ,  this spec t rum 

has neve r  b e e n  u n a m b i g u o u s l y  obse rved  in l abora to ry  exper iments .  The  same p r o b l e m  has 

bedev i led  the re la ted  k -1 ens t rophy  spec t rum of 2D tu rbu lence .  O n e  begins  to suspect  that  

there  may be someth ing  f u n d a m e n t a l l y  wrong  with Ba tche lor ' s  a rgumen t .  
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Lattice models of advection-diffusion
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We present a synthesis of theoretical results concerning the probability distribution of the

concentration of a passive tracer subject to both diffusion and to advection by a spatially smooth

time-dependent flow. The freely decaying case is contrasted with the equilibrium case. A

computationally efficient model of advection-diffusion on a lattice is introduced, and used to test

and probe the limits of the theoretical ideas. It is shown that the probability distribution for the freely

decaying case has fat tails, which have slower than exponential decay. The additively forced case

has a Gaussian core and exponential tails, in full conformance with prior theoretical expectations.

An analysis of the magnitude and implications of temporal fluctuations of the conditional diffusion

and dissipation is presented, showing the importance of these fluctuations in governing the shape of

the tails. Some results concerning the probability distribution of dissipation, and concerning the

spatial scaling properties of concentration fluctuation, are also presented. Though the lattice model

is applied only to smooth flow in the present work, it is readily applicable to problems involving

rough flow, and to chemically reacting tracers. © 2000 American Institute of Physics.

#S1054-1500!00"02201-1$

The evolution of the concentration field of a nonreacting

chemical substance „a ‘‘passive tracer’’… subject to rear-
rangement by advection and by molecular diffusion pre-

sents a rich variety of questions of deep theoretical inter-

est. Advection-diffusion is also central to a variety of

problems of considerable practical importance, such as

combustion, and atmospheric chemistry. The probability

distribution, or histogram of the tracer concentration

field, provides much information about the mixing pro-

cess, and has been the subject of much numerical and

theoretical attention. We survey progress that has been

made in understanding the PDF for the case of advection-

diffusion by smooth flow, expose some remaining gaps in

the current understanding, and point out a few aspects of

the problem that have not hitherto been sufficiently ap-

preciated. In addition, a computationally efficient lattice-

based model problem suitable for exploratory inquiries

into the subject is introduced. The utility of the method is

illustrated through applications to spatially smooth ad-

vection of a nonreactive tracer, and suggestions are made

for extensions to problems where the theoretical under-

pinnings are not so well developed.

I. INTRODUCTION

The advection-diffusion problem has been the subject of

intense interest because it makes an appearance in a wide

range of physical phenomena about which one would like to

make predictions. Equally, the advection diffusion problem

serves as a testbed for ideas on the statistical structure of

turbulence, since it offers many of the same mathematical

challenges, but in a setting that is not quite so demanding as

the fully nonlinear Navier–Stokes equations. We shall be

concerned with the statistical properties of a scalar tracer

advected by a specified time-dependent flow field, and sub-

ject to sources and to mixing by diffusion. Such a tracer is

governed by the nondimensional equation

%&

%t
!v•'&"Pe#1'2&! f , !1"

where & is the concentration, v is the velocity, Pe is the

Peclet number, and f is a source of tracer variance. The Pe-

clet number is a measure of the strength of the diffusivity

and is defined as UL/( , where U is the typical velocity scale
of the advecting flow, L is its typical length scale, and ( is

the diffusivity of the tracer. We will confine attention to the

case where v is nondivergent, and will be most interested in

the weakly diffused case, i.e., large Pe. Because of the scale-

selective dissipation, the diffusion acts strongly on suffi-

ciently small scales even though Pe is large. The equation !1"
gets interesting precisely because the straining action of the

velocity continually creates fluctuations in & of a spatial

scale small enough to be dissipated. It will be assumed that

the average of f over the entire domain vanishes, so that in a

well-mixed state there is no tendency for the mean value of &
to grow without bound. Attention will be confined to the

two-dimensional case, though many of the techniques and

arguments admit ready generalizations to three dimensions.

Throughout, we employ Cartesian coordinates (x ,y) with

corresponding velocity components (u ,v).
In the limit of infinite Pe and vanishing f, Eq. !1" states

simply that the value of & is conserved following trajectories.
A large literature on the properties of chaotic trajectories

induced by incompressible time-dependent flow in 2D has

built up, and the subject generally goes by the name ‘‘chaotic

advection.’’ Tracer rearrangement by pure advection causes

the probability distribution function !hereafter ‘‘PDF’’" of
the gradient of & to evolve, but it leaves the PDF of & , P(&),
invariant. Introducing diffusivity to the problem makes it

CHAOS VOLUME 10, NUMBER 1 MARCH 2000

611054-1500/2000/10(1)/61/14/$17.00 © 2000 American Institute of Physics

Pierrehumbert’s strange eigenmode

and

(2000)

(1994)



☛ Coerce the displacements onto a grid using shift 
operations on rows and columns of the c-matrix

☛ Use the “XY renewal model”:

[0 τ/2] [τ/2 τ ]︸ ︷︷ ︸ [τ 3τ/2] [3τ/2 2τ ]︸ ︷︷ ︸
The first epoch The second epoch

etc.

First (u, v) = (cos(y + φn), 0) , and then (u, v) = (0, cos(x + θn))

Numerical simulation
Pi

er
re

hu
m

be
rt

  (
20

00
)

where n is the iteration index, and the map of y is understood

to make use of the updated value of x. This is manifestly area

preserving; the ‘‘standard map’’ is a special case of this class

of maps. Because un and vn are continuous functions, if
(x ,y) is originally located on the discrete lattice, its image

will not in general lie on the lattice. If we adopt a regular

grid with spacing (!x ,!y), then by slightly modifying the
map "26#, we can define a nearby map that bijectively maps
the lattice to itself. The required modified map is

x!x!$un"y #/!x%!x ,y!y!$vn"x #/!y %!y , "27#

where $ . . . % is the nearest-integer function. The associated
concentration is shuffled along the lattice like tiles in the

familiar puzzle-tray, or like colors on the surface of a Ru-

bik’s cube. An example is shown in Fig. 2.

The lattice-rearrangement representation of the advec-

tion step has the desirable consequence that the advection

step by itself exactly preserves P(&). This property is diffi-
cult or impossible to achieve for numerical representations of

the advection operator v•' appearing in "1#. Exact preserva-
tion of P(&) is equivalent to conserving all the moments of
& , which is a property the exact solution of "1# has in the
limit f"0, Pe→(, but which numerical solutions have not
been able to reproduce. A further advantage of "27# is that it
can generally be implemented as a shift operation on the

rows and columns of the matrix of values of & , so that the
advection step does not require any floating point operations

at all. Simulations can therefore be carried out at very high

resolution, with modest expenditures of computer time.

Some interesting aspects of the ergodicity problem are

revealed starkly when thought of in terms of the lattice

model. For example, one may raise the question as to

whether every possible state of an N#N lattice can be

reached from an initial state via a sequence of shift opera-

tions of the form in Eq. 27. If not all states are accessible,

one would like to know the number of distinct equivalence

classes of mutually accessible states the set of shift maps

defines, and the minimum and average number of transfor-

mations needed to take one given state into another acces-

sible one. One could inquire as to whether the set of all states

accessible from a given condition are in some sense dense in

the space of all lattice configurations. With regard to appli-

cations to statistical mechanics on the lattice—and perhaps

to statistical mechanics in general—it must be remarked that

questions of ergodicity are perhaps academic. A 1000

#1000 lattice can be rearranged in 106! or roughly 106 000 000

ways. This is unimaginably greater than the number of pico-

seconds since the beginning of the Universe. In fact, if the

entire mass of the Universe were converted into a parallel

processor with each element having the mass of an electron,

and if each processor processed one lattice state per picosec-

ond since the beginning of time, only around 10100 lattice

states would have been examined. Clearly, any attainable

physical system or simulation thereof samples only an insig-

nificant proportion of the totality of states of the system, so

that the relevance of true ergodicity seems obscure. What is

more at issue in statistical arguments is whether a sparse

sampling of an enormous phase space provides stable esti-

mates of the gross statistical properties in which one is inter-

ested, as if most of the vast number of states are in some

sense alike.

Following our earlier work,15 we shall study mixing in a

doubly periodic domain, induced by the shear

un"y #"4sin "y!)n#, vn"x #"sin "x!*n#, "28#

where )n and *n are independent random phases chosen in

the interval $0,2+% . The randomization was employed so as
to break up invariant tori and assure ergodicity over the

whole domain. The consequences of the presence of tori and

other transport-inhibiting structures are interesting, but will

be left to future work. A small deviation from the original

map15 is that we now randomize the phase of both shears,

rather than just one of them. This had little impact on the

forced equilibrium cases, but was found to be necessary in

the simulation of the very long-term behavior of the decay-

ing case.

In the following, we present results for the freely decay-

ing case ( f"0) with a large-scale initial condition, and for
two flavors of forced-equilibrium cases. The first type of

forced case, and the one we will emphasize, is simple addi-

tive forcing, in which f n is a specified function of space and

iteration. It could be made a random function of space and

time with a definite spatial and temporal correlation length,

but in pursuit of somewhat greater relevance to problems of

physical relevance, we chose the steady large-scale incre-

ment f (y)"sin (y). Since the trajectories are chaotic, the

FIG. 2. Schematic of the advection

step on a lattice, showing rearrange-

ment by the composition of a shift op-

eration in the x-direction followed by a

shift operation in the y-direction.
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☛ After normalization, 
the patterns are 

statistically identical.

t=20 t=40

 The strange eigenmode:

☛ Decay is not intermittent i.e., pdf’s are identical 
after re-scaling by the exponential decay.

c(x, t) = e−νtĉ(x, t)

(∫
|c|n dA

)1/n

= e−νt

(∫
|ĉ|n dA

)1/n

︸ ︷︷ ︸
stationary



 Why is the strange eigenmode “strange”?

☛ It is not really an eigenmode: c(x, t) = eνtĉ(x, t)

☛ It’s still “strange” because the spatial structure is complicated...

ĉt + u · ∇ĉ = νĉ + κ∇2ĉand

☛ If the velocity is temporally periodic, then Floquet theory 
justifies the designation “eigenmode”:

u(x, t) = u(x, t + p) ĉ(x, t) = ĉ(x, t + p)⇒



Mixing rates and symmetry breaking in two-dimensional chaotic flow
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We experimentally determine the mixing rate for a magnetically forced two-dimensional

time-periodic flow exhibiting chaotic mixing. The mixing rate, defined as the rate of decay of the

root-mean square concentration inhomogeneity, grows with Reynolds number, but does not increase

at the onset of nonperiodic !weakly turbulent" flow. The mixing rate increases linearly with a second
non-dimensional parameter, the typical path length of a fluid element in one forcing period. The

breaking of time-reversal symmetry and spatial reflection symmetry substantially increases the

mixing rates. A theory by Antonsen et al. that predicts mixing rates in terms of the measured

Lyapunov exponents of the flow is tested and found to predict mixing rates that are too large by

approximately a factor of 10; the discrepancy is traced to the fact that large scale transport rather

than stretching of fluid elements is the dominant rate limiting step when the system is sufficiently

large compared to the velocity correlation length. An effective diffusion model gives a good account

of the measured mixing rates. Finally, the formation of persistent recurrent patterns !also called
strange eigenmodes" is shown to arise from a combination of stretching and effective diffusion.

© 2003 American Institute of Physics. #DOI: 10.1063/1.1596915$

I. INTRODUCTION

A central goal of the study of fluid mixing is to under-

stand and predict the rate at which an initially inhomoge-

neous fluid is homogenized. Extensive studies of mixing

have yielded many insights into the geometric structures that

govern the mixing process, particularly in two-dimensional

!2-D" flows.1–3 This picture has benefited greatly from the

application of the theory of dynamical systems to mixing,

starting with Aref,4 but these insights have not been easily

extended to understanding mixing rates.

A variety of conceptual frameworks have been devel-

oped for understanding and predicting mixing rates.

Melnikov-type methods work well for understanding mixing

rates when the flow is nearly integrable,5 but many flows of

interest are not in this limit.1 Approaches based on the

stretching produced by the flow include ‘‘mixing

efficiency’’1 and calculations based on the finite time

Lyapunov exponents.6,7 Recently, it has been recognized that

persistent spatial patterns, also called strange eigenmodes,8,9

must be considered in the prediction of mixing rates.10,11

Consideration of symmetries of the flow can provide impor-

tant insights into the rate of fluid mixing. Certain symmetries

in the flow field guarantee that the flow is integrable, which

in turn implies very slow mixing.12–14

In this paper, we present experimental measurements of

mixing rates in a two-dimensional flow that produces chaotic

mixing. In this well-characterized magnetically forced

flow,15,16 it is possible to measure simultaneously the dye

concentration fields, velocity fields, and stretching fields.17

Using these measurements, we explore the essential elements

that must be incorporated in a theory to explain the mixing

rates.

The primary results of this paper include the following:

!1" Several symmetries of the flow are identified and their

importance as impediments to mixing are evaluated. !2" Two
effects that might be expected to affect mixing rates, the

transition to non-periodic flow, and geometric resonances in

transport, do not have a measurable affect. !3" Mixing rates
are more accurately predicted by an effective diffusion

model than by a model based on finite time Lyapunov expo-

nents. This leads to the conclusion that attempts to predict

mixing rates in large systems must include transport as well

as stretching rates. !4" Understanding transport mechanisms
in this flow allows deeper insight into the processes that

create periodic persistent patterns.16

II. EXPERIMENT

We study mixing in an electromagnetically driven fluid

layer as shown in Fig. 1. A sinusoidal electric current travels

horizontally through a fluid layer that is placed above an

array of permanent magnets. The resulting Lorentz forces

drive a vortex array flow in the fluid. The magnets are con-

figured either randomly or on a regular grid as shown in Fig.

1. In order to have a 2-D layer with negligible shear across it,

a less dense non-conducting fluid layer 1 mm thick floats on

the conducting layer. The fluids are mixtures of glycerin and

water; the lower layer contains NaCl !3 M concentration" to
make it conductive. The two layers remain distinct for the

duration of an experiment, roughly 20 min, even though they

are miscible.

For most of the experiments reported in this paper, half

of the upper layer is initially marked with sodium fluorescein

dye !concentration 7.5!10"5 M) and the other half is un-

a"Currently at Department of Physics, Wesleyan University, Middletown, CT

06459.
b"Also at Department of Physics, University of Pennsylvania, Philadelphia,

PA 19104. Electronic mail: jgollub@haverford.edu
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Chaotic advection1–3 of a fluid can cause an initially inhomog-
eneous impurity (a passive scalar field) to develop complex spatial
structure as the elements of the fluid are stretched and folded,
even if the velocity field is periodic in time. The effect of chaotic
advection on the transient mixing of impurities—the approach to
homogeneity—has been explored theoretically and numeri-
cally4–8. A particularly intriguing prediction is the development
of persistent spatial patterns, whose amplitude (contrast) decays
slowly with time but without change of form. Here we investigate
these phenomena using an electromagnetically driven two-
dimensional fluid layer in which one half is initially labelled by
a fluorescent dye (the passive scalar). We observe the formation of
structurally invariant but slowly decaying mixing patterns, and
we show how the various statistical properties that characterize
the dye concentration field evolve with time as mixing proceeds
through many cycles. These results show quantitatively how
advective stretching of the fluid elements and molecular diffusion
work together to produce mixing of the impurity. We contrast the
behaviour of time-period; c flows and identically forced but
weakly turbulent flows at lower viscosity, where mixing is much
more efficient.

Density stratification and magnetic forcing are used to create a
two-dimensional flow with good accuracy. A layer of glycerol–
water–salt solution 3 mm deep carries a horizontal electric current
in the presence of an array of strong permanent magnets just below
the fluid. An ordered square array with alternating polarity, and a
spatially disordered array (with magnets having random locations

and polarity), are used to create both regular and disordered cellular
flows by means of Lorenz forces.

The fluid of interest is a dilute fluorescent dye, contained in a
separate 1 mm upper layer of glycerol–water (37% by weight). It is
less dense than the glycerol–water–salt solution described above,
and the layers remain separate for the duration of an experiment,
typically 10 min. The dye diffuses slowly because the Schmidt
number (the ratio of kinematic viscosity to dye diffusivity) is
about 2,000. The upper layer, which contains no salt, is driven by
friction at its lower boundary. This arrangement provides a nearly
two-dimensional flow in the upper layer9,10. Residual vertical flows
are at least an order of magnitude weaker than the horizontal
circulation. Only half the upper layer is initially labelled with the
dye.

The use of glycerol (32% by volume) suppresses instabilities
leading to turbulence by increasing the viscosity to 3:3 ! 10 " 6 m2

s " 1, and thus keeping the Reynolds number well below 100. As a
result, when the current is steady (and of the order of 60 mA), the
velocity field v(r) is time-independent. When the current is oscilla-
tory, v(r) is found to be time-periodic. The fluid cell is placed in the
feedback loop of an operational amplifier circuit so that the current
accurately follows the applied voltage waveform. For time-periodic
square or sine wave forcing there is no mean flow. When the glycerol
is omitted, on the other hand, two-dimensional weakly turbulent
flows can be created11.

The fluid is illuminated near 365 nm, and the fluorescent
response, imaged by a cooled 12 bit CCD camera operating at
512 ! 512 pixel resolution, is accurately linear in the local concen-
tration under the experimental conditions10. The camera is trig-
gered to sample the dye distribution every period or half period.

An example of the mixing process is shown in Fig. 1 for the case of
time-periodic forcing at 100 mHz after 20 periods, using a spatially
periodic magnet array. The dye solution, initially confined to
the right half of the image, is progressively stretched and folded,

letters to nature
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Figure 1 Snapshot of the concentration field for transient magnetically forced chaotic
mixing. Fluid labelled with fluorescein was initially confined to the right half of the
20 ! 24 cm cell; the imaged region is 9:4 ! 9:4 cm. The light intensity under ultraviolet
illumination is shown after 20 periods of forcing by a time periodic electric current at
100 mHz, in the presence of a spatially periodic magnet array. The repetitive stretching
and folding that is characteristic of chaotic advection is evident.

a b

c d

Figure 2 Attainment of a persistent mixing pattern using a disordered array of forcing
magnets. The impurity field develops a complex structure after about 10 periods that
repeats periodically, except for a gradual loss of contrast. a–c, t ¼ 2, 20 and 50 periods,
respectively. d, Sampling out of phase at 50.5 periods shows that the tracer distribution
changes substantially within each cycle. The forcing frequency is 70 mHz.

(1999)

dyed. The diffusivity of fluorescein is D!5
"10#10 m2 s#1. A small quantity of Photoflo is used to de-

crease the effects of surface tension. The driving current is

controlled by placing the cell in the feedback loop of an

operational amplifier circuit, which ensures that the current

follows a specified waveform, even though the effective re-

sistance varies with time as a result of ion accumulation near

the electrodes. We use ac forcing with frequencies in the

range 20–200 mHz. The use of ac forcing ensures that any

net fluid motion over a full period is a consequence of non-

reversibility of the flow. During one period T of the flow,

diffusion spreads dye over a length L!!2DT , which sets
the smallest length scales of the dye pattern in the range of

0.2–0.07 mm.

The fluid is illuminated in the near UV, and images of

the dye patterns are acquired with a Sensicam cooled CCD

camera from the Cooke Corp. This system provides 12 bit

monochrome images at 1280"1024 resolution, with readout
rate up to 8 frames/s to computer memory. A glass plate

covering the cell is necessary to eliminate ambient air cur-

rents, so that the fluid’s velocity field is not measurably in-

fluenced by environmental variations.

The stream function of the flow when driven by the ran-

dom magnet array is shown in Fig. 2, at an instant when the

rms velocity is near its maximum. The stream function is

calculated from separate experiments in which velocity fields

are measured by video particle tracking. For these experi-

ments, the flow is seeded with fluorescent polystyrene

spheres of diameter 120 !m, which float at the interface
between the two fluid layers. Video imaging and particle

tracking software allow the extraction of individual particle

trajectories. Because the flow is periodic, we can average

velocity measurements at the same phase and obtain very

high spatial resolution. Details about the particle tracking

measurements are available in an earlier paper.17

There has been significant discussion in the literature of

the degree to which this flow models an ideal 2-D system.

There is good evidence that the velocity field is two dimen-

sional when the forcing time scale is long compared with the

vertical momentum transport time. We estimate the vertical

momentum transport time to be less than 1 s based on the

results in Ref. 15, and our forcing period is always longer

than 5 s, so we are confident that the velocity field is nearly

2-D.

A separate question however is the degree to which the

flow is a solution to the 2-D Navier–Stokes equation. It

clearly cannot be, unless a term in addition to the body forc-

ing term is included to account for the viscous stresses in the

vertical direction. Since the vertical profile is approximately

of Poiseuille form,15 a term proportional to the velocity may

be sufficient. This effect would have to be considered if the

experiments presented here were compared to 2-D Navier–

Stokes simulations. We do not undertake such a comparison

here.

There are two important non-dimensional parameters for

this flow. The Reynolds number Re!UL/" is based on the
mean magnet spacing L!2 cm, rms velocity U, and kine-
matic viscosity ". The second parameter is the path length
p!U/L f traveled by a typical fluid element in one forcing

period 1/f , normalized by L. The Strouhal number St!p#1

could be used instead, but we prefer p because of its simple

physical interpretation.

Both Re and p are experimentally controlled by adjust-

ing the forcing current, its frequency, and the fluid viscosity.

We wish to compare mixing rates while one of the nondi-

mensional parameters is held constant, so we require the

ability to choose particular Re and p. Since the relationship

between the experimental control parameters and the rms

velocity cannot easily be calculated analytically, we have

instead measured the empirical relationship using particle

tracking.

A convenient parametrization of the measured rms ve-

locities is provided by modeling the flow as a sinusoidally

driven damped mass:

ẍ!##0ẋ$F0 sin$#t %, $1%

FIG. 1. Diagram of the two-dimensional, magnetically forced, time-periodic

flow.

FIG. 2. Instantaneous stream function of the flow driven by the random

magnet configuration at Re!100 and p!5. The flow is instantaneously a

random vortex array whose form is distorted with time, but that repeats

periodically.
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Chaotic advection1–3 of a fluid can cause an initially inhomog-
eneous impurity (a passive scalar field) to develop complex spatial
structure as the elements of the fluid are stretched and folded,
even if the velocity field is periodic in time. The effect of chaotic
advection on the transient mixing of impurities—the approach to
homogeneity—has been explored theoretically and numeri-
cally4–8. A particularly intriguing prediction is the development
of persistent spatial patterns, whose amplitude (contrast) decays
slowly with time but without change of form. Here we investigate
these phenomena using an electromagnetically driven two-
dimensional fluid layer in which one half is initially labelled by
a fluorescent dye (the passive scalar). We observe the formation of
structurally invariant but slowly decaying mixing patterns, and
we show how the various statistical properties that characterize
the dye concentration field evolve with time as mixing proceeds
through many cycles. These results show quantitatively how
advective stretching of the fluid elements and molecular diffusion
work together to produce mixing of the impurity. We contrast the
behaviour of time-period; c flows and identically forced but
weakly turbulent flows at lower viscosity, where mixing is much
more efficient.

Density stratification and magnetic forcing are used to create a
two-dimensional flow with good accuracy. A layer of glycerol–
water–salt solution 3 mm deep carries a horizontal electric current
in the presence of an array of strong permanent magnets just below
the fluid. An ordered square array with alternating polarity, and a
spatially disordered array (with magnets having random locations

and polarity), are used to create both regular and disordered cellular
flows by means of Lorenz forces.

The fluid of interest is a dilute fluorescent dye, contained in a
separate 1 mm upper layer of glycerol–water (37% by weight). It is
less dense than the glycerol–water–salt solution described above,
and the layers remain separate for the duration of an experiment,
typically 10 min. The dye diffuses slowly because the Schmidt
number (the ratio of kinematic viscosity to dye diffusivity) is
about 2,000. The upper layer, which contains no salt, is driven by
friction at its lower boundary. This arrangement provides a nearly
two-dimensional flow in the upper layer9,10. Residual vertical flows
are at least an order of magnitude weaker than the horizontal
circulation. Only half the upper layer is initially labelled with the
dye.

The use of glycerol (32% by volume) suppresses instabilities
leading to turbulence by increasing the viscosity to 3:3 ! 10 " 6 m2

s " 1, and thus keeping the Reynolds number well below 100. As a
result, when the current is steady (and of the order of 60 mA), the
velocity field v(r) is time-independent. When the current is oscilla-
tory, v(r) is found to be time-periodic. The fluid cell is placed in the
feedback loop of an operational amplifier circuit so that the current
accurately follows the applied voltage waveform. For time-periodic
square or sine wave forcing there is no mean flow. When the glycerol
is omitted, on the other hand, two-dimensional weakly turbulent
flows can be created11.

The fluid is illuminated near 365 nm, and the fluorescent
response, imaged by a cooled 12 bit CCD camera operating at
512 ! 512 pixel resolution, is accurately linear in the local concen-
tration under the experimental conditions10. The camera is trig-
gered to sample the dye distribution every period or half period.

An example of the mixing process is shown in Fig. 1 for the case of
time-periodic forcing at 100 mHz after 20 periods, using a spatially
periodic magnet array. The dye solution, initially confined to
the right half of the image, is progressively stretched and folded,
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Figure 1 Snapshot of the concentration field for transient magnetically forced chaotic
mixing. Fluid labelled with fluorescein was initially confined to the right half of the
20 ! 24 cm cell; the imaged region is 9:4 ! 9:4 cm. The light intensity under ultraviolet
illumination is shown after 20 periods of forcing by a time periodic electric current at
100 mHz, in the presence of a spatially periodic magnet array. The repetitive stretching
and folding that is characteristic of chaotic advection is evident.

a b

c d

Figure 2 Attainment of a persistent mixing pattern using a disordered array of forcing
magnets. The impurity field develops a complex structure after about 10 periods that
repeats periodically, except for a gradual loss of contrast. a–c, t ¼ 2, 20 and 50 periods,
respectively. d, Sampling out of phase at 50.5 periods shows that the tracer distribution
changes substantially within each cycle. The forcing frequency is 70 mHz.

u(x, t) = u(x, t + p)dyed. The diffusivity of fluorescein is D!5
"10#10 m2 s#1. A small quantity of Photoflo is used to de-

crease the effects of surface tension. The driving current is
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range 20–200 mHz. The use of ac forcing ensures that any

net fluid motion over a full period is a consequence of non-
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The stream function of the flow when driven by the ran-

dom magnet array is shown in Fig. 2, at an instant when the

rms velocity is near its maximum. The stream function is

calculated from separate experiments in which velocity fields

are measured by video particle tracking. For these experi-

ments, the flow is seeded with fluorescent polystyrene

spheres of diameter 120 !m, which float at the interface
between the two fluid layers. Video imaging and particle
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trajectories. Because the flow is periodic, we can average
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high spatial resolution. Details about the particle tracking

measurements are available in an earlier paper.17
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p!U/L f traveled by a typical fluid element in one forcing

period 1/f , normalized by L. The Strouhal number St!p#1

could be used instead, but we prefer p because of its simple

physical interpretation.
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FIG. 1. Diagram of the two-dimensional, magnetically forced, time-periodic

flow.

FIG. 2. Instantaneous stream function of the flow driven by the random

magnet configuration at Re!100 and p!5. The flow is instantaneously a

random vortex array whose form is distorted with time, but that repeats
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Chaotic advection1–3 of a fluid can cause an initially inhomog-
eneous impurity (a passive scalar field) to develop complex spatial
structure as the elements of the fluid are stretched and folded,
even if the velocity field is periodic in time. The effect of chaotic
advection on the transient mixing of impurities—the approach to
homogeneity—has been explored theoretically and numeri-
cally4–8. A particularly intriguing prediction is the development
of persistent spatial patterns, whose amplitude (contrast) decays
slowly with time but without change of form. Here we investigate
these phenomena using an electromagnetically driven two-
dimensional fluid layer in which one half is initially labelled by
a fluorescent dye (the passive scalar). We observe the formation of
structurally invariant but slowly decaying mixing patterns, and
we show how the various statistical properties that characterize
the dye concentration field evolve with time as mixing proceeds
through many cycles. These results show quantitatively how
advective stretching of the fluid elements and molecular diffusion
work together to produce mixing of the impurity. We contrast the
behaviour of time-period; c flows and identically forced but
weakly turbulent flows at lower viscosity, where mixing is much
more efficient.

Density stratification and magnetic forcing are used to create a
two-dimensional flow with good accuracy. A layer of glycerol–
water–salt solution 3 mm deep carries a horizontal electric current
in the presence of an array of strong permanent magnets just below
the fluid. An ordered square array with alternating polarity, and a
spatially disordered array (with magnets having random locations

and polarity), are used to create both regular and disordered cellular
flows by means of Lorenz forces.

The fluid of interest is a dilute fluorescent dye, contained in a
separate 1 mm upper layer of glycerol–water (37% by weight). It is
less dense than the glycerol–water–salt solution described above,
and the layers remain separate for the duration of an experiment,
typically 10 min. The dye diffuses slowly because the Schmidt
number (the ratio of kinematic viscosity to dye diffusivity) is
about 2,000. The upper layer, which contains no salt, is driven by
friction at its lower boundary. This arrangement provides a nearly
two-dimensional flow in the upper layer9,10. Residual vertical flows
are at least an order of magnitude weaker than the horizontal
circulation. Only half the upper layer is initially labelled with the
dye.

The use of glycerol (32% by volume) suppresses instabilities
leading to turbulence by increasing the viscosity to 3:3 ! 10 " 6 m2

s " 1, and thus keeping the Reynolds number well below 100. As a
result, when the current is steady (and of the order of 60 mA), the
velocity field v(r) is time-independent. When the current is oscilla-
tory, v(r) is found to be time-periodic. The fluid cell is placed in the
feedback loop of an operational amplifier circuit so that the current
accurately follows the applied voltage waveform. For time-periodic
square or sine wave forcing there is no mean flow. When the glycerol
is omitted, on the other hand, two-dimensional weakly turbulent
flows can be created11.

The fluid is illuminated near 365 nm, and the fluorescent
response, imaged by a cooled 12 bit CCD camera operating at
512 ! 512 pixel resolution, is accurately linear in the local concen-
tration under the experimental conditions10. The camera is trig-
gered to sample the dye distribution every period or half period.

An example of the mixing process is shown in Fig. 1 for the case of
time-periodic forcing at 100 mHz after 20 periods, using a spatially
periodic magnet array. The dye solution, initially confined to
the right half of the image, is progressively stretched and folded,
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Figure 1 Snapshot of the concentration field for transient magnetically forced chaotic
mixing. Fluid labelled with fluorescein was initially confined to the right half of the
20 ! 24 cm cell; the imaged region is 9:4 ! 9:4 cm. The light intensity under ultraviolet
illumination is shown after 20 periods of forcing by a time periodic electric current at
100 mHz, in the presence of a spatially periodic magnet array. The repetitive stretching
and folding that is characteristic of chaotic advection is evident.

a b

c d

Figure 2 Attainment of a persistent mixing pattern using a disordered array of forcing
magnets. The impurity field develops a complex structure after about 10 periods that
repeats periodically, except for a gradual loss of contrast. a–c, t ¼ 2, 20 and 50 periods,
respectively. d, Sampling out of phase at 50.5 periods shows that the tracer distribution
changes substantially within each cycle. The forcing frequency is 70 mHz.

t=2 periods t=20 periods 

t=50 periods t=50.5 periods

ĉ(x, t) = ĉ(x, t + p)

so according to Floquet:

u(x, t) = u(x, t + p)

☛The velocity is periodic:

c(x, t) = e−νtĉ(x, t)



Predicting the decay rate: the literature is a mess...

☛Recent (1994-2004) analysis is by statistical physicists, who have 
developed “Local Lagrangian Stretching” theories.

☛ It seems that truth and reconciliation has been achieved by HV:

What controls the decay of passive scalars in smooth flows?
P. H. Haynes
Department of Applied Mathematics and Theoretical Physics, University of Cambridge,
Cambridge CB3 OWA, United Kingdom

J. Vannestea!

School of Mathematics, University of Edinburgh, King’s Buildings, Edinburgh EH9 3JZ, United Kingdom

!Received 4 March 2005; accepted 8 July 2005; published online 2 September 2005"

The exponential decay of the variance of a passive scalar released in a homogeneous random
two-dimensional flow is examined. Two classes of flows are considered: short-correlation-time
!Kraichnan" flows, and renewing flows, with complete decorrelation after a finite time. For these
two classes, a closed evolution equation can be derived for the concentration covariance, and the
variance decay rate !2 is found as the eigenvalue of a linear operator. By analyzing the eigenvalue
problem asymptotically in the limit of small diffusivity ", we establish that !2 is either controlled
!i" locally, by the stretching characteristics of the flow, or !ii" globally, by the large-scale transport
properties of the flow and by the domain geometry. We relate the eigenvalue problem for !2 to the
Cramer function encoding the large-deviation statistics of the stretching rates; hence we show that
the Lagrangian stretching theories developed by Antonsen et al. #Phys. Fluids 8, 3094 !1996"$ and
others provide a correct estimate for !2 as "→0 in regime !i". However, they fail in regime !ii",
which is always the relevant one if the domain scale is significantly larger than the flow scale.
Mathematically, the two types of controls are distinguished by the limiting behavior as "→0 of the
eigenvalue identified with !2: in the local case !i" it coincides with the lower limit of a continuous
spectrum, while in the global case !ii" it is an isolated discrete eigenvalue. The diffusive correction
to !2 differs between the two regimes, scaling like 1/ log2 " in regime !i", and like "# for some
0$#$1 in regime !ii". We confirm our theoretical results numerically both for Kraichnan and
renewing flows. © 2005 American Institute of Physics. #DOI: 10.1063/1.2033908$

I. INTRODUCTION

We consider the advection–diffusion of a passive scalar
by a spatially smooth, nondivergent velocity field. The as-
sumed spatial smoothness of the velocity field makes this
problem relevant to a number of applications: Batchelor-
regime turbulence, chaotic-advection flows, and more gener-
ally flows !such as geophysical flows" dominated by their
large-scale component. A topic of recent theoretical investi-
gation and discussion has been the extent to which the evo-
lution of a scalar in such flows can be predicted given quan-
titative information on stretching histories following fluid
particles. We shall use the term “Lagrangian stretching theo-
ries” to denote theories1–5 that develop such a description. A
separate line of investigation has introduced the idea of a
“strange eigenmode”6 that dominates the long-time evolution
of the advection-diffusion equation and analyzed the proper-
ties of the strange eigenmode7–10 through numerical simula-
tions and analytic techniques. The term “strange” is used
since the spatial scales of the eigenmode reduce indefinitely
as diffusivity tends to zero.

The relevant governing equation is the advection-
diffusion equation

"tC = AC ª "%C − v · #C , !1.1"

for the concentration C of the scalar. The velocity field is
prescribed and satisfies # ·v=0; in the two-dimensional case
on which we concentrate, this implies that v= !−&y ,&x" for
some streamfunction &. We shall follow many previous au-
thors in taking & to be a stationary random function of time.
We also assume that C has zero spatial average.

If & were independent of t then we would expect the
decay of C to be determined by the smallest relevant eigen-
value of the time-independent operator A. If & were time
periodic we would expect it to be determined by the smallest
relevant Floquet exponent of the time-periodic operator A.
This structure carries over to the case where & is a random
function of time and there, for almost all initial conditions
and realizations of the flow, we expect that C decays expo-
nentially in the long-time limit in the sense that

C!x,t" % exp!− !Ct"B!x,t" as t → ' , !1.2"

where B!x , t" is a stationary random function of time. Here,
−!C is the largest Liapunov exponent of the operator A and
controls the rate of decay of the concentration; B!x , t" is the
corresponding Liapunov !eigen"function and controls the
spatial structure of the decaying scalar field. The behavior
!1.2", with a deterministic !C(0 is expected from Osele-
dec’s multiplicative ergodic theory11 and its infinite-
dimensional generalization.12 Note that, because of the
small-scale cutoff imposed by diffusivity, !1.1" can in effect
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☛ Traditional fluid mechanics would estimate a decay rate using eddy 
diffusion i.e., “Global Transport”.



It is easy to explain the GT prediction

☛ Use appropriate eddy diffusivity, and solve the eigenproblem....

〈c〉t = κe∇2〈c〉

〈c〉 = cos(kDx)e−κek2
Dt , kD =

2π

L

☛ HV show that this is the correct answer, provided there is scale 
separation: kf ! kD

e.g., in a doubly periodic domain the slowest mode is

ν = κek
2
Di.e.

☛ Without scale separation, kf = kD , LLS is almost correct.



Local Lagrangian Stretching:  Kraichnan 1974
which is a solution of

ct +
[

γ + s′(t)
]

xcx −
[

γ + s′(t)
]

ycy = κ∇2c . (1.10)

In (1.10), γ is the Lyapunov exponent and s′(t) is a rapidly de-correlating
strain with

d = 2
〈s′(t1)s′(t2)〉 = γδ(t1 − t2) . (1.11)

We’re following a two-dimensional Gaussian blob using principal axes: y is
oriented along the minor axis of the blob.

By substitution, one can see that (1.9) is a solution of (1.10) provided
that

α̇ = −(γ + s′)α − κα3 ,

β̇ = (γ + s′)β − κβ3 . (1.12)

These are “stochastic logistic” equations. We’re interested in calculating
averages such as

〈∫∫

cn+1(x, y, t) dxdy

〉

∝ 〈αnβn〉 (1.13)

in the long time limit.
We can linearize the noise term in (1.12) by the change of variables

α = &−1e−p , β = &−1e−q , (1.14)

where & ≡
√

κ/γ. This results in

ṗ = γ(1 + e−2p) + s′ ,

q̇ = −γ(1 − e−2q) − s′ . (1.15)

The corresponding Fokker-Planck equations is

Ft′ +
[

(1 + e−2p)F
]

p
−

[(

1 − e−2q
)

F
]

q
= 1

2 (Fpp − 2Fpq + Fqq) , (1.16)

where t′ = γt is a non-dimensional time.
It would be wonderful to unveil an exact solution of the Fokker-Planck

equation (1.16). Unfortunately, this doesn’t seem to be available2. Instead
we make do with a plausible approximate solution. To develop this approx-
imation we first look at the marginal densities.

2The Carleman imbedding method used in Graham & Schenzle, Phys. Rev. A 25

1731-1754 (1982), might come to the rescue here. This is a good research project.
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where in 

However at large times the molecular diffusion arrests the minor axis of the
randomly strained Gaussian at a scale close to !, while the major axis keeps
randomly stretching. So the assumption of independence becomes plausible
as t′ → ∞. In any event, those who complain should do better.

The necessity of the Heaviside cut-off H(p) is now apparent if we try to
calculate averages such as

!(m+n)/2〈αmβn〉 = 〈e−mp−nq〉 ,

≈ !(m+n)/2〈e−mp〉〈e−nq〉 . (1.24)

Without H(p) in (1.23), and if m is sufficiently large, then the factor e−mp

is determined by negative values of p: this is an unrealistic and disastrous
failure of the approximation.

t′ ≡ γt

! ≡
√

κ

γ

Now we use the approximation (1.23) to calculate the average in (1.25)
Using the equilibrium marginal density, the q-average is simple

〈e−nq〉 = 2

∫
∞

−∞

exp
[

−(n + 2)q − e−2q
]

dq = Γ

(
n + 2

2

)

. (1.25)

The p-average is tricky:

〈e−mp〉 =

∫
∞

0
e−ϕm(p,t′) dp√

2πt′
, (1.26)

where

ϕm(p, t′) ≡ mp +
(p − t′)2

2t′
=

p2

2t′
+ (m − 1)p +

t′

2
. (1.27)

As t′ → ∞, the integrand on the right of (1.26) is concentrated in a peak
located at

p∗ =

{

(1 − m)t′ , if m < 1,

0 , if m ≥ 1.
(1.28)

Thus if m < 1, and t → ∞, we can extend the range of integration to −∞
and evaluate a standard Gaussian integral. And if m ≥ 1 the integral is
determined by the neighbourhood of p = 0. Thus

〈e−mp〉 =








exp
[(

1
2m2 − m

)

t′
]

, if m < 1,
1
2e−t′/2 , if m = 1,

(m − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if m > 1.

(1.29)

The most basic measure of the decay of the randomly strained Gaussian
is n = 1 in (1.13). Using the results above with m = n = 1, this gives

〈∫∫

c2(x, y, t) dxdy

〉

∝ e−γt/2 . (1.30)
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☛The most basic measure of decay is:

☛The solution:

is non-zero, and shows that the probability density function of

q(t) ≡ ln

(
r(t)

r(0)

)

, (1.4)

say H(q, t), satisfies the constant-coefficient Fokker-Planck equation

Ht + γHq =
γ

d
Hqq . (1.5)

γ is the Lyapunov exponent of the Kraichnan model. The standard Gaussian
solution of the initial value problem posed by (1.5) indicates that r has a
log-normal distribution.

The Fokker-Planck equation (1.5) is equivalent to saying that r(t) satis-
fies the stochastic differential equation1

ṙ = s(t)r , (1.6)

where s(t) is a random stretching process, with

s(t) = γ + s′(t) , 〈s′(t1)s′(t2)〉 =
2γ

d
δ(t2 − t1) . (1.7)

As we explained in the previous lecture, the non-zero mean γ = 〈s〉, arises
not because there is a mean shear (there is not in the K74 model): γ is
a consequence of the random realignments which occur at the instants of
renewal.

It is interesting that the coefficients of the advection and diffusion terms
in (1.5) differ by a factor of d. As an exercise , you should show from (1.5) E

that
〈rp〉t = γp

(

1 +
p

d

)

〈rp〉 . (1.8)

Thus 〈r−d〉 is constant — you should recognize this as our earlier stochastic
conservation law. The coefficients in the Fokker-Planck equation (1.5) have
to be related by a factor d so that this law is respected. Another way
of thinking about γ/d on the right of (1.5) is that fluctuations are less
important in higher dimensions.

1.2 The randomly strained Gaussian

For the derivation of this model, starting from a general model of a rapidly
de-correlating strain, see appendix .3. We consider a Gaussian blob of tracer

c =
α(t)β(t)

2π
exp

[

−1
2α2(t)x2 − 1

2β2(t)y2
]

, (1.9)

1We’re always using the Stratononvich interpretation.

2

☛The LLS prediction is that for K^2 velocities: ν =
γ
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☛Different moments decay at different rates:

The rate of decay of the total squared concentration is decreased from
exp(−γt) with s′(t) = 0, to exp(−γt/2) with s′(t) "= 0. The fluctuations
in stretching rate in (1.10) shield some members of the ensemble from the
mean stretching γ. These long-term survivors dominate the statistic on the
left of (1.30).

Note also that the statistics are intermittent:

〈∫∫

cn+1(x, y, t) dxdy

〉

∼









exp
[(

1
2n2 − n

)

t′
]

, if n < 1,
1
2e−t′/2 , if n = 1,

(n − 1)−1(2πt′)−1/2 exp
(

−1
2t′

)

, if n > 1.
(1.31)

1.3 The isotropic case

Now let’s assume isotropy, so that

Sij(r) = A(r)δij − B(r)r−2xixj . (1.32)

Above, xi is the i’th component of r, and r ≡ |r| = xixi. From Sij,i = 0, it
follows that E

dA

dr
= r1−d d

dr

(

rd−1B
)

. (1.33)

At small separations, one has

Sij(r) = η
[

(d + 1) r2δij − 2xixj
]

. (1.34)

How is η related to the Lyapunov exponent γ in (1.3)? E

In the isotropic case, and at small separations, the K2-correlation equa-
tion is

Ct = 2κ∇2
C + 2η

[

(d + 1)r2δij − 2xixj
]

C,ij . (1.35)

Now we look for radially symmetric solutions, C = C(r, t), so that after some
working Chertkov

’98

D = 2η

Ct = 2κr1−d(rd−1
Cr)r + 2η(d − 1)r1−d

(

r1+d
Cr

)

r
. (1.36)

Define a linear operator Lκ by

Lκ ≡ −2κr1−d∂rr
d−1∂r − 2η(d − 1)r1−d∂rr

1+d∂r . (1.37)

Consider first the eigenproblem corresponding to C ∝ e−νt with κ = 0:

L0f = νf . (1.38)

6

☛A few “long-surviving” Gaussians dominate the averages. There are some 
exponentially rare realizations, for which there is no stretching, and only 

diffusive decay.

t′ ≡ γt

And the statistics are intermittent...

above:

☛N.B. Intermittency is in contradiction to the decay via a strange eigenmode.



The LLS estimate with finite correlation time

The role of chaotic orbits in the determination of power spectra
of passive scalars

Thomas M. Antonsen, Jr., Zhencan Fan, Edward Ott, and E. Garcia-Lopez
University of Maryland, College Park, Maryland 20742
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This paper relates properties of the power spectrum of a passive scalar convected by a chaotic fluid

flow to the distribution of finite time Lyapunov exponents. The properties considered include the

early time evolution of the power spectrum, the late time exponential decay of the scalar variance,

and the wave number dependence of the power spectrum in the presence of a source of scalar

variance. Theoretical predictions are tested by comparing full numerical solutions of the relevant

partial differential equation to solutions of a model system which includes diffusion and involves

integrations along the fluid orbits only. The model system is shown to give results in close

agreement with the numerical solutions of the full problem. This suggests the possible general utility

of the model equations for a broad range of problems involving passive scalar convection.

#S1070-6631!96"01611-X$ © 1996 American Institute of Physics.

I. INTRODUCTION

The properties of scalar quantities !e.g., temperature or
the concentration of an impurity" that are passively con-
vected by an incompressible fluid flow have been of interest

for many years.1 The evolution equation for the passive sca-

lar is

d%

dt
!D“2%"S!x,t ", !1"

where the time derivative in !1" is taken following the mo-
tion of the fluid,

d

dt
!

&

&t
"v!x,t "

&

&x
,

where v(x,t) is the fluid velocity. The quantity D represents

the microscopic diffusion coefficient for the scalar, and

S(x,t) represents a source of the scalar. Here it is assumed

that the fluid motion is incompressible, '–v(x,t)!0 and is
determined by external dynamics !such as stirring", that the
source S(x,t) is prescribed, and that neither the source nor

the fluid flow are affected by the scalar % .
In the absence of a source and diffusion, Eq. !1" states

that the value of the scalar % is constant in a moving fluid

element. The trajectory of the fluid element is given by the

equation,

d!!x,t "

dt
!v!!,t " !2"

with the initial condition

!!x,t "!x.

Thus, !(x,t) is the position at time t of the fluid element
which is located at x at time t!0. The properties of the
trajectories of the fluid elements can be expected to affect the

solutions for the scalar % both when diffusion is negligible

(D!0) and when it is not. The purpose of this paper is to
explore this relationship in the case in which the trajectories

given by Eq. !2" are chaotic in the sense that nearby fluid
elements diverge exponentially from each other.1–4

Specifically, we will explore the relationship of the time

evolution of the power spectrum of the passive scalar to the

distribution of the finite time Lyapunov exponents of the

flow. Previous work along these lines appears in Refs. 2 and

3 which we discuss subsequently.

The power spectrum of the passive scalar is the Fourier

transform of the two point correlation function,

C!r,t "!(%!x"r,t "%!x,t "), !3"

where the average is taken over the x-domain in which Eq.

!1" is solved. The power spectrum F(k ,t) is then defined

F!k ,t "!! dnk!

!2*"n
+!k#"k!""C̄!k!,t ", !4"

where

C̄!k!,t "!! dnrC!r,t "exp##ik!–r$ , !5"

is the Fourier transform of the correlation function and n is

the dimensionality of the domain. The present paper will

consider the two dimensional case exclusively.

The chaotic orbits of the flow can be characterized by

their finite time Lyapunov exponents. These may be defined

as follows. Consider two trajectories which initially are sepa-

rated by the vector r, !(x"r,t) and !(x,t). Considering r
to be a differential vector, the differential separation

+!(x,t)!!(x"r,t)#!(x,t) satisfies the linear equation,

d

dt
+!!x ,t "!+!–'v!!!x,t ",t ", !6"

with initial condition,

+!!x ,t "!r.

For chaotic flows the separation +! typically diverges expo-
nentially in time, and the net rate of exponentiation over the

time interval from 0 to t ,

h!x,t "!
1

t
log

"+!"
"r" , !7"
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Universal long-time properties of Lagrangian statistics in the Batchelor regime

and their application to the passive scalar problem

E. Balkovsky and A. Fouxon
Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel

!Received 3 June 1999"

We consider the transport of dynamically passive quantities in the Batchelor regime of a smooth in space

velocity field. For the case of arbitrary temporal correlations of the velocity, we formulate the statistics of

relevant characteristics of Lagrangian motion. This allows us to generalize many results obtained previously

for strain # correlated in time, thus answering a question about the universality of these results.
$S1063-651X!99"12810-1%

PACS number!s": 47.27.Eq, 05.40.!a, 47.10."g

INTRODUCTION

The problem of passive scalar transport by turbulent flows

has received much attention lately. The progress achieved

has been made possible mainly by the introduction of the

Kraichnan model $1%. Within the model the turbulent veloc-
ity statistics is believed to be Gaussian, scale invariant in

space, and # correlated in time, which allows one to write

closed equations on the correlation functions of the scalar.

Such a velocity has only a few rough features in common

with realistic flows, which are intermittent and have a finite

scale-dependent correlation time, contrary to what is as-

sumed in the model. Nevertheless, it seems that many inter-

esting properties of the statistics are inherent in the dynam-

ics, rather than due to the intermittency of the velocity

statistics itself. Unusually for the turbulence theory, numer-

ous results have been obtained analytically using the Kraich-
nan model.
Having reached an understanding of this model, it is then

natural to generalize its results, passing to more realistic
flows. However, due to the complicated interplay between
spatial and temporal properties of the velocity, one encoun-
ters various difficulties in introducing a meaningful velocity
field with a finite correlation time. The only case where this
was easily done is the so called Batchelor regime $2%, where
the spatial structure of the velocity is rather simple, and
therefore one can separate space and time dependencies. It
appears in the limit of large Prandtl numbers, which is the
ratio of the fluid viscosity to the diffusivity of the transported
quantity. In studying advection below the viscous length, the
correlation functions of the velocity are smooth functions of
space, which allows one to introduce an effective description
with v&#'&(

(t)r( $2%. In this way time and space become
completely separated.
The Batchelor limit is well studied if ' has a zero corre-

lation time and its statistics is Gaussian $3–13%; that is, in the
framework of the Kraichnan model. Certain results have
been derived for arbitrary statistics of ' $1–4,13%.
Our aim here is to investigate the degree of universality of

the passive scalar statistics for arbitrary temporal correlations
of the velocity. We utilize the close relation between the
statistics of Lagrangian trajectories in a turbulent flow and
the statistics of the passive scalar. Therefore, it seems rea-

sonable to separate the problems, first investigating the La-
grangian motion and next applying the results to particular
problems. For the Batchelor regime only a few degrees of
freedom characterize the Lagrangian dynamics, which makes
the problem solvable.
The plan of this paper is as follows. First we pass to the

comoving reference frame in the equation for a passive sca-
lar, which allows us to consider the Lagrangian mapping as
an affine transformation, characterized by a random matrix.
After its probability distribution function !PDF" is found, we
consider several particular examples of the scalar statistics
both for the decaying and forced turbulence. We show that
the statistics of the scalar can be found by integration of the
distribution function with a kernel, depending on the prob-
lem in question.

I. GENERAL RELATIONS

Advection of a passive scalar ) by incompressible veloc-
ity field v is described by the equation

* t)"!v ,+")!,+2)#0, !1.1"

where , is the molecular diffusivity. We shall be interested
in the limit of small but finite , . In the case of continuous
injection of the scalar, one should add a source -(t ,r) into
the right-hand side of Eq. !1.1".
Let us consider a blob of the scalar having a size L much

smaller than the viscous length of the velocity. The variation
of the velocity on the scale of the blob is much smaller than
the large homogeneous velocity transferring the blob as a
whole. To account for a slow variation of the form of the
blob due to the relative motion of the particles, it is natural to
pass to the reference frame moving with the velocity of a
particle within the blob $14,15%. Since the velocity is a
smooth function on the scale of the blob, it can be expanded
in a Taylor series thus leading to the equation

* t)"'&(r(+&)!,+2)#0. !1.2"

Here '&((t) is the matrix of the velocity derivatives taken at
the chosen Lagrangian point. Incompressibility implies '&&
#0. For turbulent flows ' should be regarded as a random
matrix, having a finite correlation time . , which is the La-
grangian correlation time of the velocity.
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☛How is the K^2 result ν =
γ

2
affected by non-zero correlation time?



Recall the hot spot

∫
c2(x, t) dA ∝ 1

major axis
=

!B

!(t)

∴
〈∫

c2(x, t) dA

〉
∝ 〈!−1〉 = eF (−1)t as t →∞

☛It follows that:

and

☛The major axis stretches just as an infinitesimal line element...

!B

!Beσt



!2 0 2 4

!0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

p

F(
p)

☛Recall our definition of F(p):

The LLS prediction is:

−1

☛In the K^2 case:

F (p) = 1
2γp(p + 2)

and F (−1) = − 1
2γ

〈!p〉 ∝ eF (p)t as t →∞

✓ 

ν = −F (−1) = − inf
∀h

(h + G(h))



Antonsen, Fan, Ott & Garcia-lopez (1994)
take a different route to the LLS prediction

ν = −F (−1) = − inf
∀h

(h + G(h))



In wavenumber space: c(x, t) = a(k0, t) exp (ik(t) · x)

da

dt
= −κ|k|2a

a(k0, t) = a(k0, 0) exp
[
−κ|k0|2

∫ t

0
e2q(t′) cos2 θ + e−2q(t′) sin2 θdt′

]

dk

dt
= −W ᵀk

|k(t)|2 = |k0|2
(
e2q(t) cos2 θ + e−2q(t) sin2 θ

)

☛ The solution of has the form:

☛ The solution of the transport equation is:

k(t) =
(
k0 · e+

0

)
e+(t) eq(t) +

(
k0 · e−0

)
e−(t) e−q(t)

so that



τ(t) ≡
∫ t

0
e2(q(t′)−2q(t))dt′

a(k0, t) ≈ a(k0, 0) exp
[
−κ|k|2τ cos2 θ

]

q(t) = th(t) and P (h, t) ∼ e−tG(h)

|a(k0, t)|2 ≈ |a(k0, 0)|2
∫ ∞

0
dhP (h, t)

∫ ∞

0
dτM(τ)

∮
dθ

2π
exp

[
−2κ cos2 θ|k0|2e2htτ

]

Now make some approximations

where
☛ At large times

☛Introduce the FTLE, and the large deviation function

☛Take an ensemble average:

☛Evaluate the theta integral with Laplace’s method:

〈|a(k0, t)|2〉 ∼ |a(k0, 0)|2
∫ ∞

0
dh e−t[h+G(h)]

∫ ∞

0
dτM(τ)

√
1

2πκ|k0|2τ

∝ exp
[
−min

∀h
(h + G(h)) t

]



where x is the position of the mass, !0 and F0 are indepen-

dent of time, and !!2" f is the driving frequency. This
model accurately reproduces the reduced response and phase

delay that grow as ! is increased. We expect that the depen-
dence on the driving current can be taken into account by

allowing for a linear variation of F0 with the current, so we

write F0!#I . Solutions for the velocity are of the form

ẋ!
#I

!1"$!/!0%
2
sin$!t"&%. $2%

We identify ẋ with the rms velocity in the flow. By measur-

ing the rms velocity over a range of currents and frequencies,

we determine the constants # and !0 for each solution with

different viscosity that is used. Equation $2% then provides a
parametrization that predicts the velocity and hence the Rey-

nolds number and path length for any current and frequency.

We find that this approach allows us to obtain any desired

combination of dimensionless parameters Re and p, with ac-

curacy of better than 10%, by adjusting the forcing current,

its frequency, and the fluid viscosity.

III. RESULTS

A. Measurement of mixing rates

Full characterization of the process of homogenization

of an impurity in a flowing fluid requires recording the space

and time dependence of the impurity concentration field.

However, for many purposes it is advantageous to have a

single number to characterize the mixing rate. To this end,

we first identify the spatial standard deviation of the instan-

taneous impurity concentration field as a measure of the de-

gree of mixing that has occurred. Figure 3 shows this quan-

tity as a function of time during a typical mixing run. Also

shown is a fit of the function

'C2(1/2!C0 exp$#Rt %"C1 $3%

to the concentration decay curve, where C0 , R, and C1 are fit

parameters. Throughout this paper we refer to the quantity R

determined by this fitting procedure as the measured mixing

rate.

This functional form is a convenient parametrization, not

a rigorous model. Clearly, the inclusion of the constant C1
reflects non-ideal factors since the concentration standard de-

viation would be expected to decay to zero in the long time

limit. Experimentally we find that there are measurable con-

centration fluctuations even when premixed fluid is used for

the upper layer. This is caused by weak three-dimensional

flows which decrease the thickness of the upper layer in

some regions, for example in the centers of vortices. In ad-

dition, we find that the value of R has a measurable depen-

dence on the time interval used in the fit, typically decreasing

as the time interval is moved to larger t. We interpret this as

resulting from the slow process of transport of fluid initially

trapped near the no slip boundaries. The measurement errors

we report for R are dominated by this variation between fits

to different parts of the decay curve.

Figure 4 shows the time dependence of the concentration

variance for a series of runs at different Reynolds number but

constant p!5. A fit to each of these provides the measured
mixing rates which are plotted in Fig. 5. Qualitatively, the

mixing rate data appear very much as expected. R increases

monotonically upon increase of the Reynolds number. A plot

of the mixing rate at different p but constant Re is shown in

Fig. 6. Here the two different curves are for the two different

magnet configurations, both at Re!80. Again, qualitatively,
the data are not surprising. The mixing rate increases with

path length. However, careful consideration of the mixing

rate data reveals several significant insights which are de-

scribed in the following sections.

B. Effects of symmetry breaking on mixing rates

A striking feature in the mixing rates is that the flow

undergoes a transition to temporally nonperiodic flow, but

there is no signature of this transition in the mixing rates.

This transition occurs via a kind of period-doubling bifurca-

FIG. 3. Standard deviation of the dye intensity as a function of time for p

!5, Re!100. The solid line shows a fit of Eq. $3% to the time range from 6
to 35 periods.

FIG. 4. Standard deviation of dye intensity as a function of time for p

!5. $!% Re!25; $"% Re!55; $#% Re!100; $"% Re!170. The decay rate
of the variance grows with Re and saturates beyond Re)100.
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allowing for a linear variation of F0 with the current, so we

write F0!#I . Solutions for the velocity are of the form
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We identify ẋ with the rms velocity in the flow. By measur-

ing the rms velocity over a range of currents and frequencies,

we determine the constants # and !0 for each solution with

different viscosity that is used. Equation $2% then provides a
parametrization that predicts the velocity and hence the Rey-

nolds number and path length for any current and frequency.

We find that this approach allows us to obtain any desired

combination of dimensionless parameters Re and p, with ac-

curacy of better than 10%, by adjusting the forcing current,

its frequency, and the fluid viscosity.

III. RESULTS

A. Measurement of mixing rates

Full characterization of the process of homogenization

of an impurity in a flowing fluid requires recording the space

and time dependence of the impurity concentration field.

However, for many purposes it is advantageous to have a

single number to characterize the mixing rate. To this end,

we first identify the spatial standard deviation of the instan-

taneous impurity concentration field as a measure of the de-

gree of mixing that has occurred. Figure 3 shows this quan-

tity as a function of time during a typical mixing run. Also

shown is a fit of the function

'C2(1/2!C0 exp$#Rt %"C1 $3%

to the concentration decay curve, where C0 , R, and C1 are fit

parameters. Throughout this paper we refer to the quantity R

determined by this fitting procedure as the measured mixing

rate.

This functional form is a convenient parametrization, not

a rigorous model. Clearly, the inclusion of the constant C1
reflects non-ideal factors since the concentration standard de-

viation would be expected to decay to zero in the long time

limit. Experimentally we find that there are measurable con-

centration fluctuations even when premixed fluid is used for

the upper layer. This is caused by weak three-dimensional

flows which decrease the thickness of the upper layer in

some regions, for example in the centers of vortices. In ad-

dition, we find that the value of R has a measurable depen-

dence on the time interval used in the fit, typically decreasing

as the time interval is moved to larger t. We interpret this as

resulting from the slow process of transport of fluid initially

trapped near the no slip boundaries. The measurement errors

we report for R are dominated by this variation between fits

to different parts of the decay curve.

Figure 4 shows the time dependence of the concentration

variance for a series of runs at different Reynolds number but

constant p!5. A fit to each of these provides the measured
mixing rates which are plotted in Fig. 5. Qualitatively, the

mixing rate data appear very much as expected. R increases

monotonically upon increase of the Reynolds number. A plot

of the mixing rate at different p but constant Re is shown in

Fig. 6. Here the two different curves are for the two different

magnet configurations, both at Re!80. Again, qualitatively,
the data are not surprising. The mixing rate increases with

path length. However, careful consideration of the mixing

rate data reveals several significant insights which are de-

scribed in the following sections.

B. Effects of symmetry breaking on mixing rates

A striking feature in the mixing rates is that the flow

undergoes a transition to temporally nonperiodic flow, but

there is no signature of this transition in the mixing rates.

This transition occurs via a kind of period-doubling bifurca-

FIG. 3. Standard deviation of the dye intensity as a function of time for p

!5, Re!100. The solid line shows a fit of Eq. $3% to the time range from 6
to 35 periods.

FIG. 4. Standard deviation of dye intensity as a function of time for p

!5. $!% Re!25; $"% Re!55; $#% Re!100; $"% Re!170. The decay rate
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Mixing rates and symmetry breaking in two-dimensional chaotic flow

Greg A. Voth,a) T. C. Saint, Greg Dobler, and J. P. Gollubb)

Department of Physics, Haverford College, Haverford, Pennsylvania 19041
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We experimentally determine the mixing rate for a magnetically forced two-dimensional

time-periodic flow exhibiting chaotic mixing. The mixing rate, defined as the rate of decay of the

root-mean square concentration inhomogeneity, grows with Reynolds number, but does not increase

at the onset of nonperiodic !weakly turbulent" flow. The mixing rate increases linearly with a second
non-dimensional parameter, the typical path length of a fluid element in one forcing period. The

breaking of time-reversal symmetry and spatial reflection symmetry substantially increases the

mixing rates. A theory by Antonsen et al. that predicts mixing rates in terms of the measured

Lyapunov exponents of the flow is tested and found to predict mixing rates that are too large by

approximately a factor of 10; the discrepancy is traced to the fact that large scale transport rather

than stretching of fluid elements is the dominant rate limiting step when the system is sufficiently

large compared to the velocity correlation length. An effective diffusion model gives a good account

of the measured mixing rates. Finally, the formation of persistent recurrent patterns !also called
strange eigenmodes" is shown to arise from a combination of stretching and effective diffusion.

© 2003 American Institute of Physics. #DOI: 10.1063/1.1596915$

I. INTRODUCTION

A central goal of the study of fluid mixing is to under-

stand and predict the rate at which an initially inhomoge-

neous fluid is homogenized. Extensive studies of mixing

have yielded many insights into the geometric structures that

govern the mixing process, particularly in two-dimensional

!2-D" flows.1–3 This picture has benefited greatly from the

application of the theory of dynamical systems to mixing,

starting with Aref,4 but these insights have not been easily

extended to understanding mixing rates.

A variety of conceptual frameworks have been devel-

oped for understanding and predicting mixing rates.

Melnikov-type methods work well for understanding mixing

rates when the flow is nearly integrable,5 but many flows of

interest are not in this limit.1 Approaches based on the

stretching produced by the flow include ‘‘mixing

efficiency’’1 and calculations based on the finite time

Lyapunov exponents.6,7 Recently, it has been recognized that

persistent spatial patterns, also called strange eigenmodes,8,9

must be considered in the prediction of mixing rates.10,11

Consideration of symmetries of the flow can provide impor-

tant insights into the rate of fluid mixing. Certain symmetries

in the flow field guarantee that the flow is integrable, which

in turn implies very slow mixing.12–14

In this paper, we present experimental measurements of

mixing rates in a two-dimensional flow that produces chaotic

mixing. In this well-characterized magnetically forced

flow,15,16 it is possible to measure simultaneously the dye

concentration fields, velocity fields, and stretching fields.17

Using these measurements, we explore the essential elements

that must be incorporated in a theory to explain the mixing

rates.

The primary results of this paper include the following:

!1" Several symmetries of the flow are identified and their

importance as impediments to mixing are evaluated. !2" Two
effects that might be expected to affect mixing rates, the

transition to non-periodic flow, and geometric resonances in

transport, do not have a measurable affect. !3" Mixing rates
are more accurately predicted by an effective diffusion

model than by a model based on finite time Lyapunov expo-

nents. This leads to the conclusion that attempts to predict

mixing rates in large systems must include transport as well

as stretching rates. !4" Understanding transport mechanisms
in this flow allows deeper insight into the processes that

create periodic persistent patterns.16

II. EXPERIMENT

We study mixing in an electromagnetically driven fluid

layer as shown in Fig. 1. A sinusoidal electric current travels

horizontally through a fluid layer that is placed above an

array of permanent magnets. The resulting Lorentz forces

drive a vortex array flow in the fluid. The magnets are con-

figured either randomly or on a regular grid as shown in Fig.

1. In order to have a 2-D layer with negligible shear across it,

a less dense non-conducting fluid layer 1 mm thick floats on

the conducting layer. The fluids are mixtures of glycerin and

water; the lower layer contains NaCl !3 M concentration" to
make it conductive. The two layers remain distinct for the

duration of an experiment, roughly 20 min, even though they

are miscible.

For most of the experiments reported in this paper, half

of the upper layer is initially marked with sodium fluorescein

dye !concentration 7.5!10"5 M) and the other half is un-

a"Currently at Department of Physics, Wesleyan University, Middletown, CT

06459.
b"Also at Department of Physics, University of Pennsylvania, Philadelphia,

PA 19104. Electronic mail: jgollub@haverford.edu

PHYSICS OF FLUIDS VOLUME 15, NUMBER 9 SEPTEMBER 2003

25601070-6631/2003/15(9)/2560/7/$20.00 © 2003 American Institute of Physics

Downloaded 20 Jul 2006 to 165.82.176.89. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp

☛ The experimental decay 
rate is smaller by a factor of 
ten than the LLS prediction:

Eq. (3) 

ν = F (−1) = inf
∀h

(h + G(h))



A global mechanism?
scale Lflow on which the flow varies. This occurs when

!! /Sloc"1/2eSloc!t!s"#Lflow, i.e., t!s# 1

2
Sloc
!1 ln!SlocLflow

2 /!". At
this stage the velocity field can no longer be approximated as

a linear function of space and the filamentary region begins

to curve and fold (defined as regime III). It therefore seems
unlikely this regime can be fully captured by theories that

follow the stretching histories of individual fluid parcels and

approximate the velocity field as a linear function of space.

The details of what happens subsequently depends on

the transport and mixing properties of the flow. Here we shall

consider flows that are globally mixing in the sense that a

small material area is deformed by the flow such that at

sufficiently large times it intersects an arbitrarily chosen area

in the flow domain. In other words we shall assume that

there are no transport barriers (barriers to purely advective
transport) that divide the flow into disjoint regions. It follows
that the filamentary area corresponding to the domain of in-

fluence of any point x is repeatedly stretched and folded as s

decreases from t until it covers the whole domain. The period

during which the filamentary area visits only part of the do-

main will be regarded as belonging to regime III. The final

regime, beyond the time at which domain of influence has

expanded to cover the whole flow domain, is defined as re-

gime IV. The structure of the domain of influence in this final

regime might be described as “packed filaments” in the ter-

minology of Sukhatme and Pierrehumbert.
12
The different

regimes of behavior are depicted schematically in Fig. 1.

In regime III the domain of influence samples stretching

rates associated with many parts of the flow and an estimate

for the time spent in regime III, i.e., the time taken for the

area of the domain of influence to increase to Lflow
2 , is given

by
1

2
Sglob
!1 ln!Lflow

2
Sloc /!", where Sglob is the stretching rate av-

eraged over the entire flow.

Note that if there are transport barriers in the flow, then

the domain of influence of a given point will eventually

cover the whole flow domain, but the time scales for pen-

etration of the barriers by the domain of influence will de-

pend strongly on the diffusivity !.
Now consider the implications for the evolution of the

concentration, which is a weighted integral of the initial con-

centration field over the domain of influence. Denote the

length scale of variation of the initial scalar field "0!x" by
L"0
. At early times (regimes I and II) the domain of influence

on x has a scale much smaller than L"0
. In other words, it is

as if the function G!x , t ,y ,0" is a # function, as it would be
for all time in the case where diffusivity was zero. At these

early times, therefore, advection dominates the evolution of

the scalar field (even though diffusion plays an important
role in determining the size of the small but finite region in

which G is significantly different from zero), and, if
G!x , t ,y ,0" was in regime II for all x, the probability density
of scalar concentration, for example, would be that implied

by the initial condition.

The effect of diffusion on the scalar field at x is felt

when the domain of influence on x has evolved to a filament

whose length is comparable to L"0
. Beyond this stage there is

increasing cancellation in the integral from different parts of

the domain of influence (recall that the integral of the initial

concentration field over the domain has been assumed to be

zero) and hence decay in time.9 This occurs within regime II
only if L"0

is significantly less than the length scale of the

velocity field Lflow. This case is the primary focus of

Sukhatme and Pierrehumbert.
12
In this case calculations

based on the local stretching theory can give useful quanti-

tative information on the decay of the concentration, at least

until the end of regime II is reached. Otherwise, if L"0
#Lflow, the diffusive effects are felt precisely when regime II

ends and the approximate description of the function G!·" by
the local stretching theory breaks down.

In regime III the decay of the tracer continues to be

governed by the way in which the filamentary domain of

influence samples the initial condition and the fact that there

is increasingly good cancellation from different parts of the

domain. By regime IV the idea of a domain of influence is

less helpful and it is better to think of the small remaining

inhomogeneities of G!x , t ,y ,s" as determining the value of
"!x , t", given the assumption that the integral of "0!x" over
the flow domain is zero. We suggest that the decay of "!x , t"
in this regime is essentially independent of x. The evidence

FIG. 1. Schematic diagram showing, in y space, the different regimes in the

evolution of the Green function G!x , t ,y ,s" as s decreases from t. Regime I:

$t!s$Sloc
!1% Diffusion dominates and the domain of influence spreads isotro-

pically. Regime II: $Sloc!1% t!s$ 1

2
Sloc
!1 ln!SlocLflow

2 /!"% The domain of influ-
ence is determined by diffusion and the local stretching experienced along

the backward trajectory from x. (S
loc
is the time-averaged stretching rate

following the backward trajectory.) Regime III: $ 1
2
Sloc
!1 ln!SlocLflow

2 /!"% t!s

%Sglob
!1 ln!SlocLflow

2 /!"% The domain of influence has the form of a filament

whose length is larger than the length scale of the flow Lflow and which

therefore experiences stretching corresponding to several different backward

trajectories, represented by an average stretching rate Sglob. Regime IV: $t
!s&Sglob

!1 ln!SlocLflow
2 /!"% The domain of influence covers the whole flow

domain, though the function G!x , t ,y ,s" is not homogeneous. The elliptical
curves are schematic contours of a possible initial condition (applied at t
=s" with the dotted curve indicating negative values and the dashed curve
indicating positive values. The concentration at x at time t due to this initial

condition is the weighted integral of the initial concentration field over the

domain of influence.
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2 Some K2 evolution equations

In this section we derive four evolution equations using the K2-model. We’re
going to start with the easiest case, the evolution of the averaged concen-
tration, and climb towards the most difficult case which is the kinematic
dynamo problem originally considered by Kazantsev. When I say “difficult”
I’m simply referring to increasingly fiddly index manipulations.

Before we take τ → 0, the velocity u satisfies 〈ui〉 = 0, and

〈ui(x1, t1)uj(x2, t2)〉 = 2Uij(x2 − x1)δτ (t2 − t1) . (2)

Above, Uij is the velocity correlation tensor1. For the moment, we’re not
assuming that the statistics of u are isotropic. Thus Uij is a function of the
full vector separation

x ≡ x2 − x1 , (3)

not merely r ≡ |x| =
√

xixi. However for simplicity we assume that the flow
is spatially homogeneous and incompressible, so that

Uij,i(x) = Uij,j(x) = 0 . (4)

(Above, the indices after the comma denote derivatives with respect to the
i’th and j’th components of x.)

Also in (??), δτ (t) denotes the “soft” δ-function

δτ (t) =
1

τ

(

1 −
|t|
τ

)

H(τ − |t|) , (5)

appropriate to the simple renewal model. In (??), H(τ − |t|) is a step
function ensuring that correlations vanish if t2− t1 is greater than the epoch
duration τ . There is an annoying technical difficulty in constructing the
renewal model for u and obtaining the correlation function in (??). One
must divide the positive time axis, 0 ≤ t < ∞ into epochs of duration τ , so
that in a particular realization the n’th epoch is

0 ≤ t ≤ nτ − τ0 , n = 1 , 2 , · · · (6)

1I’ve agonized over notation and decided to include the factor of 2 on the right of (??)
because this improves the appearance of subsequent expressions. I’ve also decided to use
x, rather than r, to denote the separation vector x2 −x1. This invites confusion because
in earlier lectures x was the absolute position of a single point — so keep the context in
mind.

2

The random initial phase τ0 is uniformly distributed in (0, τ) and is constant
in each realization. This device ensures that the renewals in different real-
izations aren’t synchronized: the ensemble begins at t = 0 in a statistically
steady state, and the correlation function δτ (t2− t1) indeed depends only on
the difference t2 − t1. In practice we usually ignore this nicety and consider
that the renewals occur synchronously at t = nτ .

Notice also that

〈[ui(x2, t2) − ui(x1, t1)] [uj(x2, t2) − uj(x1, t1)]〉 = 4Sij(x)δτ (t2 − t1) , (7)

where the structure tensor is

Sij(x) ≡ Uij(0) − Uij(x) . (8)

The average concentration

Now consider the tracer equation

ct + uic,i = κ∇2c , (9)

where ui is a realization of our random renewal model. We desire an evo-
lution equation for the average concentration 〈c(x, t)〉. We ignore κ for the
moment and simply use a Taylor series to obtain c(x, τ) from c(x, 0):

c(x, τ) = c(x, 0) − τuic,i(x, 0)
︸ ︷︷ ︸

O(τ1/2)

+1
2 τ2uj [uic,i(x, 0)],j
︸ ︷︷ ︸

O(τ)

+ O
(

τ3u3
)

︸ ︷︷ ︸

O(τ3/2)

. (10)

The actual dependence on τ of the various terms is indicated by the under-
brace: recall that ui = ui(x, 0) is a steady, O(τ−1/2) velocity throughout
the epoch 0 < t < τ . Rearranging a bit, we have:

∆c

τ
= −uic,i(x, 0) + 1

2τujui,jc,i(x, 0) + 1
2τujuic,ij(x, 0) . (11)

Notice that the first term on the right is O(τ−1/2), and so we cannot take
τ → 0 and obtain a differential equation (yet). However this large term
vanishes when we take an ensemble average. Thus averaging, taking the
limit τ → 0, using 〈ui〉 = 0 and (??) and reinstating κ, one obtains

〈c〉t = κ∇2〈c〉 + Uij(0)〈c〉,ij . (12)

The eddy diffusivity tensor is therefore κ + Uij(0).
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The tracer correlation function

Next, we desire an evolution equation for the tracer correlation function

C(x, t) ≡ 〈c(x1, t)c(x2, t)〉 . (21)

We proceed as before by constructing the solution at t = τ as

c(x1, τ) = c1 − τu1ic1,i + 1
2τ2u1,j (u1,ic1,i)j . (22)

Above, we use the shorthand

c1 ≡ c(x1, 0) and u1i ≡ ui(x1, 0) , (23)

and likewise for c2 and u2i.
Now multiplying the expressions for c(x1, τ) and c(x2, τ) together we

have

∆c1c2

τ
= −u1ic1,ic2 − u2ic1c2,i

+ 1
2τ (u1iu1jc1,ijc2 + u2iu2jc1c2,ij)

+ 1
2τ (u1i,ju1jc1,ic2 + u2i,ju2jc1c2,i)

+ τu1iu2jc1,ic2,j . (24)

On averaging, the terms on the right of the first and third line are zero. The
terms on the second line give 2Uij(0)C,ij , and those on the fourth line give

τ〈u1iu2j〉〈c1,ic2,j〉 = −2Uij(x)C,ij ; (25)

the minus sign on the right arises because derivative of C are with respect to
separation x = x2−x1 and ∇1 = −∇x and ∇2 = +∇x (see the appendix).
Thus, when the dust settles,

Ct = 2κ∇2
C + 2SijC,ij , (26)

where Sij(x) is the velocity structure tensor defined in (??). To motivate
the task of solving (??) we return to the passive-scalar decay problem and
describe a controversy that is settled by these solutions.

The magnetic field correlation function

Now we consider a more complicated two-point correlation function

Bij(x, t) ≡ 〈b(x1, t)bj(x2, t)〉 , (27)

5

The tracer correlation function

Next, we desire an evolution equation for the tracer correlation function

C(x, t) ≡ 〈c(x1, t)c(x2, t)〉 . (21)

We proceed as before by constructing the solution at t = τ as

c(x1, τ) = c1 − τu1ic1,i + 1
2τ2u1,j (u1,ic1,i)j . (22)

Above, we use the shorthand

c1 ≡ c(x1, 0) and u1i ≡ ui(x1, 0) , (23)

and likewise for c2 and u2i.
Now multiplying the expressions for c(x1, τ) and c(x2, τ) together we

have

∆c1c2

τ
= −u1ic1,ic2 − u2ic1c2,i

+ 1
2τ (u1iu1jc1,ijc2 + u2iu2jc1c2,ij)

+ 1
2τ (u1i,ju1jc1,ic2 + u2i,ju2jc1c2,i)

+ τu1iu2jc1,ic2,j . (24)

On averaging, the terms on the right of the first and third line are zero. The
terms on the second line give 2Uij(0)C,ij , and those on the fourth line give

τ〈u1iu2j〉〈c1,ic2,j〉 = −2Uij(x)C,ij ; (25)

the minus sign on the right arises because derivative of C are with respect to
separation x = x2−x1 and ∇1 = −∇x and ∇2 = +∇x (see the appendix).
Thus, when the dust settles,

Ct = 2κ∇2
C + 2SijC,ij , (26)

where Sij(x) is the velocity structure tensor defined in (??). To motivate
the task of solving (??) we return to the passive-scalar decay problem and
describe a controversy that is settled by these solutions.

The magnetic field correlation function

Now we consider a more complicated two-point correlation function

Bij(x, t) ≡ 〈b(x1, t)bj(x2, t)〉 , (27)

5

☛ Recall the velocity correlation tensor:

☛ This implies:

where the velocity “structure function” is

☛ With a K^2 calculation, we see that:

satisfies:

x ≡ x2 − x1above



Isotropic solutions of   

In analogy with the fast-dynamo problem, we call flows with the property
(41) fast mixers. A fast mixing flow must be singular in the sense that the
decay rate is independent of κ as κ → 0, even though cRMS does not decay
if κ = 0.

The controversy mentioned above is that there is not universal agreement
on how γ0 is related to properties of u. There are two views in the literature:

1. global control, in which γ0 is determined by the large scales in the
problem i.e., the domain scale L and the eddy diffusivity, which in
turn depends on the largest length scales of the flow;

2. local control, in which γ0 is independent of the domain scale and de-
termined by instead by small-scale properties of the flow, such the
Lyapunov exponents of the flow.

Pierrehumbert’s strange eigenmode is an example of a large-scale, globally
controlled structure. The decay of a randomly strained gaussian is an ex-
ample of a locally controlled structure.

In the remainder of this lecture we use solutions of the (26) to calculate
γ in a precisely defined problem and settle this controversy.

5 The isotropic case

The simplest solutions of (26) are obtained by assuming that there is no
preferred direction in space i.e., that the velocity ensemble is isotropic. In
this case the velocity structure tensor has the form

Sij(r) =
1

d − 1

[

r2−d
(

rd−1S
)

r
δij − r−1Srxixj

]

, (42)

(see the appendix for more details of the isotropic case). The function S(r)
is the second-order longitudinal velocity structure function. To see this, you
can verify that on the x1-axis, where x = x1ê1,

S11(xê1) = S(x1) . (43)

For S(r), we have in mind a model such as

S(r) = κ′
e

[

1 −
1

(1 + r̄2)p

]

, (44)
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where r̄ ≡ r/a, with a the correlation length of the flow; κ′
e is almost the

single-particle eddy diffusivity: we reserve κe = κ′
e+κ for the full diffusivity3.

The index4 p controls the rate of convergence of S(r) to κ′
e as r̄ → ∞.

Now we restrict attention to radially symmetric solutions C = C(r, t) of
(26) and substitute this ansatz into (26). After some working we obtain a
simple radial diffusion equation

Ct = 2r1−d
[

rd−1KCr

]

r
, (45)

where the variable diffusivity is K(r) ≡ κ + S(r).

Modal solutions, d = 2

We look for exponentially decaying modal solutions

C(r, t) = e−νtC(r) , (46)

and in d = 2 obtain the following eigenproblem

2r−1 [rKCr]r + νC = 0 . (47)

To roughly model the effect of a finite domain we introduce a boundary
at r = r∗, and apply the no-flux condition

Cr(r∗) = 0 . (48)

With this boundary condition there is a trivial mode C = 1 and ν = 0.
Naturally we’re interested in the next eigenmode, with eigenvalue

ν > 0 . (49)

The expectation is that the long-term decay of an arbitrary initial condition
is controlled by the smallest non-zero eigenvalue i.e., that γ in (40) is equal
to the smallest non-zero eigenvalue.

With smallish values of κ/κe, numerical solution of the eigenproblem
is straightforward and some illustrative results are shown in Figure 1 and
Figure 2.

If we use the correlation length of the flow a to non-dimensionalize length,
and κet/a2 as a non-dimensional time, then the eigenproblem posed by (47)
and (48) has two non-dimensional parameters, κ/κe and r∗/a. We’re inter-
ested in the limit κ/κe → 1, with r∗/a fixed. This limit is singular, since if
we set κ = 0 then K(0) = 0, and (47) evaluated at r = 0 gives νC(0) = 0.

3If the separation of a pair of particles is much greater than a then they disperse as
two independent random walkers, and the mean square separation grows as 4dκet.

4We should check realizability: is the energy spectrum of the model in (44) non-
negative?
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☛ For an isotropic flow:

☛ Assume isotropy:
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☛Eigensolutions, , with a model BC

☛ This is a standard S-L problem:
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[

rd−1KCr

]

r
, (45)

where the variable diffusivity is K(r) ≡ κ + S(r).

Modal solutions, d = 2
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To roughly model the effect of a finite domain we introduce a boundary
at r = r∗, and apply the no-flux condition
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Naturally we’re interested in the next eigenmode, with eigenvalue
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is controlled by the smallest non-zero eigenvalue i.e., that γ in (40) is equal
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3If the separation of a pair of particles is much greater than a then they disperse as
two independent random walkers, and the mean square separation grows as 4dκet.
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☛ A model structure function:

In analogy with the fast-dynamo problem, we call flows with the property
(41) fast mixers. A fast mixing flow must be singular in the sense that the
decay rate is independent of κ as κ → 0, even though cRMS does not decay
if κ = 0.

The controversy mentioned above is that there is not universal agreement
on how γ0 is related to properties of u. There are two views in the literature:

1. global control, in which γ0 is determined by the large scales in the
problem i.e., the domain scale L and the eddy diffusivity, which in
turn depends on the largest length scales of the flow;

2. local control, in which γ0 is independent of the domain scale and de-
termined by instead by small-scale properties of the flow, such the
Lyapunov exponents of the flow.

Pierrehumbert’s strange eigenmode is an example of a large-scale, globally
controlled structure. The decay of a randomly strained gaussian is an ex-
ample of a locally controlled structure.

In the remainder of this lecture we use solutions of the (26) to calculate
γ in a precisely defined problem and settle this controversy.

5 The isotropic case

The simplest solutions of (26) are obtained by assuming that there is no
preferred direction in space i.e., that the velocity ensemble is isotropic. In
this case the velocity structure tensor has the form

Sij(x) =
1

d − 1

[

r2−d
(

rd−1S
)

r
δij − r−1Srxixj

]

, (42)

(see the appendix for more details of the isotropic case). The function S(r)
is the second-order longitudinal velocity structure function. To see this, you
can verify that on the x1-axis, where x = x1ê1,

S11(xê1) = S(x1) . (43)

For S(r), we have in mind a model such as

S(r) = κ′
e

[

1 −
1

(1 + r̄2)p

]

, (44)
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with r̄ ≡ |x|
a

The tracer correlation function

Next, we desire an evolution equation for the tracer correlation function

C(x, t) ≡ 〈c(x1, t)c(x2, t)〉 . (21)

We proceed as before by constructing the solution at t = τ as

c(x1, τ) = c1 − τu1ic1,i + 1
2τ2u1,j (u1,ic1,i)j . (22)

Above, we use the shorthand

c1 ≡ c(x1, 0) and u1i ≡ ui(x1, 0) , (23)

and likewise for c2 and u2i.
Now multiplying the expressions for c(x1, τ) and c(x2, τ) together we

have

∆c1c2

τ
= −u1ic1,ic2 − u2ic1c2,i

+ 1
2τ (u1iu1jc1,ijc2 + u2iu2jc1c2,ij)

+ 1
2τ (u1i,ju1jc1,ic2 + u2i,ju2jc1c2,i)

+ τu1iu2jc1,ic2,j . (24)

On averaging, the terms on the right of the first and third line are zero. The
terms on the second line give 2Uij(0)C,ij , and those on the fourth line give

τ〈u1iu2j〉〈c1,ic2,j〉 = −2Uij(x)C,ij ; (25)

the minus sign on the right arises because derivative of C are with respect to
separation x = x2−x1 and ∇1 = −∇x and ∇2 = +∇x (see the appendix).
Thus, when the dust settles,

Ct = 2κ∇2
C + 2SijC,ij , (26)

where Sij(x) is the velocity structure tensor defined in (??). To motivate
the task of solving (??) we return to the passive-scalar decay problem and
describe a controversy that is settled by these solutions.

The magnetic field correlation function

Now we consider a more complicated two-point correlation function

Bij(x, t) ≡ 〈b(x1, t)bj(x2, t)〉 , (27)
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and focus on the region r ! a, where the velocity structure function5 is

S(r) = βr2 + O(r4) . (50)

The κ = 0 eigenproblem is then

(

r3Cr
)

r
+

(
ν

β

)

rC = 0 , (51)

and this equation has solutions of the form

C(r) = r−1±ik , where
ν

β
= 1 + k2 . (52)

We can regard the eigenvalue ν as a function of the continuously varying
real parameter k i.e., there is a continuous spectrum. The smallest value of
ν — the edge of the continuous spectrum — is therefore

min
∀k

ν = β . (53)

The contention is that this smallest ν controls the long-term decay of cRMS(t) =
√

C(0, t). This is the prediction of Lagrangian stretching theories: in the
notation of (41)

γ0 = β . (54)

The Rayleigh-Ritz objection to Lagrangian stretching

The Rayleigh-Ritz principle, namely that

ν = min
∀F

∫ r∗
0 KF 2

r r dr
∫ r∗
0 F 2r dr

, where F ′(r∗) = 0, (55)

shows that ν = β cannot be universally correct. Specifically, suppose we
replace K(r) in (47) by K(∞) = κe and obtain a test function by solving
the resulting eigenproblem:

κe (rFr)r + νRRrF = 0 . (56)

This gives
F (r) = J0(z1r/r∗) , νRR = z2

1κe/r
2
∗ , (57)

where z1 = 3.83171 is the first positive zero of the Bessel function J1 = −J ′
0.

5With the model S(r) in (44), β = pκ′

e/a2. The inverse time scale β is related to the
Lyapunov exponent by γLpv = 4β.
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☛ With kappa=0, the eigenproblem is:

☛ There is a continuous spectrum:

☛ The LLS prediction is that the decay rate is:

The LLS prediction uses  S(r) = βr2 + O(r2)
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Using this F as a test function in (55), we have

ν ≤
∫ r∗
0 KF 2

r r dr
∫ r∗
0 F 2r dr

≤
κe

∫ r∗
0 F 2

r r dr
∫ r∗
0 F 2r dr

=
z2
1κe

r2
∗

. (58)

Recalling that β = pκ′
e/a

2 → pκe/a2, we see the inequality above contradicts
the Lagrangian stretching prediction ν = β if

r∗ ≥
z1a√

p
. (59)

In other words, (58) shows that the smallest eigenvalue can be made arbi-
trarily small by increasing the domain size r∗, yet the Lagrangian-stretching
prediction is that the smallest eigenvalue is equal to 2β, which is indepen-
dent of r∗. We believe Rayleigh-Ritz, and therefore conclude that there is a
problem with the Lagrangian-stretching argument.

A small domain, r∗/a % 1

Let us try to clarify the situation by developing some understanding of the
small-domain case. With a careful analysis of the eigenproblem we show that
the Lagrangian stretching prediction, limκ→0 ν = β, is correct if r∗ % a.

We recast the eigenproblem (47) by changing the independent variable
to

X ≡ ln

(√

β

κ
r

)

, (60)

so that r∂r = ∂X , and we adjust the definition of the eigenvalue ν by defining
k as

ν

β
= 1 + k2 . (61)

The definition above is motivated by the form of the continuous spectrum
in (52).

Since r∗ % a, the approximation S(r) ≈ βr2 is valid throughout the
whole domain. In terms of X, the radial diffusivity is therefore K(r) =
κ

(

1 + e2X
)

, and the eigenproblem (47) is

((

1 + e2X
)

CX
)

X
+ (1 + k2)e2XC = 0 , (62)

or equivalently

(

1 + e−2X
)

CXX + 2CX + (1 + k2)C = 0 . (63)

12

☛ Estimate the eigenvalue with:

☛ To obtain a test function, solve:

where

☛ The decay rate is constrained by:

☛In a large domain, The LLS result, ν = β

☛ Is LLS ever correct?  

, violates this upper bound.... 
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☛To analyze the eigenproblem we use new variables: 

☛We have: 

C(−∞) = 1 CX(X∗) = 0
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Figure 3: The solution of (66), obtained using the analytic solution in the
appendix. The dashed curve is the X ! 1 approximation in (68) (with
Q = 1).

We’re taking the limit κ → 0, so that the domain size satisfies the
inequality 1 # X∗. In the outer region 1 # X ≤ X∗ we simplify (63) by
dropping the term e−2XCXX . Then we can solve the remaining constant
coefficient equation and apply the no flux boundary condition at X∗:

C = e−X [k cos (k (X − X∗)) + sin (k (X − X∗))] . (64)

This is “outer solution” is equivalent to combing the two solution in (52) so
as to satisfy the boundary condition at r∗. In anticipation of an asymptotic
matching argument, we simplify (64) in the region 1 # X # k−1:

C ∼ e−X
[

cos(kX∗) kX + sin(kX∗) + O(k2X, k)
]

. (65)

The approximation (64) doesn’t work where X = O(1), and especially
not where X < 0. In this “inner region” we have another approximation

(

1 + e−2X
)

CXX + 2CX + C = 0 . (66)

(i.e., we neglect only the term k2C). Fortunately we can solve (66) exactly6

6 Here’s how to do it without explicit solution of (66). One argues as X increases
the unknown inner solution reduces to C ∼ (A + BX) exp(−X), and that the ratio A/B
is independent of X∗. Comparing C ∼ (A + BX) exp(−X) with (65) we conclude A =
sin kXR and B = k cos kX∗, and therefore

A
B

= k−1 tan kX∗ . (67)

Using Y = kX∗ as a new variable, and plotting Y −1 tan Y , one sees that this asymptotic
independence of A/B implies that kX∗ → π as X → ∞.
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☛In the outer region, 1<<X < X_* it is easy: 
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matching argument, we simplify (64) in the region 1 # X # k−1:

C ∼ e−X
[

cos(kX∗) kX + sin(kX∗) + O(k2X, k)
]

. (65)

The approximation (64) doesn’t work where X = O(1), and especially
not where X < 0. In this “inner region” we have another approximation

(

1 + e−2X
)

CXX + 2CX + C = 0 . (66)

(i.e., we neglect only the term k2C). Fortunately we can solve (66) exactly6

6 Here’s how to do it without explicit solution of (66). One argues as X increases
the unknown inner solution reduces to C ∼ (A + BX) exp(−X), and that the ratio A/B
is independent of X∗. Comparing C ∼ (A + BX) exp(−X) with (65) we conclude A =
sin kXR and B = k cos kX∗, and therefore

A
B

= k−1 tan kX∗ . (67)

Using Y = kX∗ as a new variable, and plotting Y −1 tan Y , one sees that this asymptotic
independence of A/B implies that kX∗ → π as X → ∞.
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Figure 3: The solution of (66), obtained using the analytic solution in the
appendix. The dashed curve is the X ! 1 approximation in (68) (with
Q = 1).
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(see the appendix and the Figure 1) and so obtain in the matching region

C(X) ∼ Q
2

π
e−X (X + 2 ln 2) , (68)

where Q is a constant of integration. Comparing (65) and (68) we have

Q
2

π
= k cos kX∗ , Q

2

π
ln 4 = sin kX∗ (69)

and so the eigenrelation is

tan kX∗ = k ln 4 . (70)

If X∗ " 1 then the equation above has a solution k ∝ X−1
∗ , specifically

k ≈
π

X∗ − ln 4
=

π

ln

(√

β
κ

r∗
4

) . (71)

6 Passive scalar decay problem in an infinite plane

With the tracer-decay problem in mind, let’s consider the passive-scalar
decay problem in an infinite plane (d = 2). The domain consists of an inner
region r = O(") where the diffusivity K(r) is a strong function of r, and the
outer region r " O("), in which K(r) ≈ κe. We proceed to solve the radial
diffusion equation (45) using a matched asymptotic expansion.

In the outer region we expect that at longish times, the solution of (45)
is close to

Cout(r, t) ≈
a

t
e−

1
2 η2

, (72)

where η ≡ r/(2
√

κet) is the usual similarity variable in diffusion problems
and a is a normalization constant related to initial conditions. We have to
check and make sure that the low-diffusion inner region does not result in a
substantial modification of this simple picture in which the decay is due to
plain old eddy diffusivity.

In the matching region, η ( 1, we have Cout ≈ at−1. We try to develop
the inner solution assuming that C ≈ at−1 applies throughout the inner
region, and serves as the first term in an iterative expansion. We proceed
making this assumption, so that the next term in the inner expansion is

2r−1 [rKCin r]r = −
a

t2
, (73)

14

☛Asymptotically matching the in the region 1! X ! k−1
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the eigenvalue is

☛So LLS is correct in a small domain, and ν = β + O

(
1

ln2 κ

)
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Figure 1: The solid curves are the first three eigenfunctions obtained by
solving (47), with the boundary condition (48), numerically. We use the
model in (44) with p = 1; the dashed curve is K(r)/κe.
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Figure 2: The first three eigenvalues of (47) and (48) as functions of r∗/a. As
r∗/a increases the eignvalue 2ν approaches the asymptotic value 2z2

nκe/r2
∗ ,

where zn is the n’th zero of J1; the first two asymptotic values (correspond-
ing to z1 = 3.83171 and z2 = 7.01559) are indicated by the dashed lines.
This shows that in a large domain the decay of a passive scalar is globally
controlled by κe.

Local control of the eigenvalues: the Lagrangian stretching
argument

According to the Lagrangian stretching theories, in the limit κ → 0 the
eigenvalues ν are determined by the dynamics at small r; the boundary
condition at r∗ is irrelevant. Thus Lagrangian stretching theories set κ = 0

10

Numerical solution of the eigenproblem  



THE END  


