ELSEVIER

H,

Physics Reports 314 (1999) 237-574

PHYSICS REPORTS

www.elsevier.com/locate/physrep

Simplified models for turbulent diffusion:
Theory, numerical modelling, and physical phenomena

Andrew J. Majda*, Peter R. Kramer
New York University, Courant Institute, 251 Mercer Street, New York, NY 10012, USA

Received August 1998; editor: 1. Procaccia

Contents

. Introduction
. Enhanced diffusion with periodic or short-
range correlated velocity fields
2.1. Homogenization theory for spatio-
temporal periodic flows
2.2. Effective diffusivity in various periodic flow
geometries
2.3. Tracer transport in periodic flows at finite
times
2.4. Random flow fields with short-range
correlations
. Anomalous diffusion and renormalization for
simple shear models
3.1. Connection between anomalous diffusion
and Lagrangian correlations
3.2. Tracer transport in steady, random shear
flow with transverse sweep
3.3. Tracer transport in shear flow with
random spatio-temporal fluctuations and
transverse sweep
3.4. Large-scale effective equations for mean
statistics and departures from standard
eddy diffusivity theory
3.5. Pair-distance function and fractal
dimension of scalar interfaces
. Passive scalar statistics for turbulent diffusion
in rapidly decorrelating velocity field models
4.1. Definition of the rapid decorrelation in time
(RDT) model and governing equations

240

243

245

262

285

293

304

308

316

342

366

389

413

417

7.

4.2. Evolution of the passive scalar correlation
function through an inertial range of scales

4.3. Scaling regimes in spectrum of fluctuations
of driven passive scalar field

4.4. Higher-order small-scale statistics of
passive scalar field

. Elementary models for scalar intermittency

5.1. Empirical observations

5.2. An exactly solvable model displaying
scalar intermittency

5.3. An example with qualitative finite-time
corrections to the homogenized limit

5.4. Other theoretical work concerning scalar
intermittency

. Monte Carlo methods for turbulent diffusion

6.1. General accuracy considerations in Monte
Carlo simulations

6.2. Nonhierarchical Monte Carlo methods

6.3. Hierarchical Monte Carlo methods for
fractal random fields

6.4. Multidimensional simulations

6.5. Simulation of pair dispersion in the inertial
range

Approximate closure theories and exactly

solvable models

Acknowledgements
References

* Corresponding author. Tel.: (212) 998-3324; fax: (212) 995-4121; e-mail: jonjon@cims.nyu.edu.

0370-1573/99/8 - see front matter © 1999 Elsevier Science B.V. All rights reserved.

PII: S0370-1573(98)00083-0

427
439
450
460
462
463
483

488
493

495
496

521
545

551
559

561
561



A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574 239

Abstract

Several simple mathematical models for the turbulent diffusion of a passive scalar field are developed here with an
emphasis on the symbiotic interaction between rigorous mathematical theory (including exact solutions), physical
intuition, and numerical simulations. The homogenization theory for periodic velocity fields and random velocity fields
with short-range correlations is presented and utilized to examine subtle ways in which the flow geometry can influence
the large-scale effective scalar diffusivity. Various forms of anomalous diffusion are then illustrated in some exactly
solvable random velocity field models with long-range correlations similar to those present in fully developed turbulence.
Here both random shear layer models with special geometry but general correlation structure as well as isotropic rapidly
decorrelating models are emphasized. Some of the issues studied in detail in these models are superdiffusive and
subdiffusive transport, pair dispersion, fractal dimensions of scalar interfaces, spectral scaling regimes, small-scale and
large-scale scalar intermittency, and qualitative behavior over finite time intervals. Finally, it is demonstrated how
exactly solvable models can be applied to test and design numerical simulation strategies and theoretical closure
approximations for turbulent diffusion. © 1999 Elsevier Science B.V. All rights reserved.

PACS: 47.27.Qb; 05.40. + j; 47.27. — i; 05.60. + w; 47.27.Eq; 02.70.Lq
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1. Introduction

In this review, we consider the problem of describing and understanding the transport of some
physical entity, such as heat or particulate matter, which is immersed in a fluid flow. Most of our
attention will be on situations in which the fluid is undergoing some disordered or turbulent
motion. If the transported quantity does not significantly influence the fluid motion, it is said to be
passive, and its concentration density is termed a passive scalar field. Weak heat fluctuations in
a fluid, dyes utilized in visualizing turbulent flow patterns, and chemical pollutants dispersing in
the environment may all be reasonably modelled as passive scalar systems in which the immersed
quantity is transported in two ways: ordinary molecular diffusion and passive advection by its fluid
environment. The general problem of describing turbulent diffusion of a passive quantity may be
stated mathematically as follows:

Let v(x, t) be the velocity field of the fluid prescribed as a function of spatial coordinates x and
time ¢, which we will always take to be incompressible (V-v(x,t) = 0). Also let f(x,t) be a
prescribed pumping (source and sink) field, and Ty(x) be the passive scalar field prescribed at
some initial time ¢t = 0. Each may have a mixture of deterministic and random components, the
latter modelling noisy fluctuations. In addition, molecular diffusion may be relevant, and is
represented by a diffusivity coefficient x. The passive scalar field then evolves according to the
advection—diffusion equation

0T (x,1)/0t + v(x, 1) VT(x,t) = kAT (x,t) + f(x,1) ,
Tx,t =0)= Tox) . (1)

The central aim is to describe some desired statistics of the passive scalar field T(x,t) at times
t > 0. For example, a typical goal is to obtain effective equations of motion for the mean passive
scalar density, denoted <{T(x,1)).

While the PDE in Eq. (1) is linear, the relation between the passive scalar field T(x,t) and the
velocity field v(x, t) is nonlinear. The influence of the statistics of the random velocity field on the
passive scalar field is subtle and very difficult to analyze in general. For example, a closed equation
for (T(x,t)) typically cannot be obtained by simply averaging the equation in Eq. (1), because
{v(x,t)* VT(x,t)> cannot be simply related to an explicit functional of {T(x,t)) in general. This is
a manifestation of the “turbulence moment closure problem” [227].

In applications such as the predicting of temperature profiles in high Reynolds number turbu-
lence [196,227,247,248], the tracking of pollutants in the atmosphere [ 78], and the estimating of
the transport of groundwater through a heterogeneous porous medium [79], the problem is further
complicated by the presence of a wide range of excited space and time scales in the velocity field,
extending all the way up to the scale of observational interest. It is precisely for these kinds of
problems, however, that a simplified effective description of the evolution of statistical quantities
such as the mean passive scalar density < T'(x, t)) is extremely desirable, because the range of active
scales of velocity fields which can be resolved is strongly limited even on supercomputers [154].

For some purposes, one may be interested in following the progress of a specially marked
particle as it is carried by a flow. Often this particle is light and small enough so that its presence
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only negligibly disrupts the existing flow pattern, and we will generally refer to such a particle as
a (passive) tracer, reflecting the terminology of experimental science in which fluid motion is
visualized through the motion of injected, passively advected particles (often optically active dyes)
[227]. The problem of describing the statistical transport of tracers may be formulated as follows:

Let v(x, t) be a prescribed, incompressible velocity field of the fluid, with possibly both a mean
component and a random component with prescribed statistics modelling turbulent or other
disordered fluctuations. We seek to describe some desired statistics of the trajectory X(¢) of
a tracer particle released initially from some point x, and subsequently transported jointly by the
flow v(x,t) and molecular diffusivity k. The equation of motion for the trajectory is a (vector-
valued) stochastic differential equation [112,257]

dX(t) = v(X(2), £) dt + /2K dM) (2a)
X(t=0)=x,. (2b)

The second term in Eq. (2a) is a random increment due to Brownian motion [112,257]. Basic
statistical functions of interest are the mean trajectory, {X(¢)), and the mean-square displace-
ment of a tracer from its initial location, {|X(t) — x,|*>.

It is often of interest to track multiple particles simultaneously; these will each individually obey
the trajectory equations in Eqs. (2a) and (2b) with the same realization of the velocity field v but
independent Brownian motions. The advection—diffusion PDE in Eq. (1) and the tracer trajectory
equations in Egs. (2a) and (2b) are related to each other by the theory of Ito diffusion processes
[107,257], which is just a generalization of the method of characteristics [ 150] to handle second-
order derivatives via a random noise term in the characteristic equations. We will work with both
of these equations in this review.

In principle, the turbulent velocity field v(x,t) which advects the passive scalar field should be
a solution to the Navier-Stokes equations

ov(x, 1)/0t + v(x, 1) Vo(x,t) = — Vplx,t) + vAv(x,t) + F(x,1),
Voo, t) =0, )

where p is the pressure field, v is viscosity, and F(x, t) is some external stirring which maintains the
fluid in a turbulent state. But the analytical representation of such solutions corresponding to
complex, especially turbulent flows, are typically unwieldy or unknown.

We shall therefore instead utilize simplified velocity field models which exhibit some empirical
features of turbulent or other flows, though these models may not be actual solutions to the
Navier-Stokes equations. Incompressibility V - v(x, t) = 0 is however, enforced in all of our velocity
field models. Our primary aim in working with simplified models is to obtain mathematically
explicit and unambiguous results which can be used as a sound basis for the scientific investigation
of more complex turbulent diffusion problems arising in applications for which no analytical
solution is available. We therefore emphasize the aspects of the model results which illustrate
general physical mechanisms and themes which can be expected to be manifest in wide classes of
turbulent flows. We will also show how simplified models can be used to strengthen and refine the
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arsenal of numerical methods designed for quantitative physical exploration in natural and
practical applications. First of all, simplified models offer themselves as a pool of test problems
to assess the variety of numerical simulations schemes proposed for turbulent diffusion
[109,180,190,219,291,335]. Moreover, we shall explicitly describe in Section 6 how mathematical
(harmonic) analysis of simplified models can be used as a basis to design new numerical simulation
algorithms with superior performance [82,84-86]. Accurate and reliable numerical simulations in
turn enrich various mathematical asymptotic theories by furnishing explicit data concerning the
quality of the asymptotic approximation and the significance of corrections at finite values of the
small or large parameter, and can reveal new physical phenomena in strongly nonlinear situations
unamenable to a purely theoretical treatment. Physical intuition, for its part, suggests fruitful
mathematical model problems for investigation, guides their analyses, and informs the develop-
ment of numerical strategies. We will repeatedly appeal to this symbiotic interaction between simpli-
fied mathematical models, asymptotic theory, physical understanding, and numerical simulation.

Though we do not dwell on this aspect in this review, we wish to mention the more distant goal
of using simplified velocity field models in turbulent diffusion to gain some understanding in the
theoretical analysis and practical treatment of the Navier-Stokes equations in Eq. (3) in situations
where strong driving gives rise to complicated turbulent motion [196,227]. The advection-diffu-
sion equation in Eq. (1) has some essential features in common with the Navier-Stokes equations:
they are both transport equations in which the advection term gives rise to a nonlinearity of the
statistics of the solution. At the same time, the advection-diffusion equation is more managable
since it is a scalar, linear PDE without an auxiliary constraint analogous to incompressibility. The
advection—diffusion equation, in conjunction with a velocity field model with turbulent character-
istics, therefore serves as a simplified prototype problem for developing theories for turbulence
itself.

Our study of passive scalar advection—diffusion begins in Section 2 with velocity fields which
have either a periodic cell structure or random fluctuations with only mild short-range spatial
correlations. We explain the general homogenization theory [12,32,148] which describes the
behavior of the passive scalar field at large scales and long times in these flows via an enhanced
“homogenized” diffusivity matrix. Through mathematical theory, exact results from simplified
models, and numerical simulations, we examine how the homogenized diffusion coefficient depends
on the flow structure, and investigate how well the observation of the passive scalar system at large
but finite space-time scales agrees with the homogenized description. In Section 3, we use simple
random shear flow models [10,14] with a flexible statistical spatio-temporal structure to demon-
strate explicitly a number of anomalies of turbulent diffusion when the velocity field has sufficiently
strong long-range correlations. These simple shear flow models are also used to explore turbulent
diffusion in situations where the velocity field has a wide inertial range of spatio-temporal scales
excited in a statistically self-similar manner, as in a high Reynolds number turbulent flow. We also
describe some universal small-scale features of the passive scalar field which may be derived in an
exact and rigorous fashion in such flows. Other aspects of small-scale passive scalar fluctuations are
similarly addressed in Section 4 using a complementary velocity field model [152,179] with
a statistically isotropic geometry but very rapid decorrelations in time. In Section 5, we present
a special family of exactly solvable shear flow models [207,233] which explicitly demonstrates the
phenomenon of large-scale intermittency in the statistics of the passive scalar field, by which we
mean the occurrence of a broader-than-Gaussian distribution for the value of the passive scalar
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field T(x,t) recorded at a single location in a turbulent flow [155,127,146,147,191]. Next, in
Section 6, we focus on the challenge of developing efficient and accurate numerical “Monte Carlo”
methods for simulating the motion of tracers in turbulent flows. Using the simple shear
models from Section 3 and other mathematical analysis [83,87,140], we illustrate explicitly some
subtle and significant pitfalls of some conventional numerical approaches. We then discuss the
theoretical basis and demonstrate the exceptional practical performance of a recent wavelet-
based Monte Carlo algorithm [82,84-86] which is designed to handle an extremely wide
inertial range of self-similar scales in the velocity field. We conclude in Section 7 with a brief
discussion of the application of exactly solvable models to assess approximate closure theories
[177,182,196,200,227,285,286,344] which have been formulated to describe the evolution of the
mean passive scalar density in a high Reynolds number turbulent flow [13,17].

Detailed introductions to all these topics are presented at the beginning of the respective
sections.

2. Enhanced diffusion with periodic or short-range correlated velocity fields

In the introduction, we mentioned the moment closure problem for obtaining statistics of the
passive scalar field immersed in a turbulent fluid. To make this issue concrete, consider the
challenge of deriving an equation for the mean passive scalar density {T(x,t)> advected by
a velocity field which is a superposition of a mean flow pattern V(x,t) and random, turbulent
fluctuations v(x, t) with mean zero. Angle brackets will denote an ensemble average of the included
quantity over the statistics of the random velocity field. Since the advection—diffusion equation is
linear, one might naturally seek an equation for the mean passive scalar density by simply
averaging it:

O(T(x,0)»/0t + V(x, 1) V(T (x,1)> + <v(x,0)* VT (x,0)> = kA<T(x, 1) + {f(x, 1))
(Tle,t = 0)) = <Tolx)) - (4)

Eq. (4) is not a closed equation for {T(x,t)> because the average of the advective term, {v:-VT),
cannot generally be simply related to a functional of {T(x,1)).

An early idea for circumventing this obstacle was to represent the effect of the random advection
by a diffusion term:

o, 1) VT(x, 1)y = — V(A 1-VT(x,1), (5

where ' is some constant “eddy diffusivity” matrix (usually a scalar multiple of the identity
matrix .#) which is to be estimated in some manner, such as mixing-length theory ([320],
Section 2.4). From assumption (5) follows a simple effective advection—diffusion equation for the
mean passive scalar density

0T (x,1)>/0t + Vx,1) VT (x,0)> = V(I + A 1) V{T(x,0)>) + {f(x,0)> ,
(T, t =0)) =<Tolx) ,
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where the diffusivity matrix (x.# + A7) is (presumably) enhanced over its bare molecular value by
the turbulent eddy diffusivity #; coming from the fluctuations of the velocity. The closure
hypothesis (5) is the “Reynolds analogy” of a suggestion first made by Prandtl in the context of the
Navier-Stokes equations (see [227], Section 13.1). It may be viewed as an extension of kinetic
theory, where microscopic particle motion produces ordinary diffusive effects on the macroscale.
There are, however, some serious deficiencies of the Prandtl eddy diffusivity hypothesis, both in
terms of theoretical justification and of practical application to general turbulent flows (see [227],
Section 13.1; [320], Ch. 2). First of all, kinetic theory requires a strong separation between the
microscale and macroscale, but the turbulent fluctuations typically extend up to the scale at which
the mean passive scalar density is varying. Moreover, the recipes for computing the eddy diffusivity
A are rather vague, and are generally only defined up to some unknown numerical constant “of
order unity”. More sophisticated schemes for computing eddy viscosities based on renormalization
group ideas have been proposed in more recent years [243,300,344], but these involve other ad hoc
assumptions of questionable validity.

In Section 2, we will discuss some contexts in which rigorous sense can be made of the eddy
diffusivity hypothesis (5), and an exact formula provided for the enhanced diffusivity. All involve
the fundamental assumption that, in some sense, the fluctuations of the velocity field occur on
a much smaller scales than those of the mean passive scalar field. These rigorous theories therefore
are not applicable to strongly turbulent flows, but they provide a solid, instructive, and relatively
simple framework for examining a number of subtle aspects of passive scalar advection-diffusion in
unambiguous detail. Moreover, they can be useful in practice for certain types of laboratory or
natural flows at moderate or low Reynolds numbers [301,302].

Overview of Section 2: We begin in Section 2.1 with a study of advection-diffusion by velocity
fields that are deterministic and periodic in space and time. Generally, we will be considering
passive scalar fields which are varying on scales much larger than those of the periodic velocity field
in which they are immersed. Though the velocity field is deterministic, one may formally view the
periodic fluctuations as an extremely simplified model for small-scale turbulent fluctuations.
Averaging over the fluctuations may be represented by spatial averaging over a period cell. After
a convenient nondimensionalization in Section 2.1.1, we formulate in Sections 2.1.2 and 2.1.3 the
homogenization theory [32,149] which provides an asymptotically exact representation of the
effects of the small-scale periodic velocity field on the large-scale passive scalar field in terms of
a homogenized, effective diffusivity matrix #"* which is enhanced above bare molecular diffusion.
Various alternative ways of computing this effective diffusivity matrix are presented in Sec-
tion 2.1.4. We remark that, in contrast to usual eddy diffusivity models, the enhanced diffusivity in
the rigorous homogenization theory has a highly nontrivial dependence on molecular diffusivity.
We will express this dependence in terms of the Péclet number, which is a measure of the strength of
advection by the velocity field relative to diffusion by molecular processes (see Section 2.1.1). The
physically important limit of high Péclet number will be of central interest throughout Section 2.

In Section 2.2, we apply the homogenization theory to evaluate the tracer transport in a variety
of periodic flows. We demonstrate the symbiotic interplay between the rigorous asymptotic
theories and numerical computations in these investigations, and how they can reveal some
important and subtle physical transport mechanisms. We first examine periodic shear flows with
various types of cross sweeps (Sections 2.2.1 and 2.2.2), where exact analytical formulas can be
derived. Next we turn to flows with a cellular structure and their perturbations (Section 2.2.3), and
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the subtle effects which the addition of a mean sweep can produce (Section 2.2.4). We discuss how
other types of periodic flows can be profitably examined through the joint use of analytical and
numerical means in Section 2.2.5.

An important practical issue is the accuracy with which the effective diffusivity from homogeniz-
ation theory describes the evolution of the passive scalar field at finite times. We examine this
question in Section 2.3 by computing the mean-square displacement of a tracer over a finite
interval of time. For shear flows with cross sweeps, an exact analytical expression can be obtained
(Section 2.3.1). The finite time behavior of tracers in more general periodic flows may be estimated
numerically through Monte Carlo simulations (Section 2.3.2). In all examples considered, the rate
of change of the mean-square tracer displacement is well described by (twice) the homogenized
diffusivity after a transient time interval which is not longer than the time it would take molecular
diffusion to spread over a few spatial period cells [230,231].

In Section 2.4, we begin our discussion of advection—diffusion by homogenous random velocity
fields. We identify two different large-scale, long-time asymptotic limits in which a closed effective
diffusion equation can be derived for the mean passive scalar density {T(x,t)). First is the “Kubo
theory” [160,188,313], where the time scale of the velocity field varies much more rapidly than that
of the passive scalar field, but the length scales of the two fields are comparable (Section 2.4.1). The
“Kubo diffusivity” appearing in the effective equation is simply related to the correlation function
of the velocity field. Next we concentrate on steady random velocity fields which have only
short-range spatial correlations, so that there can be a meaningfully strong separation of scales
between the passive scalar field and the velocity field. A homogenization theorem applies in such
cases [12,98,256], and rigorously describes the effect of the small-scale random velocity field on
the large-scale mean passive scalar field through a homogenized, effective diffusivity matrix
(Section 2.4.2). Homogenization for the steady periodic flow fields described in the earlier Sec-
tions 2.1, 2.2 and 2.3 is a special case of this more general theory for random fields. We present
various formulas for the homogenized diffusivity in Section 2.4.3, and discuss its parametric
behavior in some example random vortex flows in Section 2.4.4.

We emphasize again that high Reynolds number turbulent flows have strong long-range
correlations which do not fall under the purview of the homogenization theory discussed in
Section 2. The ramifications of these long-range correlations will be one of the main foci in the
remaining sections of this review.

2.1. Homogenization theory for spatio-temporal periodic flows

Here we present the rigorous homogenization theory which provides a formula for the effective
diffusion of a passive scalar field at large scales and long times due to the combined effects of
molecular diffusion and advection by a periodic velocity field. We first prepare for our discussion
with some definitions and a useful nondimensionalization in Section 2.1.1. Next, in Section 2.1.2,
we state the formula prescribed by homogenization theory for the effective diffusivity of the passive
scalar field on large scales and long times, and show formally how to derive it through a multiple
scale asymptotic analysis [32,205]. We indicate in Section 2.1.3 how to generalize the homogeniz-
ation theory to include large-scale mean flows superposed upon the periodic flow structure
[38,230]. In Section 2.1.4, we describe some alternative formulas for the effective diffusivity,
involving Stieltjes measures [9,12,20] and variational principles [ 12,97]. These representations can
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be exploited to bound and estimate the effective diffusivity in various examples and classes of
periodic flows [40,97,210], as we shall illustrate in Section 2.2.

2.1.1. Nondimensionalization

We begin our discussion of convection-enhanced diffusivity with smooth periodic velocity fields
v(x, t) defined on RY which have temporal period t,, and a common spatial period L, along each of
the coordinate axes:

v(x,t + t,) = v(x, 1),
v(x + L,é;,t) = v(x, 1),

where {é;}9_ denotes a unit vector in the jth coordinate direction. More general periodic velocity
fields can be treated similarly; the resulting formulas would simply have some additional notational
complexity. We also demand for the moment that the velocity field have “mean zero”, in that its
average over space and time vanishes:

t,
Lvdt,,ljj v(x,t)dxdt =0 .
[0,L.}*

(o]

In Section 2.1.3, we will extend our discussion to include the possibility of a large-scale mean flow
superposed upon the periodic velocity field just described.

It will be useful to nondimensionalize space and time so that the dependence of the effective
diffusivity on the various physical parameters of the problem can be most concisely described. The
spatial period L, provides a natural reference length unit. To illuminate the extent to which the
periodic velocity field enhances the diffusivity of the passive scalar field above the bare molecular
value x, we choose as a basic time unit the cell-diffusion time t, = L2/x, which describes the time
scale over which a finely concentrated spot of the passive scalar field will spread over a spatial
period cell. This will render the molecular diffusivity to be exactly 1 in nondimensional units.

The velocity field is naturally nondimensionalized as follows:

v(xa t) = UOvO(x/Lw t/tv) s

where v° is a nondimensional function with period 1 in time and in each spatial coordinate
direction, and v, is some constant with dimension of velocity which measures the magnitude of the
velocity field. The precise definition of v, is not important; it may be chosen as the maximum of
[v(x, t)| over a space—time period for example.

The initial passive scalar density To(x) will be assumed to be characterized by some total “mass”

M, = f To(x) dx

and length scale L;:
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We choose M, as a reference unit for the dimension characterizing the passive scalar quantity
(which may, for example, be heat or mass of some contaminant), and we nondimensionalize
accordingly the passive scalar density at all times:

T(x> t) - Ld

T(x/L,,t/t,) .

Passing now to nondimensional units x° = x/L,, t° = t/t,, in the advection-diffusion equation, and
subsequently dropping the superscripts ° on all nondimensional functions, we obtain the following
advection—diffusion equation:

T | by L2 /xt,) VT 1) = AT(x. 1)

ot
T(x,t = 0) = (L,/Lz)'To(x(Ly/L7)) . (6)

We now identify several key nondimensional parameters which appear in this equation. The first is
the Péclet number

Pe =voL, /K, (7)

which formally describes the ratio between the magnitudes of the advection and diffusion terms
[325]. It plays a role for the passive scalar advection—diffusion equation similar to the Reynolds
number for the Navier—-Stokes equations. Next, we have the parameter

Ty = Ktv/Lg 5

which is the ratio of the temporal period of the velocity field to the cell-diffusion time. Thirdly, we
have the ratio of the length scale of the velocity field to the length scale of the initial data, which we
simply denote

d=L,Ly. (8)

Rewriting Eq. (6) in terms of these newly defined nondimensional parameters, we obtain the final
nondimensionalized form of the advection—diffusion equation which we will use throughout
Section 2:

0T (x,t)/0t + Pev(x,t/t,) VT (x,t) = AT(x,t) ,
T(x,t = 0) = 5T o(dx) . ©)

Notice especially how the Péclet number describes, formally, the extent to which the advec-
tion-diffusion equation differs from a pure diffusion equation.

We note that the nondimensional velocity field v(x, t/7,) has period 1 in each spatial coordinate
direction and temporal period 7,. It will be convenient in what follows to define a concise notation
for averaging a function g over a spatio-temporal period:

<g>pzrvlf

0

Ty

J glx,t)dxdt .
[o,1y
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2.1.2. Homogenization theory for periodic flows with zero mean

We now seek to describe the evolution of the passive scalar field on length scales and time scales
large compared to those of the periodic velocity field. It is natural in this regard to take the initial
length scale ratio ¢ between the velocity and passive scalar length scales to be very small. From
experience with kinetic theory in which microscopic collision processes give rise to ordinary
diffusive transport on macroscales, we can expect that the joint action of the mean zero velocity
field and molecular diffusion will give rise to a net diffusion on the large scales. We therefore rescale
time with space according to the standard diffusive relation x — dx, t — §%¢, and the passive scalar
density according to

TOx, 1) = 0 4T(ox, 0%t) . (10)

The amplitude rescaling preserves the total mass of the passive scalar quantity. We note that the
choice of diffusive rescaling is appropriate here only because of the strong separation of scales
between the velocity field and the passive scalar field; when this scale separation fails to hold, other
“anomalous” space—time scaling laws may be required (see Section 3.4).

The rescaled form of the advection—diffusion equation (9) reads

_ x t
OT(x,1)/0t + 6~ 'Pe v(S’éer

TO(x,t = 0) = Tox) . (11)

>' VTOx,t) = AT (x, 1) ,

On these large space-time scales (0 < 1), the advection by the velocity field has a large magnitude
(O(6™ 1)) and is rapidly oscillating in space and/or time. Because the velocity field has mean zero,
the strong and rapidly fluctuating advection term has a finite diffusive influence on T®)(x,t) in the
0 — 0 limit, i.e. on large scales and long times. This is the content of the homogenization theory for
advection—diffusion in a periodic flow, which we now state [205].

2.1.2.1. Homogenized effective diffusion equation for periodic velocity fields. In the long time, large-
scale limit, the rescaled passive scalar field converges to a finite limit

lim TO(x,t) = T(x, 1), (12)
0—0

which satisfies an effective diffusion equation
0T(x,1)/0t = V(A *VT(x,1)), (13a)
T(x,t =0) = Tolx), (13b)

with constant, positive definite, symmetric effective diffusivity matrix ¢ *. This effective diffusivity
matrix can be expressed as

H*=I + A,

where .# is the identity matrix (representing the nondimensionalized molecular diffusion) and 4 is
a nonnegative-definite enhanced diffusivity matrix which represents the additional diffusivity due to
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the periodic flow. The enhanced diffusivity matrix -#" can be computed as follows. Let y(x, t) be the
(unique) mean zero, periodic solution to the following auxiliary parabolic cell problem (in the
unscaled nondimensional space-time coordinates):

oxlx,1)/0t + Pev(x,t/t,) Vylx,t) — Aylx,t) = — Pev(x,t/7,) . (14)
Then the components of the enhanced diffusivity matrix may be expressed as
%71'1 ={Vr Vi - (15)

For the special case of a steady, periodic velocity field, the cell problem (14) becomes elliptic,
again with a unique mean zero, periodic solution:

Ay(x) — Pev(x) Vyx) = Pev(x) . (16)

The convergence (12) of the passive scalar field rescaled on large scales and long times to the
solution of the effective diffusion equation (13) can be rigorously established in the following sense:

lim sup sup |T(x,t) — T(x,t) =0

-0 0<t<t, xeR*
for every finite to > 0, provided that T, and v obey some mild smoothness and boundedness
conditions [205]. We will sketch the derivation of the above results in a moment, but first we make
a few remarks on the nature of the equation and the effective diffusivity matrix.

The effective large-scale, long-time equation (13) is often called a “homogenized” equation
because the effects of the advection by the relatively small-scale (heterogeneous) velocity field
fluctuations (along with molecular diffusion) have been replaced by an overall effective diffusivity
matrix 2#* which is a constant “bulk” property of the fluid medium. Note that this homogenized
diffusivity need not simply be a scalar multiple of the identity; anisotropies in the periodic flow can
definitely influence the large scales. The homogenization procedure was first developed for
problems such as heat conduction in a medium with periodic, fine-scale spatial fluctuations in
conductivity (see for example [ 32]), and was adapted to advection-diffusion problems in [229,263].

We emphasize that the effective diffusivity is truly enhanced over the (nondimensionalized) bare
molecular diffusion because .# is evidently a nonnegative-definite, symmetric matrix. The en-
hanced diffusivity matrix " is always nontrivial when the flow has nonvanishing spatial gradients,
and it depends, in our nondimensional units, on both the Péclet number and the temporal period
7,. Of particular interest is its behavior at large Péclet number, and we develop some precise results
along these lines in Paragraph 2.1.4.1 and in Section 2.2.

We finally remark that the homogenized effective equation (13a) also describes the long-time
asymptotic evolution of the passive scalar density evolving from small-scale or even concentrated
initial data [149]. The point is that even a delta-concentrated source will, on time scales O(6 ™ ?),
spread over a large spatial scale O(6 ~ ') due to molecular diffusion. Since the probability distribu-
tion function (PDF) of the position X(t) of a single tracer initially located at x, obeys the
advection—diffusion equation with initial data T y(x) = d(x — x,), it follows that the PDF for the
tracer’s location becomes Gaussian in the long-time limit, with mean x, and covariance matrix
growing at an enhanced diffusive rate:

lim {(X(1) — xo)®(X(t) — x0)p ~ 247 .

t— o0
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Note in particular that the asymptotic behavior of the tracer is independent of its initial position;
the reason is that molecular diffusion will in time smear out the memory of the initial position.

We next sketch, following [32,149,205,263], how the homogenized effective equation for the
rescaled passive scalar density T(x,t) arises from a multiple scale asymptotic analysis. Sub-
sequently, we will offer some physical interpretations for the homogenization formulas (14) and (15)
for the effective diffusivity matrix.

2.1.2.2. Derivation of homogenized equation. We seek an asymptotic approximation to T(x, t) of
the following form in the é — 0 limit:

t X t
T<5>(x, 1) = Tapp,()( 5 52) + 5Tapp,1< 5 62> 4+ 8%T Tapp. 2< ,5, t,§> 4o (17)

In accordance with the usual prescription for multiple scale analysis [158], we have explicitly
accounted for the fact that the terms in the asymptotic expansion may suffer rapid oscillations in
the 6 — 0 limit due to the rapid oscillations in the coefficient of the advection term in the rescaled
advection-diffusion equation (11). We label the arguments corresponding to the rapid oscillations
as & = x/0 and © = t/6%. In the functions appearing in the multiple scale asymptotic expansion (17),
the variables (x, &, t, ) may be treated as varying independently of one another, provided we replace
space and time derivatives as follows:

0 a+ _,0
25 e
ot Ot ot’
V_’Vx‘i‘é_lVg.

Substituting now Eq. (17) into the rescaled advection-diffusion equation (11), and separately
equating terms of the three leading orders results in the following PDEs:

0(5_2): Q(per)Tapp,O =0 5 (188_)

OB~ 1: 0T, o1 = —Pev: V. Tupo0 + 2V VeTuppoo » (18b)
0T,

0(3%): Q%I » = a;*’ O Pev V. Tupp1 + 2V VeTuppt + A:Tapp.o » (18¢)

where the differential operator Q) is defined:
Q®" =9/0t + Pev(é, /1) Ve —

Note that it involves only the variables & and t, and that we may view Q®*” as operating on
functions with spatial period 1 in ¢ and temporal period 7, in 7. From the uniform parabolicity of
this operator and the incompressibility of the velocity field, it follows from classical linear PDE
theory ([105], Ch. 7) that we have the following solvability condition for Q*e":

Given any smooth space-time periodic function f(&, 1), the equation

Q"g(8,7) = f(&,7) (19)
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has a smooth periodic solution g(&, 1) if and only if f(& 1) has mean zero. This solution is
moreover unique up to an arbitrary additive constant.

It follows in particular that the only functions of & and t annihilated by Q**” are constants, so
Eq. (18a) implies that T, in fact only depends on the large-scale variables x and t:

Tapp.ox, & 1,7) = T(x,1) . (20)
Eq. (18b) therefore satisfies the solvability condition, since the right-hand side may be written as

- v(ga T) : Vx’I_-‘(x: t) 5

and v has mean zero. We can consequently express T, 1 as

Tapp,l(xa é’ L T) = X(ga T) : VxT(xs t) +C ’ (21)

where C is some constant and y(&, 7) is the unique, periodic, mean zero solution to

Qry(& 1) = —Pev(&1). (22)

Next, applying the solvability condition to Eq. (18c), we find that a necessary condition for the
solution T ,,, »(x, & t,7) to exist is that

oT
< 5It>ll ,0 — Pev- VxTapp,l + 2VC. VxTapp,1 + AxTapp,0> =0. (23)
p

The third term, which is the average of a divergence with respect to the variable &, vanishes by the
divergence theorem. Substituting Egs. (20) and (21) into this solvability relation, we have

oT : T _
~T P 3 e e Dy o+ AT = 0.

ij=1

Symmetrizing the coefficient of the Hessian of T in the second term, we can rewrite this as
0T (x,1)/0t =V (A *VT(x,1), (24)
where the effective diffusivity matrix is expressed
H* =0+ A, (25)
i = — 2Pe(C& A& DDy + & DG, 1))

This is the content of the homogenization theorem, except that the formula for the enhanced
diffusivity #" must still be massaged a bit more to bring it in the form stated in Eq. (15). Note that
the effective diffusion equation for T(x,t) arises from a solvability condition for a higher-order
(O(6?)), rapidly fluctuating term; this reflects the fact that the effective diffusivity is determined by
how the small-scale passive scalar fluctuations equilibrate under the influence of the small-scale
periodic variations in the velocity field (see below).

A
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To show that Eq. (25) is equivalent to Eq. (15), use Eq. (22) to express v; in terms of y;:
— 3Pelyw; + 2y = 5@ 1 + 1,00 e = QP xin)) + 2Vex;* Ver»
= Vi Veriy -

The first term in the average in the penultimate equality vanishes because (Q®"g> = 0 for any
function ¢ (see the discussion near Eq. (19)).

The derivation we have presented shows that, at least formally, there exist functions T,,, ; and
T app.2 SO that

(% +o° 1v<’5‘, 5-2) - A>[T(5)(x, 1) — TO,x,1)] = O() ,

where

TO (x, 1) = T(x,1) + 5Tapp,1<x,%€, t, %) + 52Tapp,2<x,%c, t, 5—2)
and T(x, t) solves Eq. (24). Using energy estimates and the maximum principle, it can be rigorously
shown from this development that T,,,; and T,,,, are bounded and lims_o|T(x,1) —
TV (x,t)] = 0, with both the boundedness and convergence uniform over all of space and over finite
time intervals [149,205]. It follows from this that the T®(x,t) converges to T(x,t) in maximum
norm as 6 — 0. The gradient of T®)(x, t), however, does not converge (strongly) to the gradient of
T(x, 1) because of rapid oscillations [264]; note from Eq. (21) that 6VT,,, ; does not vanish in the
0 — 0 limit.

app,

2.1.2.3. Physical meaning of homogenization formulas and relation to eddy diffusivity modelling. We
pause to remark upon the physical meaning of the cell problem (14) and the formula (15) for the
homogenized diffusivity matrix which arose rather mechanically through self-consistent solvability
conditions in the asymptotic expansion just presented. Note first that the passive scalar field will
evolve much more rapidly on the small scales than the large, so the small-scale fluctuations of the
passive scalar field will quickly reach a quasi-equilibrium state which depends on the local
large-scale behavior of the passive scalar field. (This quasi-equilibrium state will be periodic in time,
rather than steady, when the velocity field has periodic temporal fluctuations.) According to
Eq. (21), the quasi-equilibrium behavior of the small-scale fluctuations is determined to leading
order by the local gradient VT(x,t) of the large-scale variations of the passive scalar field. This is
formally obvious from the advection—diffusion Eq. (11) rescaled to large space and time scales.
From Egs. (21) and (22), we see that y,(x, t) is exactly the response of the small-scale passive scalar
fluctuations to a large-scale gradient of T'(x,t) directed along é;. Further discussion of this point
may be found in [97,264].

We now show how the effective diffusivity formula (15) can be understood from a direct
consideration of the advection-diffusion equation along with the multiple scale representation of
the passive scalar field. When we view the passive scalar field on large scales, we are effectively
taking a coarse-grained average over small scales. As the small-scale fluctuations are periodic,
this coarse-graining is equivalent to (local) averaging over a spatio-temporal period cell. The
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coarse-grained and rescaled advection—diffusion equation therefore reads

% N 5_1P€< (-z 5 > VT(&)(x [)>p = A<T(5)(x,t)>p >

(TOx,t =0)), = Tox) . (26)

According to both formal intuition and the multiple scale analysis, the coarse-grained passive
scalar field <T“)(x,t)), is, in the limit of strong scale separation (6 — 0), well approximated by
a function T(x,t) varying only on the large scales and independent of §. The main challenge is to
represent the coarse-grained average of the advective term in terms of T(x, r). This differs from the
simple factorization into averages over v and T because of the coupling between the small-scale
fluctuations of the velocity field and the small-scale fluctuations they induce in the passive scalar
field. Though the small-scale fluctuations of the passive scalar field are O(0) weak in amplitude
relative to the main large-scale variation, they are relevant in determining the large-scale transport
because they are integrated over large space and time scales.

We mentioned at the beginning of Section 2 an ad hoc approach to estimate the coarse-grained
advective term as an eddy diffusivity. For the present case in which the velocity field has periodic
spatio-temporal variations on scales strongly separated from those characterizing the leading-
order passive scalar field, the closure hypothesis (5) is in fact precise and may be constructed from
the multiple scale representation of the passive scalar field which was obtained in the derivation of
the homogenization theorem:

T, t) = T(x,t) + 5Tapp,1< 5 52) + O(8?),

Tapml(x’ 6’ L T) = X(éa T) : VxT(x, t) + C.

Using the incompressibility of the velocity field to re-express the average of the advective term in
Eq. (26), and substituting the asymptotic expansion (27) into it, we obtain

51Pe< <5 52 ) VTOx,t )> =51PeV-< C; 52 >T“’)(x t)>
p p
s ipav.lo[* L \F of* L x r
=0 'PeV <v<5,52TU>T(x, t)>p + PeV <v<5,5zrv>Tapp,1<x, 5 t,52>>p + O(0) . (28)

The remainder term is indeed O(d), not withstanding the divergence acting on the expectation (- >,
because the averaging over the period cell removes the rapid oscillations. The first term appearing
after the last equality in Eq. (28) vanishes because v is the only rapidly oscillating factor in the
argument, and has zero average over the period cell. Therefore, we are left with an expression which
takes the form of an enhanced diffusion term involving the coupling of the small-scale fluctuations of
the velocity field with the small-amplitude, small-scale fluctuations induced in the passive scalar field

-1 ®) _ XL x
5 Pe< <5 52%) VT, )>p Pey <v<5, L >Tapp1<x L 5>>

(27)
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with the enhanced diffusivity
Hij= — Wvigdp + vigp) -
This agrees with expression (25), which was subsequently shown to be equivalent to formula (15).

2.1.3. Generalization of homogenization theory to include large-scale flows

We now show how the homogenization for periodic flows described above can be extended to
allow for the presence of certain kinds of large-scale mean flow components in the velocity field. We
treat in turn the cases of a steady periodic flow with a constant mean drift, and then a superposition
of a weak, large-scale mean flow with small-scale, periodic spatio-temporal fluctuations.

2.1.3.1. Constant mean flow. In several applications, fluid is driven along a specific direction by
a large-scale pressure gradient, and the resulting flow pattern consists of some mean constant
motion and fluctuations induced either by flow instability or by variations in the properties of the
medium through which the fluid is drawn [223]. A simple but instructive idealization of such flows
is a superposition of a constant, uniform velocity ¥ with a mean zero, steady periodic flow v(x)
representing the fluctuations. This can serve as a prototype model for hydrological flows through
porous media [130]. We will often refer to a spatially constant mean flow such as ¥ as a mean
sweep. Now we show how the homogenization theory can be generalized to incorporate the mean
sweep V.
The nondimensionalized form of the advection—diffusion equation (9) is modified to

0T (x,1)/0t + Pe(V + v(x)): VT (x,t) = AT(x,1) ,
T(x,t = 0) = §Ty(dx) .
An immediate large-scale, long-time rescaling (10) of this equation would produce a term
0~ 'PeV-VT(x,t). This term is singular in the § — 0 limit, and would create difficulties at the
O(67 1) level in the multiple scale analysis of Paragraph 2.1.2.2 because V does not have zero

average over a period cell.
A preliminary Galilean transformation to a frame comoving with the mean flow,

T(x,t) = T(x + V1)

(29)

however, averts this obstacle. The advection—diffusion equation for T(x, t) reads
0T (x,1)/0t + Pev(x — Vt)-VT(x,t) = AT(x,1) ,
T(x,t =0) = 8T o(dx) .

Now, if each component of V is an integer multiple of a common real number A, then v(x — V)
would be mean zero with spatial period 1 in each coordinate direction and temporal period 4~ 1.
The homogenization theory of Section 2.1.2 can then be directly applied, yielding the following
statement.

Homogenized effective diffusion equation for steady, periodic velocity fields with constant mean

flow: The large-scale, long-time limit of the passive scalar field,

T(x,t) = lim TO(x, 1), TOx,t) = 69T (6x, 6%1) ,

00
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obeys an effective diffusion equation

0T (x, 1)/t = V+(#*VT(x,1) (30)

Tx,t =0) = Ty(x) . (31)
The effective diffusivity matrix 2/ * in this equation can be expressed as

H*=I + A
with the enhanced diffusivity /7 given by

Hij= V1 Vipy s (32)
where y(x) is the (unique) mean zero, periodic solution to the following parabolic cell problem:

oxlx,t
% + Pev(x — Vi) Vylx, 1) — Agx,t) = — Pev(x — Vi) .
It is helpful to note that the period cell average in Eq. (32) is unchanged if y(x,?) is replaced by

yx — V1,1), so the cell problem can be replaced by the purely spatial, elliptic PDE [210,230]:
Pe(V + v(x)) Vy(x) — Ay(x) = — Pev(x) . (33)

When the components of ¥ cannot be expressed as integer multiples of a common real number,
then the velocity field v(x + Vt) is quasiperiodic rather than periodic. It can still be argued through
more sophisticated means [ 38], however, that the homogenization formulas presented above carry
over for general V without change.

2.1.3.2. Weak large-scale mean flow. It would be very interesting to describe the large-scale,
long-time evolution of the passive scalar field in the more general situation in which the mean flow
varies on large spatial and slow time scales. Such a velocity field could be a heuristically useful (but
greatly simplified) idealization of an inhomogenous turbulent flow in which some mean large-scale
flow profile is disturbed by turbulent fluctuations represented as small-scale periodic fluctuations.
Unfortunately, there does not appear to be a homogenization theory which generally describes the
net large-scale transport properties arising from the interaction between the large-scale mean flow,
the periodic fluctuations, and molecular diffusion. The goals of such a program, however, can be
concretely illustrated by consideration of large-scale mean flows which are weak in a sense which
we now describe.

For simplicity, we shall assume that the length scale of the large-scale velocity field coincides
with that of the initial passive scalar field L, = Ly and that the time scale of the large-scale velocity
field is given by 6 ~2L2/k, which is O(6~?) slow relative to the natural molecular diffusion time
scale. We do not assume that the large-scale velocity field is periodic. As important special cases, we
allow the large-scale velocity field to be steady and/or spatially uniform. The large-scale mean flow
will further be assumed weak in that its amplitude is O(d) relative to the amplitude of the
small-scale periodic velocity field. In units nondimensionalized according to the prescription in
Section 2.1.1, the total velocity field (mean flow with periodic fluctuations) has the form

Pe[6WV(0x, 6t/t,) + v(x, t/1,)]
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The advection—-diffusion equation for the passive scalar field T(x,t) (10) rescaled to large scales
and long times then becomes (cf. (11))

dT(x, 1)
ot

TO(x,t = 0) = Tox) .

X

+ Pe[V(x, t/t,) + 0 1v<

t
5 5%)} VTOx,t) = AT(x, 1) ,

Because the mean flow was assumed to be O(0) weak, it produces a regular, order unity advection
term in the rescaled coordinates. The multiple scale analysis of Paragraph 2.1.2.2 can now be
directly generalized to include the effects of the weak mean flow, which only modifies the O(5°)
equation in Eq. (18c). If V(x, t/7,) is smooth and bounded, the homogenization theorem for purely
periodic velocity fields can be rigorously extended [209] to state that in the present case, T(x, t)
converges as 6 — 0 to a nontrivial limit T(x, ) which satisfies the following large-scale, effective
“homogenized” advection—diffusion equation:

0T (x, 1)/t + Vix,t/t,) VT(x,t) = V- (A *VT(x,1)) , (34)
Tx,t =0) = Tox) . (35)

The homogenized diffusivity ¢ * is determined through the same formula and cell problem (14) as
in the case of no mean flow. In other words, J#* is completely independent of V(x,t/t,).

The homogenized equation (35) is a rigorous realization of the goal of large-scale modelling of
passive scalar transport by a velocity field with a macroscopic mean flow component and
small-scale fluctuations. The small-scale periodic fluctuations affect the large-scale passive scalar
dynamics purely through an enhancement of diffusivity, while the mean flow appears straightfor-
wardly in the advection term. We stress that this simple picture relies crucially on the assumptions
that the mean flow is weak and that there is a strong separation between the scales of the
fluctuating and mean components of the velocity field. Neither of these assumptions is generally
valid in realistic turbulent flows, and the effective description of the large-scale passive scalar
dynamics can be expected to be considerably more complicated [182,286]. Moreover, homogeniz-
ation theory is only valid on sufficiently large (O(6~2)) time scales; we explore the practical
relevance of this condition in Section 2.3. Nonetheless, since no precise theories analogous to
homogenization theory have yet been developed for realistic turbulent flows, there is much we can
learn about passive scalar transport by careful study of small-scale periodic velocity fields, for
which we can obtain certain results rigorously.

McLaughlin and Forest [232] have recently investigated the effects of another kind of large-scale
variation on the transport of a passive scalar field in a periodic velocity field. In this work, the
velocity field is chosen as a large-scale, compressible modulation of a periodic, incompressible,
small-scale flow. The weak compressibility of the flow models the response to a large-scale
stratification of the density of the fluid (as in the atmosphere) through the anelastic equations.
A homogenized equation for the evolution of the passive scalar field on large scales and long times
is derived through a modification of the multiple scale analysis described in Paragraph 2.1.2.2. This
homogenized equation has variable coefficients reflecting the large-scale variation in the fluid
density, and its solutions can exhibit focusing and the formation of nontrivial spatial structures.
Several numerical simulations in [232] compare the evolution of these solutions to those of the
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standard diffusion equations resulting from the homogenization of purely incompressible, periodic
velocity fields.

We proceed next to develop some tools for characterizing the effective diffusivity arising from
homogenization theory, which we will apply in Section 2.2 to several instructive classes of flows.
We will in particular underscore the subtle influence which a constant mean flow can have on the
effective passive scalar diffusivity [210]. Some aspects of passive scalar transport at finite (non-
asymptotic) time scales will be illustrated explicitly in Section 2.3.

2.1.4. Alternative representations and bounds for effective diffusivity

Homogenization theory rigorously reduces the description of the large-scale, long-time dynam-
ics of the passive scalar field to the determination of a constant effective diffusivity matrix #*,
which however still requires the solution of a nontrivial cell problem (14). This cell problem can be
solved explicitly for some special flows (see Sections 2.2.1 and 2.2.2), but must in general be treated
by some approximate analytical or numerical methods. We present here some alternative analyti-
cal representations of the effective diffusivity which are useful for obtaining rigorous, computable
estimates, particularly concerning its asymptotic dependence on large Péclet number. We will
discuss the numerical solution of cell problems for some specific flows in Sections 2.2.3, 2.2.4
and 2.2.5.

2.1.4.1. Stieltjes integral representation. One way to attempt to analyze the cell problem in general
is to treat Pe as a small parameter, and to construct a perturbative solution for y(x,t) as an
ascending power series in Pe [181,224]. This is not difficult to construct, since the zeroth-order
equation is just the ordinary heat equation in periodic geometry. The drawback to this approach is
that the resulting series has a very limited radius of convergence [9,12,181], making this approach
limited for typical applications in which the Péclet number is substantial or very large. Some formal
diagramatic resummation techniques have been proposed in the context of turbulence and field
theory to attempt to extract meaningful information from a formal power series at parameter
values (i.e. high Péclet number) where they diverge [ 181]. The validity of these methods is open to
question, however, since they typically neglect a wide class of terms in the power series, without
clean justification. Fortunately, an exact and rigorous diagrammatic resummation is possible for
the homogenized effective diffusivity matrix 2* of a periodic velocity field, and gives rise to
a Stieltjes measure representation which is valid for arbitrary Péclet number [9,11,12]. Here we will
formally sketch a more direct way [9,12,39,210] of achieving the Stieltjes measure representation
formula, focusing on the case of a steady periodic velocity field with a constant (possibly zero) mean
sweep V.

The cell problem for each component yj(x) in this case may be expressed as follows
(cf. Eq. (33)):

Ay {x) — Pe(V + v(x))* Vi (x) = Pevjx) .

This equation can be rewritten as an abstract integral equation for Vy;(x) by application of the
operator VA~ ! to both sides. We then obtain

(f — Pet¥)-Vy; = Pe.cté;, (36)
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with .# the identity matrix. The other operators are defined on the Hilbert space L*(T*) of periodic,
square-integrable functions as follows:

g =VA o) g), (37a)
AVg =VA TV + v(x)*g) . (37b)

A key property of these operators, which follows from incompressibility of the velocity field, is that
they are compact [281] and skew symmetric when restricted to the subspace LETY) of square-
integrable (generalized) gradients of periodic functions

LY(TY) = {g = Vf: Af1*p + lgl*>p <0} . (38)

These properties are more apparent when the operators are reformulated in terms of the stream
function (or stream matrix), see [ 12]. The spectral theory of compact, skew-symmetric operators
[281] guarantees the existence of an orthonormal basis of functions in L(T?) which are eigenfunc-
tions of .o7” with purely imaginary eigenvalues. Moreover, the eigenvalues and eigenfunctions come
in complex conjugate pairs, with the magnitude of the eigenvalues clustering asymptotically near
zero. We may therefore index the eigenvalues by { + iu™},2; where u™ is a real, positive sequence
decreasing toward zero; there may also possibly be a zero eigenvalue of .«7".

The cell problem (36) may now be solved by expanding Vy;(x) and .«/&; (which is in Lg(T?)) in
terms of the eigenfunctions of the operator .o7". Substituting the result into the effective diffusivity
formula (32), we thereby achieve the Stieltjes Integral Representation Formula for the enhanced
diffusivity along any given direction ¢ in a steady periodic velocity field with a possible constant
mean sweep:

. . o a(n)
e°J{/°e:P62|v°e|21|:a(0)+2z H—TZ(M("))ZJ (39)

n=1
The parts of this formula which remain to be explained are:

e An order unity prefactor measuring the magnitude of the nondimensionalized velocity field in
a certain (Sobolev) norm ([105], Ch. 6),

A A |'$k'é|2
Jo-é]2y =< AE*Dy = ),

, 40
Z 4n7kp (40)

where 0, are the Fourier coefficients of v(x).

e The mean square a'® = (|g@|*), of the projection g'© of the normalized function .«7&/<|.«7é|*»;/*
onto the null space of .o7" in L(TY).

e The mean square a™ = {|g"™|*>, of the projection g™ of the normalized function .«7&/{|.«7é|*»,/*
onto the eigenspace of .«7” in LE(T*) corresponding to eigenvalue iu™ (or equivalently to — iu™).

The normalization by the factor |.«/¢*), implies that

o0 [ee]
Y oa®=a® 42y a" =1,
- =

n= —oo n
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so the {a™} may be interpreted as the weights of a normalized discrete measure,

dp.y = [a‘o)é(u) + ) a0 — u™) + ou + u‘"’))}du :

n=1

The summation appearing in Eq. (39) therefore has the form of a Stieltjes integral against this
discrete measure:
. dpv,V

' 41
_ o1+ Pe?yu? (4D)

e A b= Pez|v-é|21f

The Stieltjes integral representation for the effective diffusivity in a periodic velocity field was
derived by Avellaneda and the first author [9,12] and in a slightly different form by Bhattacharya
et al. [39]. Similar, but more notationally complex, formulas for off-diagonal elements of .#” may be
found in [39]. A similar Stieltjes integral representation was derived by Avellaneda and Vergassola
[20] for spatio-temporal periodic velocity fields with no mean sweep. The only difference is that the
definition (37b) of the operator .«7" is to be replaced by

g =VA~ (v, t/t,)-g) + (/0047 g, (42)

which is still real, compact and skew-symmetric on the subspace of square-integrable gradients of
spatio-temporal periodic functions, LT x [0, 7,]).

Note that the formal expansion of the summands in Eq. (39) in powers of Pe will recover a formal
power series which converges only for |Pe| < (u*))~1! [9,12]. The Stieltjes integral representation
may be interpreted as a rigorous resummation of this series which is valid for all Pe; this is
demonstrated explicitly in [ 11]. The Stieltjes integral is admittedly too difficult to evaluate directly
in general because the full spectral information of the operator .«/" is required. Nonetheless, as we
shall now describe, much practically useful information can be deduced from the Stieltjes integral
representation.

Rigorous bounds through Padé approximants: The Stieltjes integral representation (41) first of all
permits the construction of rigorous upper and lower bounds on the effective diffusivity for all
Péclet number. By noting that dp, , is a nonnegative measure with total integral equal to unity, we
can immediately deduce the following elementary lower and upper bounds on the effective
diffusivity [12]:

l<é-a*-6<1+ Pe?|v-é|%,. (43)
The Stieltjes integral representation also makes it possible to construct sharper bounds on the
effective diffusivity using information from a finite number of terms in a small Péclet number

expansion, which can be determined by a straightforward formal perturbation procedure [12,181].
Suppose one has obtained in this way a small Péclet number asymptotic expansion of é- #*¢:

M
e H*-6=1+ Y Pe*b,, + OPe**?), (44)
m=1
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where b,,, are some constants involving explicit integrals which can be evaluated or at least
estimated numerically [12,40]. Comparing with a formal small Péclet number expansion of the
Stieltjes integral representation (41), we find that each b,,, is proportional to the moment of order
2(m — 1) of the measure dp, y. The knowledge of these moments implies rigorous restrictions for the
values which é-.7* - ¢, given by the Stieltjes integral representation (41), may attain for arbitrary
values of Péclet number. More precisely, it has been shown [12,337] that é- #™* - ¢ is rigorously
bounded above and below, for all Péclet number, by certain Padé approximants, which are rational
functions of Pe explicitly constructed from the coefficients of the perturbation series (44) (see for
example [30]). Padé approximants were applied to construct rigorous bounds for the effective
diffusivity in certain periodic flows in [40]; some of this work will be briefly discussed in
Section 2.2.5. The Padé approximant bounds may also be used to rigorously extrapolate the value
of #* over a range of Pe, given its measured value at a finite set of Pe, and to check the validity of
Monte Carlo simulations for the effective diffusivity [12,40].

Maximal and minimal enhanced diffusivity: While the Padé approximants can produce sharp
estimates of the effective diffusivity for small and moderate values of the Péclet number, they
eventually deteriorate at sufficiently large Pe [40]. One finds only that the effective diffusivity in the
asymptotic regime of large Péclet number must exceed some constant independent of Pe, but
cannot grow more quickly than Pe?, which is indicated already by the simplest bounds (43). The
high Péclet number asymptotics of the effective diffusivity are however of considerable practical
interest, since the Péclet number can be quite large in a number of natural and experimental
situations.

One important question is how rapidly the effective diffusivity grows with Péclet number.
Following the work of McLaughlin and the first author in [210], we classify two extreme
situations. We say that flows produce

e maximally enhanced diffusion in a certain direction é when the diffusivity along this direction
grows quadratically with Pe as Pe — oo . This is the most rapid growth possible, according to
Eq. (43).

e minimally enhanced diffusion in the direction é if the effective diffusivity remains uniformly
bounded in this direction for arbitrarily large Pe.

Explicit shear flow examples will be presented in Section 2.2.1 which demonstrate the realizability
of both of these extreme behaviors. Other large Pe number behavior can be realized by various
flows (see Section 2.2.3); the classes of flow which are maximally or minimally diffusive in a given
direction are not exhaustive.

The Stieltjes integral representation provides some simple general criteria for determining
whether a given flow will be maximally or minimally diffusive in a given direction é. It is evident
from Eq. (39) that maximally enhanced diffusion is equivalent to a‘® # 0. This is rigorously verified
in [39,210], where it is moreover demonstrated that maximal diffusivity along é is equivalent to the
existence of a complex periodic function h(x) which is constant along streamlines,

(V + v(x)):Vh(x) =0, (45)
has a nontrivial projection against v(x)-é,

Cho-8y, #0,
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and is sufficiently smooth that it belongs to the Sobolev space H'(T?) of complex periodic,
square-integrable functions with square-integrable (generalized) derivatives ([105], Ch. 6).

These conditions for maximal diffusivity along a direction é have been interpreted in a rigorous,
geometric manner by Mezic et al. [239] as indicating a lack of ergodicity of v - &; that is, the average
value of v+ ¢ along streamlines is not everywhere zero. The reason why this situation gives rise to
maximally enhanced diffusion is that, in the absence of molecular diffusion, particles on streamlines
with a nonzero average value of v+ ¢é would proceed in the direction é at a ballistic rate (distance
linearly proportional to time) [ 168]. Such streamlines are often manifested as open channels [210],
as we shall see concretely in Section 2.2. Molecular diffusion acts as an impediment to the rapid
transport along these open channels by knocking tracers into other streamline channels with
average values of v+ ¢ with the opposite sign. (Such compensatory channels must exist since v + € has
mean zero). The net result at long time is a diffusive motion along é (on top of any constant mean
drift V- é), with the effective diffusivity constant growing rapidly with Péclet number, since a high
Péclet number permits particles to travel a long way along open channels before getting knocked
away from them by molecular diffusion.

If a'® = 0, then the Stieltjes integral representation (39) implies that the tracer diffusion is not
maximally diffusive, but does not necessarily imply that the tracer motion is minimally diffusive.
Even though the contribution from each term in the sum from n = 1 to oo individually approaches
a finite constant in the Pe — oo limit, the full sum can still diverge in the Pe — oo limit depending
on how rapidly the eigenvalues u™ approach zero. More information is needed to determine
whether a flow produces minimally enhanced diffusion or not. One sufficient condition for
minimally enhanced diffusion along a direction é established in [39,210] is the existence of
a periodic function ge H*(T%) which satisfies the equation

(V +v(x)Vglx) = —v(x). (46)

Whereas maximally enhanced diffusion along a direction ¢é is associated with open channels,
minimally enhanced diffusion along é appears to be related to the presence of a layer of streamlines
which block flow along the é direction [210], as we shall illustrate in Sections 2.2.3 and 2.2.4. The
effective diffusivity along blocked directions é remains bounded in proportion to the molecular
diffusivity, regardless of how large Pe becomes, because the transport rate is always limited by the
need for the tracer to cross the layer of blocked streamlines, which only molecular diffusion can
accomplish. Indeed, in the limit of no molecular diffusivity, the motion of the tracer along a blocked
direction é would remain forever trapped.

We caution the reader that our care in stating the function spaces to which solutions of Egs. (45)
and (46) is quite essential. If one were to naively treat these equations in the same way as
finite-dimensional linear algebra problems, one would wrongly conclude that any flow produces
either maximally or minimally enhanced diffusion. Such a supposition is falsified by the example
of steady cellular flows which are neither maximally nor minimally diffusive, as we shall discuss
in Section 2.2.3. In particular, even though the nice streamline structure of this flow (Fig. 2)
permits a formal construction of a function h constant along streamlines and thereby satisfying
Eq. (45), it turns out that any such function is not smooth enough at the corners of the period cell to
be in H!(TY). Therefore, the condition for maximally enhanced diffusion is not satisfied by the
steady cellular flow, but one could be misled if the smoothness considerations are not taken into
account.
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The above rigorous criteria for maximal and minimal diffusivity have been gainfully applied by
McLaughlin and the first author [210] to categorize the effects of a nonzero constant mean flow on
effective transport, and we shall describe some of these results in Section 2.2.4. Some other
applications of the critera for maximal and minimal diffusivity to some special classes of flows,
particularly involving special kinds of streamline blocking, may be found in [39].

2.1.4.2. Variational principles. Another useful representation of the homogenized diffusivity is
through a variational principle. Avellaneda and the first author [12] introduced the first such
variational principle for steady, periodic velocity fields v(x) with no mean sweep:

For all vectors ée R?, the effective diffusivity along direction & may be expressed as the following
minimization problem:

é-A*-6=  min (|g]* + Pe*g- A gD, , (47)

9:9 — éeL?y(T*)
where the nonnegative, self-adjoint operator ¢ is defined
H = (A ot
and L&TY is the Hilbert space of square-integrable gradients defined in (38).

This variational principle allows us to generate rigorous upper bounds on the effective diffusivity
by substituting arbitrary functions g with g — ée L(T?) into the functional on the right-hand side
of Eq. (47). Note that the functional to be minimized involves the nonlocal operator . Fortunate-
ly, in certain cases, the calculation can be greatly simplified by a suitable choice of trial fields g.

A related dual (nonlocal) maximal variational principle was later derived by Fannjiang and
Papanicolaou [97]. By carefully using the minimal and maximal variational principles in tandem,
the effective diffusivity can be estimated in a fairly sharp manner for certain tractable classes of
flows. These authors also formulate some local minimax variational principles as well as variational
principles for the effective diffusivity of time-dependent periodic velocity fields.

We mention in passing that another, philosophically different, variational approach to deriving
rigorous upper bounds for the effective diffusivity of a passive scalar field over finite regions has
been developed by Krommes and coworkers [161,187]. Also, a rigorous bound on the effective
diffusivity depending on the maximum of the stream function (or stream matrix) has been obtained
by Tatarinova et al. [314] for arbitrary velocity fields which are confined to finite regions. This
result is a different weaker interpretation of the upper bound in Eq. (43).

2.2. Effective diffusivity in various periodic flow geometries

We now demonstrate the utility of the rigorous formulas for the effective diffusivity of a tracer
over long times by applying them to a various specific classes of periodic flows. Explicit formulas
for the effective diffusivity can be derived for shear flows with spatially uniform cross sweeps, as we
will show in Sections 2.2.1 and 2.2.2; in other cases one can turn to a numerical solution of the cell
problem [40,165,210]. We will for the most part, however, be concerned with the asymptotic
behavior of the effective diffusivity in the case of large Péclet number Pe, which arises in many
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practical situations. We will show in the rest of Section 2.2 how the variational and the Stieltjes
measure representation for the effective diffusivity can be utilized to rigorously determine its exact
scaling behavior with respect to large Pe, even when the cell problem (14) cannot be analytically
solved. By such means, we shall study in Section 2.2.3 the tracer transport in a special one-
parameter family of two-dimensional, steady, periodic flows which interpolate between a cellular
flow and a shear flow, and we shall describe in Section 2.2.4 the subtle effects which arise upon the
addition of a constant mean sweep V. The effective diffusivity scales as ||.#*|| ~ Pe!/? in the pure
cellular flow [67], but the presence of a mean sweep can produce either maximally enhanced
diffusion (é+ 4" * - é ~ Pe?) along most directions & or minimally enhanced diffusion in all directions
(|2 *| ~ Pe°), depending on such sensitive criteria as whether the components of V are rationally
related, whether V is transverse to a mean shear flow pattern, and whether the total flow has
stagnation points [210]. Numerical evaluations of the effective diffusivity [210] confirm these
mathematically derived asymptotics, and reveal a variety of interesting crossover behavior at large
but finite Péclet number which demonstrate the practical relevance of the criteria for maximally
and minimally enhanced diffusion just listed. The numerical and mathematical analysis of the
long-time effective diffusivity of a tracer in some other periodic flows using the formulas from
Section 2.1.4 will be discussed briefly in Section 2.2.5. We stress that the results to be presented
throughout Section 2.2 all deal with the asymptotic long-time behavior of the passive scalar field.
Some issues concerning the observation of the tracer motion and passive scalar field evolution at
finite times will be discussed in Section 2.3.

We shall endeavor throughout Section 2.2 to supplement the rigorous homogenization theory
results with intuitive physical explanations for the large Péclet number behavior of the effective
diffusivity through consideration of the streamline geometry. A common qualitative theme which
will emerge is that, in steady flows at large Péclet number, open channels are associated with
greatly enhanced diffusion and blocked streamlines with only moderately enhanced diffusion. This
notion will become clearer through discussion and pictures of streamlines for the specific examples
we shall discuss. Another way of intuitively understanding the behavior of the effective diffusivity is
through an informal consideration of Taylor’s formula [317] for the mean-square tracer displace-
ment in terms of the correlation function of the tracer (Lagrangian) velocity. We will emphasize the
geometric perspective here, and elaborate upon the heuristic use of Taylor’s formula in Section 3,
where we examine tracer diffusion in random shear flows.

2.2.1. Periodic shear flows with constant (or zero) cross sweep

Shear flows are a very useful class of examples for the examination and illustration of general
theories for turbulent diffusion, as we shall see now and in much greater depth in a random context
in Section 3. They arise naturally in various physical applications, and they are quite tractable
analytically due to their simple structure. A two-dimensional spatio-temporal shear velocity field
aligned along the y-axis has the general form

0
v(x, t) = v(x, y,t) = [v( } .

X, 1)

In particular, it is completely described by a scalar function v(x,t) which depends on only one
spatial variable x in addition to time for nonsteady flows. In this sense, shear flows play the role of
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a one-dimensional model for incompressible flows. This feature often permits explicit solution
and analysis for various passive scalar and tracer statistics with quite general v(x,t), as we
shall show at greater length in Sections 2.3.1 and 3 (see also other mathematical developments
for shear flows in [10,206]). A particularly useful extension of the shear flow model which
preserves much of its exact solvability is the inclusion of a purely time-dependent cross
sweep w(t):

~stsnn=| 00
v(x,t) = v(x, y,t) = . (48)

v(x, 1)

One could also allow a purely time-dependent sweeping component along the shear flow, but this is
less interesting because the resulting tracer motion would simply be the sum of its motion due to
Eq. (48) and due to this additional shear-parallel sweep. On the other hand, a cross sweep w(t), as
appears in Eq. (48), interacts nonlinearly with the shear flow convection by dragging the tracer
across its spatial variations.

In our present discussion, we will be able to write down explicit formulas for the effective
diffusivity of a tracer in a periodic, mean zero, spatio-temporal shear flow v(x,t) with periodic,
constant, or vanishing cross sweep w(t), and thereby identify the influence of the various para-
meters. We will moreover be able to explicitly relate these formulas to their abstract Stieltjes
measure representation. To fix the main ideas, we concentrate in Section 2.2.1 on the case of
constant or zero cross sweep. We treat in turn a steady periodic shear flow with no cross sweep
(v = v(x), w(t) = 0), a steady periodic shear flow with a nonzero constant cross sweep (v = v(x),
w(t) = w # 0), a spatio-temporal periodic shear flow with no cross sweep (v = v(x, t), w(t) = 0), and
a spatio-temporal periodic shear flow with nonzero constant cross sweep (v = v(x, t), w(t) = w # 0).
The interesting features created by a periodically fluctuating w(t) will be elaborated upon in
Section 2.2.2.

2.2.1.1. Steady shear flow with no cross sweep. A steady, mean zero, periodic shear flow (48) with
v = v(x) and w(t) = 0 has been used as a simple model for flow in a stratified porous medium [ 130].
The cell problem (16) reads

— Ay x,y) + Pewv(x) aXxé;C, Y) =0,

— Ay,(x,y) + Pe v(x)%i’w = — Peu(x).

(49)

Clearly y.(x,y) = 0, and we can seek a solution for y,(x, y) which is independent of y in terms of
a Fourier series expansion:

U(X) — Z ﬁkebrikx ,
k#0

A

Uk onikx
—_P .
7(%) ek;() A2k ©
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Substituting the functions y, and y, into Eq. (15), we find the following expression for the effective
diffusivity matrix:

_ 1 0
HF = _ . (50)
0 1+K,,
It differs from the molecular diffusivity matrix only through the enhancement
|03/ 2 |0
K,, = K9 = Pe? e’ (51)
k;o ke kgl 2n’k?

along the shearing direction. This formula was first derived by Zeldovich [348] through a direct
computation, and later by Gupta and Bhattacharya [130] through the homogenization approach
put forth here. We see explicitly that diffusion is maximally enhanced along all directions é which
are not transverse to the shear flow.

This can be easily understood from the streamline structure, which in this case corresponds
to straight lines parallel to the y-axis. In the absence of molecular diffusion, tracers would
move along the streamlines at a ballistic rate (meaning that the distance travelled grows linearly
in time). The addition of molecular diffusion knocks the tracer off of its original streamline
and eventually onto streamlines with velocity in the opposite direction, destroying the ballistic
motion and producing a diffusive transport behavior instead. Since molecular diffusion is therefore
an impediment to transport in a steady shear flow with no cross sweep, the effective diffusivity
grows very rapidly as Pe (which is inversely proportional to the molecular diffusivity) becomes
large.

Another physical interpretation for the effective diffusivity formula (51) can be found in Sec-
tion 3.2.1 in the context of a steady random shear flow, for which a closely related formula applies
when the the statistical correlations are sufficiently short-ranged.

2.2.1.2. Steady shear flow with constant cross sweep. We now add a constant cross sweep
w(t) = w # 0 to the shear flow. In the context of porous media, this cross sweep can model a mean
flow through a stratified aquifer due to gravity (where x is taken as the vertical direction) [ 130,2237.
The cell problem (49) is then altered only by the addition of the term W(Oy, ,(x,y)/0x) on the
left-hand side of each equation. The solution method proceeds as before, yielding the effective
diffusivity matrix (50) with enhanced diffusivity along the shear now given by [130]

|64

R, =RW=2pe2y — %
ez 4n’k* + Pe*w

(52)
The cross sweep w causes K% to remain uniformly bounded in Pe, corresponding to minimally
enhanced diffusion.

The reason for this drastic change from maximally enhanced diffusion is that the cross sweep
blocks streamlines along the shearing direction [210]; see Fig. 1. Without molecular diffusion, the
tracers would simply be swept along the x direction at a constant rate and oscillate within
a bounded interval along the y direction. Molecular diffusion is thus necessary for effective
transport along the shearing direction, as is generally the case for situations of minimally enhanced
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Fig. 1. Streamlines for v(x) = sin2nx and w(t) = w = 1 (from [210]).

diffusion. The molecular diffusion along the y direction of course induces a standard tracer
diffusion along the y direction, but the enhancement K{}’ due to the convection comes only from its
interaction with the x component of the molecular diffusion. Indeed, the net tracer displacement
along the shear over any time interval 1/w would be exactly zero without molecular diffusion, but
becomes a nonzero random number when molecular diffusion is active. Part of this randomness
comes directly from the molecular diffusion along the y direction. The more interesting component
of the random displacement along the shear results from the randomness induced by the molecular
diffusion in the cross-shear tracer motion, which breaks up the exact periodicity of its motion along
the shear. It is these extra random displacements which produces the shear-assisted diffusion
enhancement K{}. A similar formula for the enhanced diffusivity applies for the case of a random
steady shear flow with sufficiently short-ranged correlations and a constant cross sweep; sce
Paragraph 3.2.5.2. Another perspective on the qualitative dependence of K with respect to the
various parameters is provided there.
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We pause to remark that Eq. (52) provides a concrete example of the Stieltjes measure repres-
entation for the effective diffusivity. This is better seen by rewriting Eq. (52) slightly:

_ — |0k/(27k)|*
K. = R — Pe2 .
w = Byt =1 k;) 1 + Pe2(W/(2mk))>

(53)

The eigenvalues + i{u™};; and eigenfunctions {¢", ¢}, of the operator .o* (Eq. (37b)), after
some rearranging, can be shown to be determined by the equations

¢(n) — Vlﬁ(") ,
(n) (n)

Wa,p (x,) o) Y%, y) _ 1 A (x, y) |
0x Oy

where ™ e HY(T?). It is readily seen that a subset of eigenvalues and eigenfunctions is given by
u™ = yw/2nk, Y(x, y) = e~ 2k

The square of these eigenvalues appear in the denominator of Eq. (53), and the square modulus of
the projection of .oy = VA~ 'v(x) against these eigenfunctions appears in the numerator. By
factoring out |l.oZ$||*, we obtain exactly the Stieltjes measure formula (39) for the enhanced
diffusivity along the shear direction y. Of course, we have not found all the eigenfunctions and
eigenvalues of .o7”, but since .«7§ depends only on x and the eigenfunctions we have found provide
a complete (Fourier) basis for such functions in the Hilbert space L(T“) with mean zero, the
projection of .o against the remaining eigenfunctions of .o/ must be zero.

As can be seen, it is more cumbersome in the present case to use the Stieltjes measure formula to
obtain explicit formulas than it is to solve to cell problem. The Stieltjes measure formula, however,
becomes extremely useful in analyzing the high Péclet number behavior of tracer transport in
situations where explicit solutions are not available, as we shall show in Section 2.2.4.

2.2.1.3. Spatio-temporal periodic shear flow with no cross sweep. We now briefly consider how the
tracer transport is influenced by temporal oscillations in a periodic shear flow v = v(x, 1), first with
no cross sweep w(t) = w = 0. The cell problem (49) now becomes parabolic with the addition of the
term 0y, ,(x, y, t)/Ot on the left-hand sides, but can still be solved in terms of the space-time Fourier
series of the shear velocity field:

U(X, t) — Z ﬁk’mezm(kx+mt/r(.) . (54)
(k,m)+(0,0)
Again, the effective diffusivity matrix assumes the form (50), with the enhanced diffusivity along the
shear given by

K,,= KO =pe> Y M (55)
yy yy ) 210.0) 47T2k4 + mZTI;Z
This formula was first computed by direct calculation (with no appeal to homogenization theory)

by Zeldovich [348].
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We note that, as for the steady shear flow, each Fourier mode of the shear contributes additively
to the effective diffusivity, and therefore we may discuss them on an individual basis. The
spatio-temporal Fourier modes with m = 0 are steady, and their presence produces maximally
enhanced diffusion for the reasons presented in our discussion of the steady shear flow. The
diffusivity contributed by the temporally oscillating Fourier components (m # 0), is depleted
however, particularly when the (nondimensional) temporal period 7, is small. The inefficiency of
transport by the temporally oscillating shear modes relative to the steady shear modes is related to
the fact that, in the absence of molecular diffusion, the temporally oscillating Fourier shear modes
induce bounded tracer oscillations rather than a unidirectional ballistic drift. Molecular diffusion is
therefore necessary for effective tracer transport, and interacts with the periodically oscillating
shear flow to produce enhanced diffusivity along the shear by the same type of phase-randomizing
mechanism as we discussed above for the case of a constant cross sweep in a steady shear flow.

2.2.1.4. Spatio-temporal periodic shear flow with constant cross sweep. The inclusion of a constant
cross sweep w(t) = w # 0 in a spatio-temporal shear flow v(x, t) is straightforward, either by direct
calculation (as in [348] or in Section 3) or by homogenization. The enhanced diffusivity along the
shear has the form

K. = Kwd — pe2 Z k2|ﬁk,m|2
W m 7(0.0) 4Tk* + (Pewk + mt, 1)?
The new phenomenon here is the possibility of resonances between the cross sweep and the
temporal oscillations of the flow. When Pewk + mrt, ! is near zero, the contribution from the
temporally oscillating mode & ,, (with m # 0) can be boosted far above what it would be without
the mean sweep.

2.2.2. Steady periodic shear flow with periodic cross sweep

We now consider how tracer transport is influenced when a cross sweep w(t/t,) acting across the
shear flow (see Eq. (48)) has periodic variations in time (with period 7,). We focus the case of
a steady periodic shear flow v = v(x) in which the main features are all manifest.

The cell problem involved in the homogenization theory can be solved exactly in a manner
similar to that described in Section 2.2.1, but as the computations are a bit lengthier, we defer their
presentation until after we discuss the results. The effective diffusivity matrix will in general have
the form (50), with diffusivity enhanced along the shear above its bare molecular value (1) by an
amount K,,. There is no enhanced diffusivity across the shear; the cross-shear motion is simply
a sum of a drift due to the mean of w = {w(t/1,)>, a periodic motion due to the periodic temporal
variations of w(t/t,), and a Brownian motion due to molecular diffusion. There is no interaction
between these cross-shear advection and diffusion processes because they are all independent of
spatial location.

We saw in Section 2.2.1 that the enhanced diffusivity along the shear is maximal
(limp, - ,,K,, ~ Pe?) when the cross sweep vanishes (w(t/t,) = 0) and the flow streamlines are
unbounded along the y direction, and that the enhanced diffusivity is minimal (limp, - ., K, ~ Pe°)
when a nonzero, constant cross sweep w(t/t,) = w # 0 is active which blocks streamlines along the
y direction.
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In our current study, where w(t/t,) is periodic, we can expect the shear-enhanced diffusivity to
behave in a way intermediate to the w = 0 and w = w # 0 cases. If we take instantaneous snapshots
of the streamlines of the flow, then, we will see that they are almost always blocked along the
y direction. But as w(t/7,) oscillates, there may be times when it passes through zero. Near these
times, the amplitude of the streamline oscillations in the y direction will grow unboundedly until
the instant ¢, at which w(t/t,) = 0, when the streamlines will form parallel lines along the
y direction. Thus, the flow will sometimes act on the tracer like a shear flow blocked by a cross
sweep (where enhanced diffusivity is bounded in Péclet number), and other times like a shear flow
without cross sweep (where enhanced diffusivity grows quadratically with Péclet number).

The rigorous homogenization theory bears out this intuition. Let us assume that w(¢/z,) vanishes
at most to finite order at a finite number of times in each period. Then the enhancement of the
diffusivity along the shear flow has the high Péclet number asymptotics

lim K,, ~ Cg(Pe, 7, PN+ (56)

Pe >

where N is the order of the highest zero of w(t), and Cg(Pe, 7,) is a positive function bounded strictly
away from zero and infinity when the temporal oscillation period t, is held fixed. The order n of
a zero t,, of w(t/t,) is defined to be the unique positive integer n for which

W(t*/‘cu) = W,(t*/fv) == W(n_ 1)(t*/‘[v) =0 5
W(n)(t*/fv) # 0 H

where w") denotes the jth derivative of w. If the cross sweep never vanishes, then one should take
N =0.

We see that indeed the enhanced diffusivity is some sort of compromise between the Pe? scaling
associated to the zero cross sweep case and the Pe? scaling associated to a constant cross sweep.
Note that the asymptotic scaling exponent o = 2N/(N + 1) of K, as function of Péclet number
increases from 0 to 2 as the maximal order of vanishing, N, increases. This can be understood by
noting that a function with a high-order zero at ¢, is flatter and “stays closer to zero” in the vicinity
t, than a function with a simple zero would. Thus, a higher-order zero of w(t) should permit the
shear flow to contribute more strongly toward tracer diffusion because the cross sweep is more
nearly vanishing over a broader time interval. We can formally think of the case of an identically
vanishing cross sweep w(t/t,) = 0 as an N - oo limit.

Note that the scaling exponent is set only by the behavior of w(t) near times (if any) at which it
vanishes. This is in accordance with the intuition that, at high Péclet number, diffusivity along
a shear is much more effective when there is no cross sweep, so most of the transport will occur in
narrow time intervals about those moments at which w(¢/z,) vanishes and the streamline blocking is
released. These time intervals of efficient diffusion are responsible for the main contribution to the
effective diffusivity K ,,. We remark that this relation relies crucially on the fact that the occasions of
rapid transport occur periodically without fail. There is an important distinction here from the case
of an isotropic material with random, inhomogenous diffusivity in which the regions of low
diffusivity percolate. In this case, the passive scalar entity will get “trapped” for long times by the
regions of slow motion, and the effective long-time diffusivity is likely to feel a strong effect from the
presence of regions of ineffective transport. There is no such feedback in the present situation.
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2.2.2.1. Computation of effective diffusivity. We now indicate how homogenization theory pro-
duces the results described above. The parabolic cell problem reads

Ol D) | p vy e a2l | ey SV pewsie) s (5Ta)
ot 0x oy
0xy(X, 3, 1) 0xy(X, v, 1)

; 0xy(x, y, 1)
0

+ Pew(t/z,) + Peu(x — Ay(x,y,t) = — Pev(x), (57b)

ot Ox

where w(t/t,) = w(t/t,) — W is the periodically fluctuating part of the cross sweep. Since the
right-hand side of Eq. (57a) is purely time-dependent, we can readily find a mean zero periodic
solution for y,:

Ix = 1) = — Pe f twf(S/Tv) ds . (58)
0

The solution of Eq. (57b) requires a little more work, but is still straightforward. As the in-
homogeneity depends only on x and t, we are led to seek a solution y, = y,(x,t). Taking a partial
Fourier transform with respect to x,

Xy(xa t) = Z 2y,k(t)e2nikx 5

k=—

)
ox,t) = Y, Gt)e?™,

k 0

we reduce this part of the cell problem to a system of decoupled ODEs:

% + 2miPe kw(t/t,)7, 4(1) + 4n2k29, (1) = — Pedy(t) .

These linecar ODEs may be solved directly to produce the following time-periodic solutions:

t
foult) = — Pe J B¢ 6 PR s 4TKAO 4y for £, (59a)

— o0

t

yolt) = — Pef Do(t)dt" . (59b)
0

We used the usual trick that the periodic solution of a periodically forced, dissipative equation may

be represented by using Duhamel’s formula with the initial data formally taken at t = — oo (so

that all nonperiodic transients have died out by any finite time). Substituting the solutions (58) and

(59) of the cell problem into formula (15) for effective diffusivity, we find an enhancement only for

the component K¥ = 1 4+ K,,, which may be expressed as

K,, =K\ = 8n2k21 kzr“lﬁ 17,2 de . (60)
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In the high Péclet number limit, the integrand in Eq. (59a) becomes a rapidly oscillating function of
time. The asymptotic behavior of the integral may be rigorously evaluated through the method of
stationary phase (see [250] or [312]). The dominant contribution to the integral comes from the
vicinity of those points at which the phase Pe [{w(s/t,) ds has zero derivative, and these points are
precisely the zeroes of w(t). The contribution to 7, 4(t) from integration near a nth-order zero t,, of
w(t/t,) is given by [250]

_ apennt gaors o 0 E DYYETDLA 0 4 1), 104
Y 2n n+1
Subi(t ) 2niPe kf' w(s/z,) dsn — 4n2k>(t —1,)
- - mire ‘*W S/Ty. Se T * (61)
|W( )(t*)|1/( +1)
where
e™2* Dggnw®(t,) forn>1and odd,
Sy = P
oS for n > 2 and even .
2n + 1)

Note that the magnitude of this contribution is an increasing function of the order n of the zero.
The high Péclet number asymptotics of 7, , are obtained by summing the contributions 61 from
each zero t,, of w(s/t,) on the interval (— co,t], and the high Péclet number asymptotics (56) of
K then follow from Eq. (60).

The effective diffusivity can be computed in a similar manner when the shear velocity field has
temporal fluctuations in time. We do not provide details; it suffices to say that the high Péclet
number asymptotics can be understood by putting together the principles which we described
separately above for the case of a spatio-temporal periodic shear flow with constant cross sweep
and for a steady shear flow with periodic cross sweep.

2.2.3. Steady cellular and related flows
A natural periodic flow which has received much attention is the steady two-dimensional cellular
flow, which is defined through a stream function y(x, y) as follows:

oY(x,y)
v(x, y) oy (62a)
x’ = b
VT o)
0x
W(x,y) = Yeen(x, ) = sin(2nx)sin(2my) . (62b)

The streamlines of this flow are plotted in Fig. 2. No exact solution is known to the homogeniz-
ation cell problem (16). A number of authors [260,287,294,303], starting with Childress [67], have
instead endeavored to compute the effective diffusivity of the passive scalar field by various
matched asymptotic expansion techniques applied directly to the advection-diffusion equation.
The homogenized cell problem is not used in these works. The basic idea is that at high Péclet
number, the tracer is rapidly transported across any given cell, but is then trapped to remain in that
cell for a while until molecular diffusion allows it to leak across the boundary to an adjacent cell.
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0 0.5 1 1.5 2

Fig. 2. Contour plot of stream function .y (x, y) (62) of cellular flow (from [210]).

The communication of the passive scalar field between cells is the rate-limiting process deter-
mining the effective diffusivity, and this flux is determined by the sharp gradient of the
passive scalar field formed in a thin layer (with width ~ Pe ™ '/2) near the separatrices between the
cells. The common conclusion of all the matched asymptotic expansions [67,260,287,294,303] is
that, in the limit of large Péclet number, the effective diffusivity matrix is isotropic with diagonal
entries scaling as Pe!/?, though there is some slight disagreement as to the precise value of the
prefactor of the scaling law [260,287,294,303]. The predicted asymptotic Pe'/? scaling of the
effective diffusivity was later rigorously confirmed by Fannjiang and Papanicoloau [97,99]
through the use of variational principles within the framework of homogenization theory (see
Paragraph 2.1.4.2).

This implies in particular that steady cellular flows are neither maximally diffusive nor minimally
diffusive. The reason they are not maximally diffusive is quite apparent; there are no open channels,
and molecular diffusion is crucially relevant for the tracer to hop from one cell to the next. But the
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streamline barrier between the cells is not of the same blocking character as in Fig. 1 for a shear
flow with a transverse cross sweep. Only a single streamline separates the two cells in a cellular
flow, and the tracer must only move an infinitesimal amount across it before it can be carried
a great distance by the convection of the neighboring cell. By contrast, a tracer moving infinitesimal
amounts across the streamlines in Fig. 1 gets no help from the flow itself in making further
headway. This helps explain why the effective diffusion in the cellular flow is more than minimally
enhanced. But molecular diffusion is clearly still a facilitator, rather than a disruptor, of transport
in a steady cellular flow, and this is reflected in the fact that the dimensionalized effective diffusivity
is directly proportional to the square root of the molecular diffusion coefficient.

McCarty and Hortshemke [226] investigated the effective diffusivity of the passive
scalar field in the cellular flow (62) at finite Péclet numbers to ascertain the range of validity of
the asymptotic Pe'/? scaling law and the corrections thereto. These authors computed the
homogenized effective diffusivity through a finite mode Fourier truncation of the cell problem
(16). They find that the Pe'/? scaling is well satisfied for Pe > 500, with a leading order correction
of magnitude O(Pe!/3), in accordance with an earlier theoretical estimate [287]. Similar con-
clusions were reached by Biferale et al. [40] through other numerical approximations for the
homogenized diffusivity; we discuss these further in Section 2.2.5 below. Tracer transport in the
steady cellular flow (62) at finite Péclet number was numerically studied in a quite different way
by Rosenbluth et al. [287] and Biferale et al. [40] using direct Monte Carlo simulations; see
Paragraph 2.3.2.1 below.

Solomon and Gollub [302] experimentally measured the transport rates of dyes and latex
spheres in a laboratory Rayleigh-Bénard steady convection cell with a flow pattern similar to
Egs. (62a) and (62b). They found effective diffusivities in general accord with the high Péclet
number theoretical predictions for 10° <Pe <107.

In addition to the studies of the steady cellular flow (62), there are also a number of theoretical
and numerical investigations of various periodic modifications of it which elucidate other types of
transport mechanisms. We discuss briefly three such lines of inquiry.

2.2.3.1. Childress—Soward flows. A useful one-parameter family of steady two-dimensional flows
which interpolate between a shear flow and a cellular flow were introduced and analyzed by
Childress and Soward [68]. The stream functions y$(x, y) of this “Childress-Soward” family of
flows is defined as

Y&(x, y) = sin(2nx)sin(2my) + & cos(2nx) cos(2my) , (63)

with the parameter ¢ chosen from the range 0 < ¢ < 1. For ¢ = 0, we recover the steady cellular
flow (62), while for ¢ = 1, the Childress—-Soward flow is a shear flow directed parallel to the vector
(1,1)". For 0 < ¢ < 1, the flow takes the form of a mixture of “cat’s eye” vortices and open channels
parallel to (1,1)" on the whole (Fig. 3). As ¢ increases, the width of the channels increase at the
expense of the cat’s eyes. Inspection of the streamline structure of the Childress-Soward flows with
0 < & < 1 suggests that tracer motion should be easy along open channels in the (1,1)" direction,
but must work against streamline blocking in the (1, — 1) direction. Based upon our discussion in
Paragraph 2.1.4.1, we may therefore expect that diffusion is maximally enhanced along any
direction with a nonzero component along the open channels, but only minimally enhanced in the
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Fig. 3. Contour plot of stream function }&(x, y) of Childress-Soward flow (63) with ¢ = 0.5 (from [231]).

orthogonal, blocked direction. We may therefore hypothesize for 0 < ¢ < 1 the high Péclet number
scalings

_ 1
lim é-4 &~ O(Pe?) foré;é(l/ﬁ)[ J,

Pe -

(64)
o R 1
lim é-4+¢~0(1) foré= (1/ﬁ)[ J .
Pe - -
An elaborate boundary layer analysis by Childress and Soward [ 68] produces the same predictions
with specific values for the scaling prefactors, and Fannjiang and Papanicoloau [97] recover the
general scaling relations (64) through variational methods.
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Fig. 4. Log-log plot of enhanced diffusion coefficient K versus Pe for Childress-Soward flows (63) (from [210]). Upper
curve: ¢ = 0.9, middle curve: ¢ = 0.5, lower curve: ¢ = 0. Also shown is a line with slope 2 for reference.

Numerical computation [210] of the homogenized effective diffusivity matrix confirm the
maximally enhanced diffusion along the x direction when 0 < ¢ < 1. The effective diffusivity for
Childress—Soward flows with ¢ = 0, 0.2, and 0.5 are plotted in Fig. 4; the contrast of the maximally
enhanced diffusion (K., ~ O(Pe?)) for ¢ # 0 with the K., ~ O(Pe'/?) scaling for the cellular flow
¢ =0 is evident.

Crisanti et al. [77] investigated a family of flows with the same essential features of the
Childress—Soward flows (63), and predicted the same kind of high Péclet number behavior of the
effective diffusivity through intuitive scaling arguments. These predictions were supported by
Monte Carlo numerical simulations [77].

We will use the Childress—-Soward flows in Section 2.2.4 to illustrate some of the dramatic effects
which the addition of a constant mean sweep to a periodic velocity field can cause.

2.2.3.2. Checkerboard flows. Fannjiang and Papanicoloau [97] considered a “checkerboard flow”
variation of the steady cellular flow (62) in which the flow is active only in every other cell, so that
transport is dominated by passage through the corners of diagonally adjacent cells. Through the
use of variational principles, they rigorously show that the effective diffusivity can have a high
Péclet number asymptotic form limp, _, o, ||| ~ O(Pe%), with any 3 < « < 1, by further modifying
the checkerboard flow so that the corners are suitably widened.

2.2.3.3. Temporally fluctuating cellular flows. A few interesting studies of the effective diffusivity
have been undertaken concerning cellular flows with periodic temporal fluctuations. Knobloch and
Merryfield [165] numerically investigated the effective diffusion of a passive scalar field in
a standing wave obtained by multiplying the cellular flow (62) by a periodic time factor cos wt. The
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effective diffusivity was found to decrease as a function of the temporal frequency w. This
phenomenon was also manifested in the analytical formula (55) for the effective diffusivity in a shear
flow with periodic temporal variations, and is due to the diminishing persistence of tracer motion
as the temporal oscillations become more rapid. Knobloch and Merryfield [ 165] also examined the
effective diffusivity in a travelling wave with stream function

Yrwl(x, ¥, t) = sin(2n(x — Ut))sin(2wy) ,

where U is the phase speed. Note that the velocity field averaged over a temporal period still
vanishes everywhere. Through some numerical experiments, it was found in [165] that tracer
transport is faster in a travelling wave than in a standing wave. This was attributed to the action of
the Stokes drift of the travelling wave, and to the trapping and dragging of particles within the
cores of the moving cells. Note, however, that there is no long-term net drift of the tracer along any
direction [165].

Another interesting question is how tracer transport is modified when a periodic time-dependent
perturbation is added to the steady cellular flow (62). Solomon and Gollub [301] measured how
the effective diffusivity of the dyes and latex spheres in their laboratory convection cells changes
when the Rayleigh number is increased to a point at which the steady cellular flow becomes
unstable via a Hopf bifurcation to a temporally periodic oscillation. They found the effective
diffusivity to be enhanced by several orders of magnitude over that for a steady cellular flow, and
attributed this increase to the chaotic transport of tracers across the cellular boundaries due to the
temporal fluctuations. Such a conclusion was supported by various numerical computations of the
homogenized diffusivity in a simple model by Biferale et al. [40]. They found that the (dimen-
sionalized) effective diffusivity is independent of molecular diffusion at large Péclet number,
consistent with the notion that chaotic advection is the dominant transport mechanism.

2.2.4. Effects of constant mean sweep on transport in steady periodic flow

We next consider the dramatic and subtle effects which a constant mean flow can have on
the effective diffusivity of a periodic flow, with particular attention to the special class of
Childress—Soward flows (63) discussed in Paragraph 2.2.3.1. Our discussion draws primarily from
the results and ideas in the original study by McLaughlin and the first author [210]. We first
formulate some general mathematically rigorous criteria to decide when the addition of a mean
flow to a two-dimensional, steady, periodic flow will give rise to maximal or minimal diffusivity.
Roughly speaking for the moment, a mean flow V with rationally related components will
“generically” give rise to maximally enhanced diffusion along all directions other than those
perpendicular to V, whereas a mean flow with components forming an irrational ratio will create
minimally enhanced diffusion along all directions é if there are no stagnation points in the flow
[210]. Through numerical evaluation of the effective diffusivity, we next demonstrate that this
sensitive dependence of the large Péclet number asymptotics of the effective diffusivity on the ratio
of the components of the mean flow and other features manifests itself clearly at accessibly large but
finite Péclet numbers. The numerical experiments moreover reveal some striking crossover phe-
nomena for the behavior of the effective diffusivity as a function of Pe which reflect the competing
influences of various flow qualities suggested by the mathematical asymptotic theory [210]. All
these phenomena indicate subtle, complex, and mathematically rigorous behavior for eddy diffus-
ivity modelling in such flow fields.
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2.2.4.1. Conditions for maximal or minimal enhanced diffusion in presence of constant mean sweep. In
Paragraph 2.1.4.1, we stated general conditions for maximally enhanced and minimally enhanced
diffusion which can be deduced from the Stieltjes integral representation of the effective diffusivity
[39]. In [210], some rigorous corollaries of these conditions were derived which provide some
further general insights into how the large Péclet number behavior of the effective diffusivity of
a two dimensional, steady, periodic flow

NG y)}

v(x) = v(x,y) = L x.y)

is affected by the presence of a constant mean flow (sweep)

]

V= .

Vy

These results were later rederived in slightly different form in [97], using variational principles
mentioned in Paragraph 2.1.4.2.

We consider separately the cases where the ratio of the components of the mean sweep V,/V,
(or its inverse) is rational and irrational.

Effect of a mean sweep with rationally related coefficients. If the constant mean flow has rationally
related components, then the effective diffusivity is maximally enhanced in all directions é with
V-é # 0, provided that there exists a real number A and a positive integer p so that:

e .V, and AV, are each integers, and

o f e " 2HAVx =Vl p(x y)dxdy # 0, (65)
T2

where (x, y) is the stream function corresponding to the velocity field, i.e. v, = 0y//0y and
v, = — Oy/Ox [210].
The effective diffusion is always minimally enhanced in the direction é perpendicular to the mean
flow ¥V when it has rationally related components [97].

The technical condition (65) is clearly satisfied by “most” flows, with the significant exception
of shear flows aligned perpendicularly to V. In the generic case, therefore, a mean sweep
with rationally related coefficients will induce maximally enhanced diffusion in all directions
other than the one perpendicular to itself, along which diffusion will instead be minimally
enhanced. Shear flows directed perpendicularly to the mean sweep fail to adhere to this para-
digm quite simply because they have no velocity component parallel to the mean sweep, and
therefore cannot induce any additional diffusion in this direction. We will return below to discuss
crossover effects in the effective diffusivity produced by flows which are small perturbations of
shear flows.
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It is shown in [210] that the condition (65) is satisfied for the family of Childress—Soward flows
(63) described in Paragraph 2.2.3.1, provided that 0 <e¢ < 1. Recall that for ¢ =1, the
Childress—-Soward flow degenerates to a shear flow; the effect of the addition of a constant mean
sweep for this case was discussed in Paragraph 2.2.1.2. We now discuss the effects of the addition of
a mean sweep with rationally related components to Childress—Soward flows in the parameter
range 0 < ¢ < 1, for which the theorem stated above can be applied.

The special value ¢ = 0 corresponds to a cellular flow which gave rise to an effective diffusivity
scaling at large Péclet number as Pe!/? in all directions, when no mean flow is present. The addition
of a mean sweep with rationally related coefficients however dramatically changes the large Péclet
number asymptotics: the effective diffusivity is now maximal, scaling as Pe?, in all directions é other
than the one perpendicular to V, along which it is bounded in Pe. The intuitive reason for this
change is that the mean flow has opened up channels which facilitate transport parallel to itself, but
which block transport in the perpendicular direction [304]. The rational relation between the
components of the mean sweep V is, however, critical to this conclusion, as we shall explain below
when we consider mean sweeps V with irrationally related components.

For 0 < ¢ < 1, the Childress-Soward flow without a mean sweep has a mixture of open channels
and cats-eye trapping regions, and asymptotic analysis indicates maximally enhanced diffusion
along all directions except orthogonally to the channel direction, along which the diffusion is
minimally enhanced. The addition of a mean sweep maintains the generally maximally diffusive
character of the flow, but shifts the direction of minimal diffusivity to be orthogonal to the mean
sweep V, rather than orthogonal to the direction of the original channels (in the absence of the
mean sweep). The change in the streamline structure for various Childress—Soward flows under the
addition of a mean sweep is graphically illustrated in [210].

Effect of a mean sweep with irrationally related coefficients. By contrast to the generally maximally
enhanced diffusion promoted by the presence of a mean sweep with rationally related components,
we have the following result for the case of a mean sweep with irrationally related components
[210]:

If the ratio V',/V,, (or its inverse) is irrational, and the total flow has no stagnation points (that is,
[V + v(x, y)| vanishes nowhere), then no direction ¢ is maximally diffusive. Moreover, if the
irrational ratio V,/V, (or its inverse) can be normally approximated by rationals, then the
effective diffusion is only minimally enhanced in all directions.

The proof of this statement is given in [210], and relies on Kolmogorov’s theorem for dynamical
systems on the torus which permits a convenient global change of coordinates ([297], Ch. 11). The
number theoretic property of an irrational number being “normally approximated” by rationals is
discussed in ([297], p. 95). It suffices for our present purposes merely to mention that the set of
irrational numbers having this property has full Lebesgue measure, i.c. almost every irrational
number has the normal approximation property.

It is readily checked that the above statement can be applied to Childress—Soward flows,
provided that the mean sweep with irrationally related components is strong enough to preclude
stagnation points. We therefore have for these flows (and in fact, quite generically) a very sensitive
dependence of the effective diffusivity on the ratio of the components of the mean sweep. A rational
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ratio implies maximally enhanced diffusion in almost all directions, whereas an irrational ratio
usually implies minimally enhanced diffusion in all directions (provided there are no stagnation
points). In particular, while the effective diffusivity for the cellular flow described in Section 2.2.3
scales at high Péclet number as Pe!/?, the addition of a mean flow with rationally related
coefficients will further enhance diffusion with Pe? scaling in almost all directions, whereas the
addition of a sufficiently strong mean flow with irrationally related coefficients will usually interfere
with the enhanced transport mechanism of the cellular flow, and limit the effective diffusivity to
a finite constant no matter how large Pe becomes.

Similar results were obtained by Koch et al. [168] and Mauri [224] in asymptotic computations
for the special case of a flow drawn by a large-scale pressure gradient through a periodic array of
small spheres, and by Soward and Childress [304] for the case of a weak mean sweep past a steady
cellular flow (62). Golden, Goldstein, and Lebowitz [ 125] found an analogous phenomenon in the
diffusion of a particle through a oscillatory potential with two characteristic wavelengths; the
effective diffusivity takes different values depending on whether the ratio of the wavelengths is
rational or irrational.

An intuitive reason to understand why a mean sweep with rational ratios generally produces
much more effective transport than mean sweeps with irrational ratios is that the former can set up
resonant open channels of finite width extending forever periodically in a given direction. The
addition of a mean flow with irrationally related components, by contrast, gives rise to an aperiodic
total stream function with fine structures which will not support these clean open channels [304].
This explains, in a heuristic way, why one should not generally expect maximally enhanced
diffusion when the mean sweep has irrationally related components, but falls short of explaining
why the diffusion should be so inhibited as to be only minimally enhanced. Some mechanism other
than streamline blocking must be playing an active role in this regard. It may possibly be related to
a dense sampling of the period cell by every streamline which leads to a rapid averaging over the
mean zero velocity field [168]. It would be interesting to concretely identify and clarify the relevant
mechanism producing minimally enhanced diffusion in this situation.

2.2.4.2. Numerical evaluations of effective diffusivity at large but finite Peclet number. The math-
ematical theorems presented above concerning the addition of a mean sweep to a periodic flow
describe the asymptotic scaling of the effective diffusivity in the limit of large Péclet number. They
neither provide a numerical value for the prefactor in the scaling law, nor do they designate how
large the Péclet number must actually be for these asymptotic scalings to be observed. Such
questions generally require specific computation through either numerical solution of the cell
problem (33) or Monte Carlo simulations of the tracer motion (see Section 2.3.2). We describe here
some numerical computations of the enhanced diffusivity for certain Childress—Soward flows with
mean sweep which are suggested by the asymptotic mathematical theory to display potentially
interesting “crossover” behavior at finite Péclet number. These computations, reported in [210],
solve the cell problem (33) using a finite Fourier mode truncation scheme similar to the one used in
[226].

Perturbed shear flow with transverse cross sweep: We recall that the rigorous mathematical
theory proceeding from the Stieltjes integral representation stated that the addition of a mean flow
with rationally related components to a Childress-Soward flow (63) with 0 <& < 1 produces
maximally enhanced diffusion in all directions with é- ¥ # 0. On the other hand for ¢ = 1, the
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Childress-Soward flow reduces to a shear flow parallel to the vector (1,1)f, and we know from
Paragraph 2.2.1.2 that the addition of a mean sweep in any other direction will produce minimally
enhanced diffusion in all directions. Therefore, in particular, the addition of a mean flow parallel to
(— 1,1)" will produce maximally enhanced diffusion for Childress-Soward flows with 0 <& < 1,
but only minimally enhanced diffusion for the limiting shear flow case ¢ = 1. This motivates a study
of how the enhanced diffusivity varies at finite Péclet number when ¢ is slightly below 1.

We therefore choose a Childress—Soward flow with ¢ = 0.9, which, in the absence of any mean
flow, has the structure of a perturbed shear flow, with long and narrow cat’s eyes interspersed
between wide channels (see Fig. 5). For comparison and contrast, we present in Fig. 6 the
numerical computations for the enhanced diffusivity along the x direction, K, which results when
the mean flow V' =(2,2)" or V= (—2,2)" is added. In both situations, the asymptotic theory
predicts maximally enhanced diffusion (limp,_ K, ~ O(Pe?)), and this is confirmed by the
numerical computations, but a substantial difference between the two cases is manifest at finite
Péclet number.

Fig. 5. Contour plot of stream function }&(x, y) of Childress-Soward flow (63) with ¢ = 0.9 (from [210]).
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Fig. 6. Log-log plot of enhanced diffusion coefficient K, versus Pe for Childress-Soward flow (63) with ¢ = 0.9 (from
[2107). Upper curve: mean flow V = (2,2)%, lower curve: V = ( — 2,2)". Also shown is a line with slope 2 for reference.

In the case V = (2,2)", the mean flow is aligned parallel to the overall shearing direction, and has
almost no effect on the enhanced diffusivity of the flow. (Compare with the effective diffusivity
computed for this flow in the absence of any mean flow in Fig. 4.) The second case, in which the
mean sweep is directed orthogonally to the shearing direction, exhibits instead two distinct scaling
crossovers in the plot of In K, vs. In Pe. For small Pe, the curve has slope 2, a general consequence
of the Stieltjes integral representation (39) for arbitrary periodic flows [12]. As Pe increases
through the range 10 to 10°, the enhanced diffusivity temporarily plateaus to a constant level, then
finally turns back to a quadratic rate of growth. The intermediate regime of constancy of K., is
clearly attributable to the presence of the mean sweep transverse to the shearing direction. In fact,
one may infer that for Pe <103, the tracer diffusion behaves in the same way as if the velocity field
were a superposition of a shear flow (¢ = 1) with a transverse cross sweep. The enhanced diffusivity
temporarily saturates at a finite level in accordance with the minimal enhancement of diffusion in
such a flow. The reason why the perturbation to the shear flow (i.e. the difference of ¢ from 1) may
not yet be noticable is that the finiteness of the Péclet number implies a sufficient amount of
molecular diffusion which could blur out the sensitivity of the tracer to the rather small-amplitude
deviations to the shear flow. For Pe > 103, the departure of v(x) from a parallel shear flow begins to
be felt, and the enhanced diffusivity correspondingly turns over to a maximally diffusive character.
The association of the intermediate plateau regime 10 < Pe <102 with a regime in which the shear
flow plus transverse sweep dominates the effects of the ¢ # 1 perturbations is also borne out by
a computation of the eigenvectors of the enhanced diffusivity matrix [210]. Based on this numerical
evidence and the rigorous asymptotic theory, we can conjecture that as ¢ 7 1, the intermediate
plateau regime in the plot of In K . vs. In Pe extends ever further to the right, pushing the transition
to the ultimate K., ~ O(Pe?) growth stage to ever higher Péclet number.
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The present study of the effective diffusivity in a perturbed shear flow with transverse cross sweep
exemplifies the symbiotic interaction between mathematical theory, physical intuition, and numer-
ical computations. The mathematical theory furnished some general asymptotic statements,
which left open some details concerning the behavior of the effective diffusivity at finite Péclet
number, but brought out some of the essential physical features of the flow which determine how
effectively diffusion is enhanced. These considerations suggested some illustrative problems and
questions to address numerically, and we thereby uncovered some interesting finite Péclet number
crossover behavior which is beyond the reach of the asymptotic theory. On the other hand, the
asymptotic theory plays a crucial role in checking the inferences we make from numerical
simulations. If we had only computed the enhanced diffusivity up to Pe = 100, we would have
missed the second transition in the curve in Fig. 6 corresponding to V = ( — 2,2)". The empirical
evidence alone might misleadingly suggest that the enhanced diffusivity had reached a permanent
finite limit, but the rigorous asymptotic theory would inform us that this could not possibly be the
case, and that we would find another transition if we pushed our computations to higher Péclet
number.

Contrast between mean sweeps with rational and irrational ratio of components: One particularly
intriguing conclusion from the rigorous asymptotic theory is that the effective diffusivity can
display diametrically opposite behavior, i.e. minimally or maximally enhanced diffusion in most
directions, depending on whether a mean flow with rationally or irrationally related components is
superposed. This is, taken at face value, a statement applicable only at enormously large Péclet
number, since it is clear the effective diffusivity at any finite but large Péclet number cannot be
much affected by an infinitesimal shift of the mean flow between rational and irrational ratios.
Nonetheless, we understood above that this asymptotic statement had some apparent physical
content, in that mean sweeps with rationally related components can be expected to open more
efficient channels of rapid transport than mean flows with irrationally related components. Clearly,
the practical issue suggested by both the asymptotic theory and this physical intuition is whether
there can be a strong difference at finite Péclet number between the effective diffusivities when the
ratio of the components of a mean flow pointing in a general direction is well approximated or is
not well approximated by a low-order rational number (one with small integers in the numerator
and denominator) [304].

This question was strikingly answered in the affirmative by [210] using a Childress-Soward flow
(63) with ¢ = 0.9, and comparing the effects of two different mean sweeps, both generally transverse
to the overall shearing direction. The first mean sweep is defined V = (7.1, — 7.1), which clearly has
a low order rational ratio ( — 1) of components. The tracer transport in this case is guaranteed by
the rigorous asymptotic theory to be maximally diffusive at large Péclet numbers, and the
numerical simulation results presented as the upper curve in Fig. 7 confirm this behavior. The
enhanced diffusivity in this case exhibits a crossover at intermediate Péclet numbers 1 SPe <10 1in
just the same way as the same Childress—Soward flow with rationally related mean sweep
V =(—2,2)" which we discussed following Fig. 6. The reason for this crossover is that the
perturbations to the shear flow play a subdominant role to the gross shear plus cross sweep
structure until Péclet number is sufficiently large.

The enhanced diffusivity was next computed for a mean sweep V = (7.14142,7.1)f, which has the
same general direction as the first mean sweep, but is clearly not well approximated by any
low-order rational. We therefore expect the enhanced diffusivity to behave for accessibly large
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Fig. 7. Log-log plot of enhanced diffusion coefficient K, versus Pe for Childress-Soward flow (63) with ¢ = 0.9 (from
[210]). Upper curve: mean flow V = (7.1, — 7.1)", lower curve: ¥V = (7.14142, — 7.1)". Also shown is a line with slope 2 for
reference.

values of Pe as if the mean flow had irrationally related components. Since the flow is readily shown
to have no stagnation points, the mathematical theory predicts that the diffusivity should be
only minimally enhanced for ¥V = (7.14142,7.1)%, in stark contrast to the maximally enhanced
diffusion for ¥ = (7.1, 7.1)". This distinction is clearly manifested by the numerical computations in
Fig. 7 at finite but large values of the Péclet number. The enhanced diffusivity behave identically
for the two mean flows up to Pe ~ 10, at which point the flow with irrationally related mean
sweep exhibits a second crossover to a minimally diffusive regime in which the enhanced diffusivity
remains constant at least up to Pe ~ 10°. This crossover may clearly be interpreted as a fairly
sudden onset of sensitivity of the tracer transport to the fine structure of the flow created by the
departure of the mean sweep V = (7.14142,7.1)" from a low-order rational. For smaller values of
Péclet number, the molecular diffusion is sufficiently strong to coarse-grain the discrepancy
between the two mean sweeps, but at larger values of Péclet number, the differences in the
streamline structure are acutely felt by the tracer [304]. Similar crossover behavior is also exhibited
in approximate analytical formulas for the enhanced diffusivity in flow drawn past a cubic array of
small spheres [168].

Role of stagnation points: Recall that the theorem guaranteeing that mean flows with irrationally
related components produce minimally enhanced diffusion required the absence of stagnation
points of the total flow. This condition was needed in the proof of [210] to employ a theorem of
Kolmogorov to effect a helpful change of coordinates. To examine whether this condition might be
truly necessary or is just an artifact of the method of proof, those authors conducted some
numerical studies of the effective diffusivity of a tracer in a flow with an irrationally related mean
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sweep and stagnation points. They found that the presence of stagnation points did affect the large
Péclet number behavior of the tracer transport so that it no longer had a minimally diffusive
character [210]. Some discussion on the role of stagnation points in tracer transport also may be
found in [97].

General implications: The examples presented above alert us to be cautious in inferring asymp-
totic scaling behavior of the effective diffusivity from computations at finite Péclet number because
multiple crossovers can and do occur. They also explicitly demonstrate how the effective diffusivity
can truly be exquisitively sensitive to fine details of the flow, particularly at high Péclet number. For
instance, the two mean sweeps just considered differ by less than one percent, yet the enhanced
diffusivity which results differs by orders of magnitude for moderately large values of Pe (see Fig. 7).
We will see in Paragraph 2.3.2.1 that these differences are moreover manifested on practical, finite
time scales [231]. These examples raise important concerns for the modelling of the effective
diffusivity of a flow by nonrigorous, approximate, or ad hoc arguments, and provide simple,
natural, and instructive test problems which can help determine whether these approximate
theories are rich enough to capture the substantial variations in effective diffusivity produced by
subtle changes in the flow.

2.2.5. Other spatio-temporal periodic flows

We have focused our above discussion of homogenized diffusivity to flows of shear and cellular
type, but quite general periodic flows can be studied through a concerted use of numerical methods
with the mathematical tools described in Paragraph 2.1.4.1. Such an approach is exemplified in the
work of Biferale et al. [40], in which they compute the effective diffusivity of tracers in various
interesting kinds of flows through three different numerical approaches. One is the numerical
solution of the cell problem (14) through a conjugate gradient algorithm (rather than through the
finite mode Fourier truncation method adopted in [210,226]. The second is through the construc-
tion of suitable Padé approximants from the numerical computation of a finite number of terms of
a low Péclet number expansion of the effective diffusivity. As described in [9,12] and Paragraph
2.1.4.1, these Padé approximants can be used to bound the effective diffusivity rigorously and
tightly over finite ranges of Péclet number, provided the coefficients of the low Péclet number
expansion are computed with sufficient precision [40]. Finally, the effective diffusivity is computed
through direct Monte Carlo simulations of the motion of a large number of tracers, which we will
discuss at further length in Section 2.3.2.

For all flows considered, the effective diffusivities computed by the various methods agreed well
over several decades of Péclet number. The computation by Padé approximants has some peculiar
advantages and disadvantages. On the one hand, only a finite number of quantities must be
computed to obtain rigorous bounds for all Péclet number, whereas the other approaches can
compute the effective diffusivity for only one Péclet number at a time. Unfortunately, it is difficult
to obtain good numerical precision with Padé approximants at high Péclet number [40], and this
practically restricts the method to moderate and low Péclet number (Pe <O(102)). The numerical
solution of the homogenization cell problem (14) was found to be the most efficient means of
computing the effective diffusivity at large Péclet number. One important consequence of the good
agreement between this computation and those of the Monte Carlo simulations is that the
asymptotic predictions of homogenization theory are realized on practical, finite time scales. We
return to this point in Section 2.3.
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Besides the steady cellular flow and its time-dependent perturbation mentioned in Section 2.2.3,
Biferale et al. [40] considered a quite different, steady, three-dimensional “ABC flow”:

V(x) = Vapc(X, Y, 2) = | v)(

v(y,z) =sinz + cosy,
vy(X,z) =sinx + cosz ,
vAx,y) =siny + cos x .

This ABC flow is an exact steady solution of Euler’s equations. The streamlines form regular open
tubes surrounded by chaotic regions. The transport is expected to be dominated by the open tubes,
producing maximally enhanced diffusion, and this is verified numerically [40].

2.3. Tracer transport in periodic flows at finite times

The homogenization theory presented in Sections 2.1 and 2.2 for the effective diffusion of
a passive scalar field by a periodic velocity field is an asymptotic theory guaranteed to be valid only
at sufficiently large space and long time scales. In practical applications, it is important to know the
time scale on which this asymptotic effective diffusive behavior is attained and the nature of the
corrections to the diffusive behavior over finite intervals of time. We now address these questions
by computing the statistical behavior of a single tracer in several classes of periodic flows at finite
times.

First, we return to the periodic shear flows with constant or zero cross sweep, which we
introduced in Section 2.2.1. Due to the special geometry of these flows, the equations of motion for
tracers can be exactly integrated, and exact formulas for the moments of the tracer displacement
can be derived for arbitrary time. From these, we can directly read off the rate of relaxation to the
homogenized, long-time diffusive behavior as well as the character of the finite-time corrections.
We will find that the homogenized description is accurate after a fixed time of order unity
(nondimensionalized with respect to molecular diffusion scales as in Section 2.1.1), irrespective of
Péclet number [230].

For general periodic flows, the tracer equations are too difficult to integrate exactly. The passive
scalar evolution over pre-homogenized time scales for some special flows other than shear flows
have been addressed through various approximate analytical techniques. As examples, we refer the
reader in this regard to the finite time analysis by Young et al. [346] (and also [47]) for a high
Péclet number steady cellular flow, and to Camassa and Wiggins’ [52] treatment of tracer
advection in a temporally oscillating cell flow by dynamical systems techniques which neglect
molecular diffusion. Methods such as these rely upon a sufficiently simple geometry of the
streamlines, as well as other asymptotic or ad hoc assumptions.

An alternative and effective way to study the motion of a tracer with quantitative accuracy over
finite time intervals in a general periodic flow with complex geometry is by careful Monte Carlo
numerical simulations. A Monte Carlo simulation is simply an integration of the particle trajectory
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equations for a large number of particles undergoing independent random molecular diffusion in
addition to advection by the flow. Averages computed from this finite sample are then used to
estimate statistics of the full ensemble, such as the mean-square tracer displacmeent. We report on
several Monte Carlo simulations [40,2317] which show very good quantitative agreement with the
predictions of homogenization theory after an initial transient stage extending at most over
a (nondimensionalized) time interval of order unity. In particular, the subtle crossover behaviors
predicted by homogenization theory for the class of Childress-Soward flows with a mean sweep in
Section 2.2.4 are explicitly manifested over finite time intervals. This underscores the care which is
required in formulating effective diffusivity models for practical applications, even in the relatively
simple case of a periodic velocity field varying on spatial scales well separated from the macroscale.
On the positive side, the good agreement between homogenization theory and the Monte Carlo
simulations indicate that the effective diffusivity of tracers in a periodic flow on practical time scales
can be computed through the numerical solution of a single cell problem (such as Eq. (33)), rather
than through the generally more expensive simulation of the motion of a large number of tracers [40].

2.3.1. Periodic sinusoidal shear flow

We mentioned in Section 2.2.1 that many nontrivial aspects of passive scalar transport can be
illuminated through explicit formulas within the class of shear flows. Here, we present exact
formulas for the evolution at all times of the first and second spatial moments of a passive scalar
field immersed in a steady, periodic shear flow with constant (possibly zero) cross sweep,

w
v(x) =v(x,y) = L(XJ .

These formulas for the behavior of the passive scalar field momentsat finite times will be compared
to the predictions of homogenization theory worked out in Section 2.2.1.

We shall adopt a tracer-centered perspective to complement the field-centered perspective
emphasized so far in Section 2. These are related in that the probability distribution function
(PDF) for a single tracer in an incompressible velocity field obeys the advection—diffusion equation
with initial data delta-concentrated at the initial tracer location; see the discussion in Section 1.
The location (X(t),Y(¢)) at time t of a single tracer (2) originating from (x,,y,) in the presence of
a periodic shear flow with constant cross sweep obeys the following nondimensionalized stochastic
equations of motion:

dX(r) = Pewdr + /2dW (1), X(t=0)=x,, (66)
dY(r) = Peu(X(1)dt + /2dW (1), Y(t=0)=y,.

The random increments dW (t) and dW (t) are differentials of independent Brownian motions
[112,257] arising from molecular diffusion. Brownian motion has the following formal properties
(for W(t) = W (t) or W(t) = W (t)):

e WW(t) is a continuous random function.

e W(t) — W(s) is a Gaussian random variable with mean zero and variance |t — s].
e Increments of W(t) over disjoint time intervals are independent of one another.
o W(it=0)=0.
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Due to the spatially decoupled dynamics induced by a shear flow, the stochastic trajectory
equations (66) can be integrated successively by quadrature:

X(t) = xo + Pewt + /2W (1) , (67a)

Y() = yo + Pe j tv(X(s)) ds + /2W (1) . (67b)

Note that the tracer position is random due to the Brownian motions arising from molecular
diffusion.
Two statistics of fundamental interest are the mean displacement of the tracer,

px(t1xo, yo) = <X(t) — XoD>w,

(68)
py(t1xo, o) = <Y (1) — yoow,
and the variance of its location,
03 (t|x0,70) = <(X(t) — 1x(0)*Dw,
x(tlx0,y0) = (X(t) — ux(0)*>w (©9)

o#(tlxo.y0) = (Y (1) — ur(6)*Dw -

The brackets < - >y denote an averaging over the Brownian motion statistics. Because the PDF of
the tracer displacement is identical to the solution of the advection—diffusion equation with initial
data

To(x,y) = 6(x — X0)0(y — yo) »

the spatial moments of the passive scalar field evolving from such initial data are directly related to
the tracer statistics (68) and (69) as follows:

[foo [foo

(x — x0)T(x,y)dxdy = px(t|xo, yo) ,

J T O0J T O

foo [0

) (y = yo)T(x,y)dxdy = uylt|xo, yo) »

U('7 Oov(‘ (70)
R (x — x0)?*T(x,y)dxdy = {(X(t) — x0)*) = 0%(t]x0, yo) + (tx(t1x0, ¥0))*
| - vo)*T(x,y)dxdy = {(Y(1) — y0)*> = o3(tlx0, Vo) + (ux(tlx0, Vo)) -

In particular, ux(t|xo, Vo) is the mean displacement of the center of mass and o%(t|xo, yo) is the
mean-square radius of a cloud of passive scalar particles initially released at (xo, yo).

The tracer motion across the shear flow is very simple to describe: X(t) is a Gaussian random
variable with mean

ux(t|xo0, y0) = xo + Pewt
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and variance

ax(t]xo, yo) = 2t ,
as may be checked from the fundamental properties of the Brownian motion W (t).

The statistics of tracer motion along the shear direction is naturally much richer. The main
features for a periodic shear flow can be illustrated in the simple context of a single-mode sinusoidal
shear flow:

v(x) = sin 2mx .

The shear-parallel tracer displacement in a more general periodic shear velocity field can be
computed in a similar manner by decomposing the shear flow into a sum of Fourier modes,
see [230].

2.3.1.1. Mean tracer displacement along sinusoidal shear. For the single-mode case under current
consideration, the mean displacement of the tracer along the shear is given by

py(txo, yo) = Pe L<sin(2nX(s))>W ds + <W(t)w

t
= Pe J {sin(2m(xo + Ws + /2 (s)pw ds . (71)
0
The expectation in the integrand may be computed by expressing it as a complex exponential:

{sin(2m(xg + Ws + \/EWx(s)))>W = 3exp(2mi(xg + Ws + /2W (8)Dw » (72)

where 3 denotes the imaginary part of the subsequent expression. The right-hand side now involves
the expectation of the exponential of a Gaussian random variable 2niZ, which can be explicitly
computed according to the following general formula [257]:

(&7 = 2D 28X =D for Gaussian Z . (73)

Evaluating Eq. (72) in this way, using the fact that W (s) is a Gaussian random variable with mean
zero and variance s, substituting the result into Eq. (71), integrating the resulting complex
exponential, and taking the imaginary part of the resulting expression, we achieve the following
exact formula for the mean displacement of the tracer along the shear:

wlcos(2mxo) — e~ " cos(2m(xo + Pewt))]
2n(4n? + Pe?w?)

. [sin(2mxo) — e~ *"'sin(2m(xo + Pe wi))]
4n? + Pe?w? '

uy(tlxo, yo) = Pe?

+P

(74)

The mean displacement is essentially characterized by exponentially decaying sinusoidal fluctu-
ations. Clearly, the oscillations are induced by the sweeping of the tracer across the sinusoidal shear
flow. Indeed, in the presence of a cross sweep w # 0 and in the absence of molecular diffusion,
tracers would simply follow the deterministic streamlines

1
y=Yo+ m(cos(%xo) — cos(2mx))
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and forever oscillate in a regular manner. Molecular diffusion breaks up the phase coherent motion
of the tracer by pushing it randomly across different streamlines, and thereby causes the periodic
component of the tracer’s motion to decay exponentially. If we view uy(t|xo, yo) as the mean center
of mass (along the y direction) of a cloud initially released from (xo, yo), then we can say that
molecular diffusion causes the cloud to spread out and eventually sample many period cells. The
cloud’s center of mass motion along the shear will therefore decay to zero by the law of large
numbers, since the mean velocity along the shear is zero. Similar considerations apply when w = 0,
except that the coherent motion in the absence of molecular diffusion would be ballistic motion
along straight streamlines aligned parallel to the y direction.

We note that in the long-time limit, the mean tracer displacement along the shear settles down to
a constant:

. 21 Pesin(2mx,) + Pe? W cos(2mx,)
lim MY(tlxo’ yO) = 27[(47'[2 4 PeZwZ)

t— o0

This is consistent with the above reasoning that the mean tracer velocity along the shear should
eventually vanish due to the averaging effects of molecular diffusion. The finite net displacement is
determined by the accumulated transient momentum from early times where the tracer motion is
still largely coherent. Indeed, the long-time net displacement is manifestly sensitive to the initial
location x, of the tracer.

2.3.1.2. Variance of tracer displacement along shear. An exact formula can also be derived for

a¥(tlxo, yo) = (Y (8) = <Y (E)>w)*d>w = (YD) — yo)*Dw — KY(O))w — yo)*

the variance of the tracer displacement along the shearing direction. The second term in the
rightmost expression is just the square of puy(t|xo, yo), which was evaluated above (see Eq. (74)). The
first term may be evaluated similarly, starting from Eq. (67b) and using the standard properties of
the independent Brownian motions W,(t) and W(t):

LY (1) — yo)*dw = 2t + Pesz<sin(2nX (5))sin(2n X (s") >y ds ds’

0J0

=2t + %Pesz@os&n(X (5) — X(s)) — cos(2m(X(s) + X(s"))>dsds’
0J0

=2t + %Pesz@os@n(ﬂz(s —5) + Ws) — W(s))

— cos(2n(2xo + W(s + ') + Wi(s) + W(s'))wdsds'.

The integrand in the last expression is now in the form of a difference of the real parts of complex
exponentials of Gaussian random variables, and may be evaluated using Eq. (73). The resulting
integrand is again a complex exponential, which may be integrated over time in a straightforward
albeit tedious manner. We finally find that the variance of the tracer displacement along the shear
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may be expressed as follows:
ait) = 2(1 + K,))t + Pe?B(Pew)(1 — e~ *"cos(2nPeit))
+ Pe? B,(Pew)e ™ **'sin(2nPe wt)
+ Pe? B;(Pe w)e ™ *"[cos(4mx,) — cos(2m(2xe + Pewt))]
+ Pe? By(Pe w) e~ *"[sin(4mx,) — sin(2n(2xo + Pewt))]
+ Pe? B5(Pew)e ™ 1" [cos(4mx,) — cos(4m(xo + Pewt))]
+ Pe? Bg(Pew)e ™ 1" [sin(4nx,) — sin(4n(x, + Pewt))]
+ Pe? B,(Pe w)[sin(2mxo) — e ~***sin(2n(x, + Pe wt))]?
+ Pe? Bg(Pe w)[cos(2mxo) — e+ cos(2n(xo + Pewt))]?, (75)
where

Z - Pe?
» = 2Gr7kE + PeRnd)

(76)

is the enhanced diffusivity predicted by homogenization theory (cf. (52)) and each B; satisfies
Bj(z) < C;/(1 + z?) for some numerical constant C; independent of Péclet number. Precise formulas
for these constants may be found in [231]. We note that the variance of the tracer displacement
consists of a sum of a linear, diffusive growth, a constant, and some decaying, oscillating terms.
Their presence may be explained in a similar way to analogous terms in the mean tracer
displacement. Another method of derivation of the mean-square displacement of a tracer in a shear
flow with cross sweep and some numerical plots of its behavior may be found in [131].

2.3.1.3. Relaxation to asymptotic homogenization regime. Homogenization theory predicts that at
sufficiently long times, the PDF for the tracer displacement along the shear direction y will obey an
effective diffusion equation with effective diffusivity 1 + K,, given by Eq. (76). In conjunction with
Eq. (70), this implies that the mean of the tracer displacement along the shear, uy(t|xo, yo) should
settle down to a constant (since there is no advective term in the homogenized diffusion equation),
and that its variance o#(t|x,, yo) should grow at an asymptotically linear rate

lim 63(t|x0, yo) ~ 2(1 + K,,)t .

t—
The exact finite-time calculations (74) and (75) are in agreement with these homogenization
asymptotic predictions. The tracer displacement departs at finite times from the effective diffusion
description through some constant terms and transient, exponentially decaying, oscillatory terms.
These finite-time corrections to the homogenized behavior do depend sensitively on initial data, in
contrast to the effective diffusivity K.

An important question for applications is how much time must pass before the tracer displace-

ment is accurately described by the homogenized diffusion equation. It is readily seen from
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Egs. (74) and (75) that for a steady, periodic shear flow with constant or zero cross sweep, the mean
and variance of the tracer displacement relax to their homogenized limits on an order unity time
scale which is independent of Pe. Recalling our reference units for nondimensionalization
(Section 2.1.1), we conclude that for a periodic shear flow with constant or zero cross sweep, the
homogenization theory becomes valid on a time scale comparable to that over which molecular
diffusion, acting alone, would cause an initially concentrated cloud of tracers to disperse over
several period cells. That this should be the governing time scale for the validity of the homogen-
ized equations may be understood from the fact that homogenization theory appeals to an
averaging over the periodic fluctuations of the velocity field. Without molecular diffusion, tracers
would forever move along neatly ordered, periodic streamlines. One must therefore wait for
molecular diffusion to buffet the tracer across all the streamlines in a period cell before the tracer
has effectively sampled the velocity field over several period cells. We shall discuss in Paragraph
2.3.2.1 some types of periodic velocity fields for which homogenization is achieved on faster time
scales.

2.3.2. Monte Carlo simulations over finite times

We now discuss the statistical behavior of tracers over finite-time intervals in more general flows.
The general stochastic equations of motion for a tracer are, in nondimensionalized units (see
Egs. (2a) and (2b)):

dX(t) = Pe(V + o(X(1), 1) d + /2dW) , (77a)
Xt =0)=x,, (77b)

where MWt) is a vector-valued random process with each component an independent Brownian
motion. We showed in Section 2.3.1 how to integrate these equations in an exact closed form for
the case in which v(x, ) is a shear flow, but this is not generally possible. Instead, Eq. (77a) can be
quantitatively studied over finite-time intervals through Monte Carlo numerical simulations. By
this we simply mean a numerical discretization of these equations of motion, along with an artificial
random number generator to simulate the discretized influence of the random Brownian motion

term /2 dW(t) in (77a). In this way, one can numerically integrate the equations of motion (77a)
and (77b) to produce a simulation of a single random realization of a tracer trajectory. To compute
statistical quantities associated with the tracer motion, one simply performs a large number N of
simulations of the tracer trajectory {XY(t)}Y-,, using independent simulations of the Brownian
motion for each case, and then averages over the sample. For example, one can numerically
simulate the evolution of the mean-square displacement o2(t) = {|X(t) — xo|>)> over a finite-time
interval by computing the average

N
Frannl) =1 Y KO() — xol?
N&
over the squared-displacements of the N independent runs.

The two numerical concerns in Monte Carlo simulations are the accurate discretization of the
equations of motion (77a), (77b) and the choice of a sufficiently large sample size N to obtain
accurate statistics reflecting the influence of the Brownian motion. Standard generalizations of the
Euler and Runge-Kutta schemes for the stochastic equations (77a) may be found in [163]; one
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must take care that a sufficiently small step size is chosen [231]. The random number gen-
erator must also be of sufficient quality to avoid spurious artifacts in the simulation of the
Brownian motion [230]. Other substantial numerical challenges must be faced when conducting
Monte Carlo simulations of the advection—diffusion of a tracer by a random velocity field with
long-range correlations; we address this problem at length in Section 6.

2.3.2.1. Realization of homogenized behavior at finite time. Monte Carlo simulations have been
utilized by McLaughlin [231] and Biferale et al. [40] to examine the extent to which the effective
diffusion behavior predicted by homogenization theory describes the evolution of the mean square
tracer displacement over finite time intervals in some interesting classes of flows. In both of these
works, it was found that, after some transient period, the homogenized diffusivity does accurately
describe (half) the rate of growth of the mean-square tracer displacement computed from the
Monte Carlo simulations.

In particular, McLaughlin [231] showed in this way that the strong sensitivity of the effective
diffusivity to the rationality or irrationality of the ratio of the components of a mean sweep across
a two-dimensional steady periodic flow (see Section 2.2.4) is a relevant effect at finite times. He
considered a Childress-Soward flow (63) with ¢ =0.5, with two alternative mean sweeps,

=(—15,15) and V =(— 15.5,15). The former clearly has a lower order rational ratio of
coefficients than the latter, so greater enhanced diffusion is expected for the former in almost all
directions. In Fig. 8, the enhanced diffusivity (along the x direction) computed by numerical
solution of the homogenization cell problem (33) and by the Monte Carlo simulations are shown to
agree to excellent accuracy. The actual definition used in [231] for the enhanced diffusivity as
simulated by the Monte Carlo method over finite time is:

KMo — SJ ( 12N (X0 = xo)* 1>dt,
5

2t

where N = 1000 independent realizations of the tracer paths were simulated. The initial time
interval 0 <t < 5 was excluded from the average to reduce contamination by transient effects.

It is evident from Fig. 8 that the slight difference between the mean sweeps V' = ( — 15,15) and
V =(— 15.5,15) creates an order of magnitude difference between the transport rate for finite
Péclet number Pe ~ 107 after a finite interval of time ¢ ~ 10 (in units nondimensionalized with
respect to molecular diffusion). Examination of the simulated mean-square displacement as
a function of time further revealed that the transient period of adjustment to the homogenized
behavior was very rapid, on the order t ~ 10”2 and decreasing further as Péclet number is
increased [231]. This may be compared with the order unity time of adjustment found for the shear
flow with cross sweep discussed in Section 2.3.1. The difference is apparently due to the better
mixing properties of the Childress—Soward flow with mean sweep; the velocity field cooperates with
the molecular diffusion to accelerate the rate at which a tracer fully samples a period cell and
thereby attains its ultimately homogenized behavior [231].

Monte Carlo simulations have also been utilized by Crisanti et al. [ 77] for flows closely akin to
Childress—Soward flows without mean sweep (see Paragraph 2.2.3.1). The simulated diffusivities
are found to behave in a manner consistent with maximally enhanced diffusion along the direction
of the open channels and minimally enhanced diffusion in the transverse direction where transport
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Fig. 8. Log-log plot of enhanced diffusion coefficient K . versus Pe (from [231]). Solid curves: numerical solutions of cell
problem from homogenization theory, discrete markers: Monte Carlo simulations. Upper curve and crosses: mean sweep
(— 15,15)", lower curve and circles: mean sweep ( — 15.5, 15)F.

is blocked by streamlines. Finally, we note that Rosenbluth et al. [287] employed Monte Carlo
simulations to check and extend their analytical high Péclet number predictions for the effective
diffusivity of a passive scalar field in a cellular flow (62), which they obtained through matched
asymptotic expansions rather than through homogenization theory.

2.4. Random flow fields with short-range correlations

The periodic flows we have been considering so far have a precisely ordered structure. Many
flows in nature and in the laboratory, however, are at sufficiently high Reynolds number that
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turbulent fluctuations are strongly excited, and these impart a disordered and chaotic character to
the flow pattern. A convenient way to approximate the complex spatio-temporal structure of such
turbulent flows is by modelling the velocity field as a random function. The typical realizations
(particular random choices) of velocity fields in such random models display a disordered structure
which is quite difficult to achieve through deterministic models. The stochastic nature of random
velocity field models is also appropriate because of the unpredictability of the precise microstruc-
ture which a turbulent flow will develop in systems where only large-scale information can be
observed or specified, as is always the case in practice. We will exclusively consider random
incompressible flows (V - v(x, t) = 0), but will not otherwise insist that the random velocity fields are
actual statistical solutions of the Navier-Stokes or Euler hydrodynamic equations. For reference,
we provide an appendix in Section 2.4.5 discussing some fundamental definitions, notations, and
facts about random functions which we will need throughout this report.

We begin our exploration of the advection of a passive scalar field by a random velocity field by
considering two large-scale, long-time rescalings which rigorously lead, in certain asymptotic
limits, to effective diffusion equations for the mean passive scalar field (averaged over the statistics
of the velocity field). One of these, which we discuss in Section 2.4.1, corresponds to a limit in which
the spatial scale of the velocity field is scaled up in proportion to the spatial scale of the passive
scalar field. The effective diffusivity in this limit is given by the relatively simple Kubo formula
[188]. Next, in Section 2.4.2, we consider the same sort of large-scale, long-time limit of a passive
scalar field advected by a steady random velocity field as we did in the context of periodic velocity
fields in Section 2.1.2. A similar homogenized description results, provided that the velocity field
has sufficiently short-ranged correlations so that a strong separation can exist between the
observed macroscale and the spatial scale of the velocity field fluctuations [12]. Throughout
Section 3, we will explore examples of random shear flows which have strong long-range correla-
tions which violate the conditions for the applicability of the homogenization theory, and the tracer
motion is explicitly shown in such examples to proceed superdiffusively at long times.

Stieltjes measure formulas and variational principles for the effective diffusivity, analogous to
those presented for periodic flows in Section 2.1.4, will be developed for steady, homogenous
random fields in Section 2.4.3. In Section 2.4.4, we discuss the application of the homogenization
theory to some example random flows.

2.4.1. Kubo theory

Before presenting the homogenization theory for random velocity fields, we consider another
type of large-scale, long-time asymptotic rescaling which also leads to an effective diffusion
equation, but with a much simpler formula for the effective diffusivity. We will express this rescaling
in terms of dimensional functions and variables.

We consider a given homogenous, stationary, mean zero, incompressible random velocity field
v(x, t). We rescale the passive scalar field to large scales and long times

TOx, 1) = § T (dx, 5%1) ,

with § — 0, and simultaneously rescale the length scale of the random velocity field to remain on
the same order as that of the passive scalar field:

v (x, 1) = v(dx, 1) .
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This rescaling of the length scale of the velocity field distinguishes the present asymptotic rescaling
from that leading to homogenization theory; see Section 2.4.2 below. In particular, § is not the ratio
between the spatial scales of the velocity and passive scalar fields; it may rather be thought of as the
ratio between some fixed reference scale and the common scale of the velocity and passive scalar
field. The rescaled advection—diffusion equation reads

OTV(x, 1)/0t + 5~ "0, 5 20) - VTO(x, 1) = kAT Vx, 1)

. - (78)
T, t = 0) = TOx) .

We now seek a simplified description for the mean statistics ( T®(x, £) in the limit that  — 0; angle
brackets denote a statisical average over all randomness. The general obstacle to obtaining an
effective equation for the mean passive scalar density is the difficulty in evaluating the average of
the nonlinear term {v-VT) in terms of {T) or other simple statistical objects (see Section 1). As
5 — 0, however, one can hope to approximate

8o, 5 21)- VTOx, 1))

accurately by accounting for the velocity field in some averaged way, since there is a strong
separation between the time scales characterizing the rate of change of the velocity field and the
passive scalar field. To have any hope of achieving this program, the original velocity field must
have some sufficiently strong decorrelation in time. In particular, v(x, t) cannot be steady or have
very long-term memory. In mathematical terminology, the velocity field v(x, t) must have certain
mixing properties in time [143].

Provided that the unscaled velocity field v(x,t) does obey certain mixing and other technical
regularity conditions, it can be shown [44,159,262] that for bounded and sufficiently smooth initial
data To(x), the passive scalar field T(x,t) converges uniformly over finite intervals of (rescaled)
time to a nontrivial limit

lim TO(x,t) = T(x, 1)

§—-0
which obeys an effective diffusion equation

0T(x,1)/ot = V(A *VT(x,1)),

T(x,t =0) = Ty(x), (79)
with effective diffusion tensor

H* = + Hkuvo
given by the Kubo formula [188]

A Kubo = Jwg’i’(ﬂ, t)de,

Ax,1) = O+ x,1 + )@V, 1)) . (80)

The matrix g, 1 guaranteed, by general properties of correlation functions ([341], Section 4),
to be non-negative definite, and therefore represents an enhanced diffusivity. Note that the Kubo
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diffusivity k., depends only the amplitude of the velocity field and its integrated temporal
structure; there is no dependence on the spatial structure of the random field v(x, t).

Kubo formally argued this result for the case of a purely time-dependent random velocity field
v = v(¢t) and no molecular diffusion in his pioneering paper [ 188]. In this case the spatial rescaling
of the velocity field is trivial, and one concludes from the above that the long-time asymptotics of
the mean passive scalar field in a spatially uniform velocity field with short-ranged temporal
correlations is, under appropriate conditions, governed by some positive effective diffusivity, even
in the absence of molecular diffusion. Stratonovich [313] formulated the more general result stated
above for the case of random velocity fields with spatio-temporal fluctuations, and Khas'minskii
[159] was the first to provide a rigorous derivation of these asymptotics, though under somewhat
restrictive conditions on the random velocity field model. Later work widened the applicability of
Khas’minskii’s theorem to a broader class of random velocity fields (see [44,262], and the
references in [134]). We note these theorems are generally stated without accounting for molecular
diffusion, but their proofs can be easily extended to include it.

Note that the Kubo theory requires no fundamental restriction (other than regularity) on the
spatial structure of the velocity field, and thus can be applied under certain circumstances to
velocity fields with long-range spatial correlations. It has indeed been shown [15] that a slightly
generalized form of Kubo theory describes the large-scale, long-time behavior of the mean passive
scalar field in a certain natural class of random velocity field models with qualitative features
similar to those of fully developed turbulence. We discuss this point briefly in Paragraph 3.4.3.3.

As with homogenization theory, we must remember that Kubo theory is a long-time asymptotic
theory, and the description of the evolution of the passive scalar field by an effective diffusion is
only valid at sufficiently long times. Over finite time intervals, the passive scalar field may behave in
a radically different way. For example, very simple models can be formulated for which the passive
scalar field has an effectively negative diffusion over finite time intervals (see Section 3.4.4 and
[18,131,141]). Also, Kubo theory crucially requires that the velocity field not have long-range
memory. Superdiffusion can result from random, purely time-dependent velocity fields with
long-range temporal correlations [18], as we will demonstrate in Section 3.1.2.

We finally remark that the asymptotically rescaled advection—diffusion equation (78) can also be
interpreted as describing a limit in which the correlation time of the velocity field is very fast
compared to the advection time scale, without any large-scale, long-time rescaling. We discuss this
perspective in Paragraph 4.1.3.1.

2.4.2. Homogenization theory for random flows

We now revisit the large-scale, long-time rescaling of the passive scalar field introduced in the
context of periodic velocity fields in Section 2.1.2 and apply it to the case of advection by a steady,
random, incompressible, homogenous velocity field. In this rescaling, the velocity field is heldfixed
while the length scale of the initial passive scalar field is made large relative to the length scales
characterizing the random velocity field. A simplified, homogenized description of the passive
scalar is sought in the asymptotic limit, with the idea that over large scales, the random velocity
field ought to have some averaged bulk effect. There is, however, an important distinction between
periodic and random velocity fields that comes into play here. Periodic velocity fields have
a well-defined, single length scale which can be definitely separated by a factor ¢ from the large
length scale characterizing the passive scalar field. Random velocity fields, on the other hand, can
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in general have a continuum of actively excited scales which can moreoever extend to arbitrarily
large scales. Homogenization requires the notion that the velocity field fluctuates on much smaller
scales than the passive scalar field, and this may never happen in a meaningful sense under a formal
large-scale, long-time rescaling (10) of the passive scalar field if the velocity field has strong
long-range correlations.

A simple and general criterion for the applicability of a homogenized diffusive behavior for the
passive scalar field on large scales and long times was formulated in [12] in terms of the finiteness
of the following Péclet number defined for random velocity fields:

o [ Tr )\ M2 [ 12
Pe=«!| — o =x == E(kk? 1
e=x UR 4n2|k|2> o dk=nT 5| Rk ) (81)

where Z is the spectral density of the velocity field:

PN

R(k) = f e~ Mk xgp(x) dx

A(x) = VX +x)@v(x)) ,
and

E(k) :lj Tr Akd)d&
2 Sé-1

is the energy spectrum (integrated over spherical shells of constant wavenumber). It is readily
checked that if the random velocity field has fluctuations sharply concentrated near a single length
scale L,, then the Péclet number (81) is proportional to L,{|v|*>>'/?/k, which is comparable to the
definition (7) of Péclet number for a periodic velocity field.

A finite value of the Péclet number is equivalent to a sufficiently weak distribution of energy at
low wavenumbers (large scales), which implies that the random velocity field’s spatial correlations
are sufficiently short ranged. In particular, a characteristic length scale

L, = xPe/<[p|*)1/? (82)

can be associated to any random velocity field with finite Péclet number; L, formally describes the
largest length scale of the velocity field with substantial energy. An infinite value of the Péclet
number may be viewed as a manifestation of strong long-range correlations; examples of such flows
will be studied in Section 3.

It was shown in [12] that a rigorous homogenized large-scale, long-time description of the
passive scalar field advected by a random velocity field is possible whenever the Péclet number is
finite. We shall present this homogenized theory in terms of variables and functions nondimen-
sionalized in a similar way as in Section 2.1.1, using now the length scale (82) and time scale L2/x.
The nondimensionalized advection—diffusion equation reads

0T (x,t)/0t + Pev(x)- VT(x,t) = AT(x,t),
T(x,t = 0) = 5Ty(0x) ,
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where 0 denotes a ratio between the length scale L, of the random velocity field and the length scale
Ly of the initial passive scalar field.
Defining the rescaled passive scalar field as before (10),

TOx,t) = 6 T(ox,6t) ,

we obtain the following advection-diffusion equation, rescaled to large spatial scales and long
times

GT(’S)(x, 1ot + 6~ 1pe v<§> . VT(‘s)(x, t)y=4 T(ﬁ)(x, 1,
(83)
TO%x,t = 0) = To(x) .

For incompressible random, homogenous, ergodic velocity fields with finite values of the Péclet
number (81), the following homogenization theorem can be established.

2.4.2.1. Homogenized effective diffusion equation for random velocity fields with short-range
correlations. In the long time, large-scale limit, the rescaled passive scalar field converges to a finite
limit

lim TO(x,t) = T(x, 1), (84)

0—0

which satisfies an effective diffusion equation

M0y oy Ty 852)
T(x,t = 0) = To(x) , (85b)

with constant, positive-definite, symmetric diffusivity matrix 2 *. This effective diffusivity matrix
can be expressed as

H*=I + A,

where .# is the identity matrix (representing the nondimensionalized molecular diffusion) and 4" is
a nonnegative-definite enhanced diffusivity matrix which represents the additional diffusivity due to
the random flow. The enhanced diffusivity matrix #" can be computed as follows. Let y(x) be the
(unique) random field with the following properties:

e 2(0) =0,
e Vy(x) is a homogenous, random tensor field with {||Vy(x)|*> < oo,
e y solves the following random elliptic equation on R? (in unscaled coordinates):

Pev(x): Vylx) — Ax(x) = — Pev(x) . (86)
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Then the components of the enhanced diffusivity matrix may be expressed as
=%7‘ij =<V Vg, (87)

where the angle brackets denote an ensemble average over the statistics of the velocity field.

A homogenization theorem of this form was established by Avellaneda and the first author [12],
using the framework of homogenization of equations with random coefficients developed by
Papanicolaou and Varadhan [264], and by Oelschlager [256] using a somewhat different probabil-
istic approach. Some additional technical conditions required in these proofs were later removed
by Fannjiang and Papanicolaou [98].

The finite Péclet number condition for the homogenization theorem is essential. Explicit shear
flow examples [ 10] rigorously demonstrate that when the Péclet number (81) is infinite, the mean
passive scalar field will generally not be described by an effective diffusion equation at large scales
and long times; see Section 3. The finite Péclet number condition for the applicability of the
homogenization theorem for random velocity fields cannot therefore be weakened unless some
explicit reference is made to the flow geometry.

The homogenization theorem for random fields is very similar to that which was stated for
periodic velocity fields in Section 2.1.2. Indeed, modulo some technicalities, “periodicity” has
simply been converted to “statistical homogeneity”, and averages over the period cell have been
replaced by ensemble averages over the velocity field. Indeed, the homogenization theorem for
steady, periodic velocity fields can be essentially embedded into the random homogenization
theorem by defining a homogenous random field as periodic velocity field with the origin of the
period lattice uniformly distributed over a fixed period cell. A homogenization theorem for
spatio-temporal random velocity fields may be found in [245,244].

2.4.2.2. Comparison between Kubo theory and homogenization theory for random velocity
fields. Before moving on to develop the homogenization theory for random velocity fields, we
pause to compare it to the Kubo theory presented in Section 2.4.1. The principal differences in the
asymptotic setup are that

e the Kubo theory rescales the spatial scale of the velocity field in tandem with the spatial scale of
the passive scalar field, while the homogenization scaling leaves the velocity field fixed, and leads
to a strong formal separation of the spatial scales of the velocity and passive scalar field;

e the homogenization theory is formulated for steady velocity fields, whereas the Kubo theory
relies crucially on sufficiently rapid decorrelation of the velocity field in time.

The Kubo and homogenization theories may therefore be viewed as complementary coarse-
grained averaging theories. The effective averaging in homogenization theory of steady random
velocity fields with short-range correlations occurs because a large spatial volume contains many
regions between which the velocity fluctuations are essentially independent. Therefore, any coarse
volume will sample and average over the full statistics of the velocity field, assuming it is ergodic
with short-ranged correlations. Under the Kubo rescaling, on the other hand, the spatial scale of
the velocity field is scaled up along with the coarse scale of the passive scalar field, so there is no
averaging over space. Instead, the effective averaging occurs because a coarse-grained time interval
can be broken up into many subintervals over which the velocity field fluctuations are essentially
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independent, provided that the random velocity field has sufficiently strong mixing (forgetting)
properties as a function of time. We can therefore associate the homogenization theory of steady
random velocity fields to spatial averaging, and the Kubo theory to temporal averaging. This
explains why the homogenization theory requires short-range correlations in space, but no
temporal decorrelation, whereas the Kubo theory requires short-range correlations in time
(through the mixing assumption), but not necessarily any spatial decorrelation.

One interesting question is why the Kubo effective diffusivity formula (80) is so much simpler
than the homogenized effective diffusivity formula (87). The answer is that spatial averaging by
a tracer is much more complex than temporal averaging. Indeed, the temporal coordinate of
a tracer marches in a trivial linear manner as time proceeds, whereas the variation of its spatial
coordinate depends intricately on the properties of the velocity field. Under Kubo rescaling, the
velocity field varies slowly in space but rapidly in time, so the fluctuations in a tracer’s velocity
come primarily from the intrinsic (Eulerian) temporal decorrelation of the velocity field, rather than
due to the tracer’s motion across the velocity field. Indeed, the tracer effectively feels a velocity field
which is (locally) constant in space but fluctuating in time. Therefore, the averaged motion of the
tracer may, in the asymptotically rescaled Kubo limit, be simply expressed in terms of time
averages of the statistics of the velocity field (80). A tracer moving in a steady flow, on the other
hand, samples the velocity field in a nonuniform way; it will, for example, spend a disproportionate
amount of time near stagnation points. Hence, the homogenized effect of the steady velocity field
felt by the tracer cannot be expressed in terms of a straightforward volume average of the velocity
field. The effective bulk averaging of the tracer transport in homogenization theory is instead
intricately dependent on the velocity microstructure and the effects of molecular diffusion, as
expressed through the cell problem (86).

2.4.3. Alternative representations for effective diffusivity in random flows

A Stieltjes integral representation and some variational principles can be formulated for the
effective diffusivity of a passive scalar field in a random velocity field with short-range correlations,
in analogy to the periodic velocity field case discussed in Paragraph 2.1.4.1. The formulas have
a similar appearance in both the periodic and random settings, though their derivation is more
technically involved in the random case.

2.4.3.1. Stieltjes integral representation. The effective diffusivity 2#™* of the passive scalar field in
a steady random velocity field with Pe < co was shown by Avellaneda and the first author [9,12]
to be expressible as a Stieltjes integral,

0 dp,

_, 1+ P2 (38)

AN -é= Pe2|v-é2_1f
with respect to a certain measure dp, which is nonnegative and normalized to have total integral
equal to one. The Stieltjes integral formula (88) is formally identical to that for the periodic case
(41); only the definition of its components are modified. For example, the definition of the Sobolev
norm || - || - in the prefactor involves now an average over the random ensemble of velocity fields
rather than over a period cell (40). Most importantly, the operator .«7" defined by

g =VAT (V + v(x)- g)
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which arises in the formal derivation of the Stieltjes integral representation is now a random
operator acting on homogenous random fields with finite variance defined over R?. The measure
dp, which appears in the Stieltjes integral representation is consequently no longer a discrete
measure concentrated on a countable number of points, but is instead generally a continuous
distribution (with possibly some discrete components). Therefore, the Stieltjes integral representa-
tion will not generally be reducible to a discrete sum (39) as in the periodic case.

Moreover, the support of dp, may be unbounded, in which case, Eq. (88) implies that a small
Péclet number expansion of the effective diffusivity will be divergent for all Péclet number. The
work of Kraichnan [181] suggests that this does indeed occur for velocity fields with Gaussian
statistics. The Stieltjes integral representation therefore represents in these cases a rigorous
resummation of a formal perturbative power series with zero radius of convergence [9,11]. We
stress, however, that this rigorous resummation is valid only when the notion of an effective,
homogenized diffusivity is itself meaningful, i.e. when there is a strong separation of scales between
the velocity and passive scalar field. Passive scalar transport in fully developed turbulence, in
particular, cannot be handled in this manner (see Section 3.4.3).

As in the periodic case, the existence of the Stieltjes integral representation implies that certain
Padé approximants can be built from the coefficients of a formal (but divergent) small Péclet
number series which rigorously bound the effective diffusivity at all Péclet numbers. Criteria for
maximal and minimal diffusivity are more difficult to formulate for the case of random velocity
fields due to the loss of discreteness of the measure dp, appearing in the Stieltjes integral
representation formula (88). Generalizations of the Stieltjes integral representation to time-depen-
dent random velocity fields with Pe < oo were derived by Avellaneda and Vergassola [20]; the
modification is parallel to that of the periodic case discussed in Paragraph 2.1.4.1 (see in particular
Eq. (42)).

2.4.3.2. Variational principles. The effective diffusivity in a homogenous random field can be
represented through a variational principle (47) just as in the periodic case. The only differences are
that:

e the trial functions g are now homogenous random fields defined on RY, with g — ¢ a generalized
gradient of a homogenous random field with finite variance, and

e the average of the functional |g|*> + Pe?g-.# - g over the period cell is replaced by an average
over the statistical ensemble of the random velocity field.

The original variational formulation for homogenous random velocity fields was derived by
Avellaneda and the first author in [12]. Other types of variational principles for random velocity
fields, particularly with a cellular structure, were later put forth by Fannjiang and Papanicolaou
[99]. These variational principles can be used to obtain rigorous bounds and estimates for the
effective diffusivity in random velocity fields [12,99] in a similar way to periodic velocity fields, but
they are a bit more difficult to implement in practice since the fundamental spatial domain is
infinite space rather than a compact period cell [99].

2.4.4. Examples of effective diffusivity for random flows
Most of the studies of tracer transport in random velocity fields with short-range correlations
appear to focus on flows with vortex or cellular structures, and we mention a few of these here.
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Avellaneda and the first author [ 12] derived an exact formula for the effective diffusivity in a flow
consisting of a random tiling of two-dimensional space by a family of circular vortices of various
sizes but common shape and direction of rotation. The special structure of this random flow
permitted the reductionof the cell problem (86) to an exactly solvable, radially symmetric PDE on
a single disk. It was found in this way that the the effective diffusivity scales as Pe'/? at high Péclet
number, just as in the case discussed in Section 2.2.3 where the vortices are arranged as periodic
cells.

Avellaneda et al. [19] studied two other kinds of random vortex models, in which vortices of
fixed shape and size were thrown down onto the plane according to a random Poisson process,
either with a common or randomly chosen orientation. The effective diffusivity in these flows
increased as a function of the vortex density, but was only enhanced by a factor of 2.5 at the highest
density simulated, with Pe = 100. An approximate Lagrangian analysis (see Section 3.1.3) of these
random vortex flows is also offered in [19].

Isichenko et al. [144] formulated an interesting conjecture, based on some scaling laws from
percolation theory, that the effective diffusivity in a generic (or “common-position”) random,
homogenous, flow with short-range correlations should scale at high Péclet number as Pe!%/13,
Using variational principles along with some scaling hypotheses from percolation theory,
Fannjiang and Papanicoloau [99] verify this result for certain flows obtained by a random
perturbation of the canonical steady cellular flow (62). These authors [99] also study tracer
transport in randomized checkerboard flows (in which the flow in each cell is randomly turned on

or off).

2.4.5. Appendix: Random velocity fields

An extensive and accessible treatment for the rigorous formulation of random functions may be
found in [341,342]. We restrict ourselves here to formally setting forth some elementary notions
which we will use throughout our discussion of random velocity fields. For concreteness, we will
introduce the definitions of various aspects of random functions in the context of random velocity
fields, but they clearly apply to other random functions, such as the passive scalar field.

A random function may be described quite simply as a random variable taking values in some
given function space. In practice, the probability measure on the function space is described
implicitly through a sufficiently precise specification of the statistical properties of the random
function.

A generic way of describing a random function, such as the random velocity field v(x, ), is to
present all its finite-dimensional distributions and to declare v to be separable. A finite-dimensional
distribution of v(x, t) is just the (joint) probability law for the values of v at a given finite collection of
points. Knowing all the finite-dimensional distributions is equivalent to a rule for computing

Prob{v(xV, i) e A;, j=1,...,N}

for every finite collection of space-time points {(x, 1)}, and Borel subsets A4; of the range space

of F. If one wishes to prescribe these, the rules must obey some simple consistency conditions ([41],
Section 36). The separability condition is technical ([41], Section 38), but in practice means that we
want the realizations of v to be as nice as possible, given the finite-dimensional distributions.

Random functions defined over a multidimensional spatial domain (and possibly time) are often
referred to as random fields, and we will use this terminology hereafter.
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2.4.5.1. Homogenous and stationary random fields. Many of the random fields arising in our models
have statistical space-time symmetries, and we now define the most basic of these. A more detailed
discussion may be found in ([341], Ch. 4).

A random field v(x, t) is called:

e stationary if all finite-dimensional distributions are invariant under time translation:
Prob{v(x",t") e A, j=1,...,N} = Prob{o(x",t? + t)e A, j=1,...,N}

for any real t'.
e homogenous if all finite-dimensional distributions are invariant under rigid translations in space:

Prob{v(x",t") e A, j=1,...,N} = Prob{o(x? + x,t")e 4;,j=1,...,N}
for any x' e R%.

Colloquially, a homogenous random field looks statistically the same at every point of space, and
a stationary random field looks statistically the same at every moment of time.

Another important statistical symmetry which we will discuss in Section 4 is isotropy, which is
statistical equivariance under arbitrary rotations and reflections. We refer to ([341], Section 22) for
a detailed discussion of the meaning and implications of statistical isotropy for a random field.

2.4.5.2. Mean and two-point correlation function. Two fundamental statistical functions associated
to a random field are the mean p(x,t) = {v(x,t)> and the two-point correlation tensor
Ax,x,t,t') = {v(x, ) @v(x’,t'))>, where angle brackets denote statistical averages. So long as there is
no danger of ambiguity with reference to higher-order correlation functions, we will often refer to
the “two-point correlation tensor” as simply the “correlation tensor” (or “correlation function” for
scalar random fields). The arguments of the correlation tensor (function) will be called observation
points (or sites, locations).

When v(x, t) is a homogenous, stationary, random field, then all statistical descriptors, including
the mean statistics <v(x,t)> and the two-point correlation function <{v(x,t)®@v(x’,t)> must be
invariant under space and time translation. The mean must therefore be constant, and the
two-point correlation function must depend only on the differences between the space and time
coordinates of the observation points:

ox, v, 1)) = Blx —x',t — 1) .

2.4.5.3. Spectral density. The structure of a homogenous, stationary, random field is in some ways
more directly expressed in terms of the Fourier transform of the correlation tensor

Rk, ) = J J e~ 2rtkx o0 G 1) dr dx (89)
RY) — 0

than in the correlation tensor itself. We shall call ji’(k, ) the spectral density tensor of the random
field. For a scalar random field, the spectral density tensor is just a scalar function.
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An important theorem due to Khinchine states that the class of correlation tensors of
homogenous, stationary random fields coincides with the class of tensor functions for which the
Fourier transform is everywhere a non-negative definite, Hermitian matrix ([341], Section 9). This
means that for any homogenous, stationary random field, the spectral density tensor @(k, ) 18
guaranteed to be a non-negative-definite, Hermitian matrix for each k and w.

It is often convenient to condense the spectral density tensor of the velocity field v(x,t) by
integrating over shells of constant wavenumber |k|; this produces the spatio-temporal energy spectrum:

Bk, ) = %f

Sa-

Tr % (kéd, ) dé |

where S~ 1 is the (d — 1)-dimensional sphere of unit radius. This function specifies the density of
energy E = 1{|v|*> in wavenumber-frequency space: the amount of energy contained in the band
k + Ak, 0 + Awis [{Z4[22 49 E(k, ) dk dw. The usual “energy spectrum” E(k) is the integral of the
spatio-temporal energy spectrum over frequency space,

E(k) = f E(k, w)dw ,
and describes the statistical spatial structure of the velocity field at any given moment of time.

The full spectral density tensor Z (k, w) provides a more detailed resolution of the random field
v(x,t) into fluctuations of various wavenumbers k and frequencies w, including correlations
between various components of the velocity field ([341], Sections 9, 22.1 and 22.2).

2.4.5.4. Gaussian random fields. Gaussian random fields are the extension of Gaussian random
variables to the random function setting. By definition, all finite-dimensional distributions of
a Gaussian random field are Gaussian. Gaussian random fields are therefore completely described
by their mean and correlation tensor [341,342]. Homogenous, stationary, Gaussian random fields
v(x, t), may also be defined through their spectra, using the Khinchine theorem ([341], Section 9).
One simplify chooses an arbitrary constant mean and an arbitrary spectral density tensor Ak, w)
which is everywhere a non-negative definite, Hermitian matrix such that the entries of ?;?(k, ) and
R(— k, — w) are complex conjugates of one another. Then, by the Khinchine theorem, there exists
a well-defined Gaussian random field with the specified constant mean and correlation tensor

f eZni(k~x+wl)@(k’ w)dwdk .

— 00

R(x,1) = J

Rd

3. Anomalous diffusion and renormalization for simple shear models

In Section 2, we have discussed some general mathematical theories for the computation of the
effective diffusion of a passive scalar field at large scales and long times. The underlying theory
relies on the velocity field being periodic or having short-range correlations so that a strong scale
separation between velocity and passive scalar scales can exist. While such theories can work well
for moderately turbulent flows with sufficiently simple spatial structures, they may not furnish
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a good description for tracer diffusion in afully developed turbulent flow at high Reynolds number.
As we shall discuss in more detail in Section 3.4.3, fully developed turbulent flows are characterized
by strong spatio-temporal correlations extending over a wide range of scales, all the way up to the
scale of the external forcing. In many applications particularly in atmospheric science [ 78,196], this
forcing scale is on the same order of magnitude as the macroscales on which scientists wish to
explicitly describe the flow. Consequently, there is no clean separation between the active scales of
the velocity field and the scales of observational interest. Homogenization theory may not therefore
be adequate to describe the macroscale passive scalar dynamics in these situations.

The development of simplified effective equations for the large-scale passive scalar statistics is,
however, of particular practical importance in the numerical simulation of transport processes in
highly turbulent environments. It is often not possible, even on the largest contemporary super-
computers, to explicitly resolve all the active scales of turbulence [154]. A scheme is therefore
needed for assessing the effects of the continuum of energetic but unresolved turbulent small scales
of motion on the resolved scales, without having to compute them in full detail. The simplest
modelling strategies account for the unresolved small scales by replacing the molecular diffusivity
with a larger “eddy diffusivity”. The value of this eddy diffusivity may be estimated by some ad hoc
procedure such as mixing length arguments or through approximate, analytical theories based on
perturbation expansions in a small parameter [182], ideas from renormalization group (RNG)
theory [227,243,300,344], or simplifying assumptions concerning higher-order correlations be-
tween the velocity and scalar field [31,196]. It has been pointed out by several authors
[166,182,286], however, that such an eddy diffusivity model may not be sufficient to capture the
effects of the unresolved scales of the velocity field when they are not well separated from the cutoff
scale. More complex effective large-scale equations for the passive scalar field have been proposed
based on the renormalization group [286] or perturbation expansions [166], often resummed
according to various renormalized perturbation theories from field theory [177,227,285]. These
equations are typically nonlocal in space and time, reflecting large-scale interactions mediated by
the unresolved small scales [286] and/or memory effects coming from the significant spatio-
temporal correlations of the unresolved scales [166,177,285]. The investigation of the relative
merits and shortcomings of these various approximate closure theories for turbulent diffusion is
still very much an active area of research [227].

In response to the above issues, Avellaneda and the first author [10,14] have developed
a mathematically rigorous theory for turbulent transport in a class of Simple Shear Models in which
the velocity field has a stratified geometry:

v(x,t) = v(x, y,t) = [ W) } .

v(x, 1)

The shearing component v(x, t) is taken as a homogenous and stationary, mean zero random field,
and the spatially uniform transverse sweeping component w(t) is taken as a stationary random
process with possibly nonzero mean. The case of no cross sweep w(t) = 0 was analyzed in [10], and
the case of a constant mean cross sweep w(t) =w was studied in [14,141]. The inclusion of
randomness in w(t) in the present work is new.

The virtue of the Simple Shear Model is that the tracer trajectory equations may be exactly
integrated for all times, as we saw in Section 2.3.1 for the case of deterministic, periodic velocity
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fields. In the present case of random velocity fields, these formulas still provide a representation of
the tracer position in terms of explicit random variables which are open to mathematical analysis
from a variety of angles [10,14,18,141,207,233]. The random tracer trajectories maintain a very rich
and subtle statistical behavior [10,14,141], as will be demonstrated throughout Section 3. The
Simple Shear Model therefore provides a means of studying various nontrivial aspects of turbulent
diffusion in a precise manner. Versions of shear flow models also have been utilized to study
horizontal mixing in the ocean [347].

While the mathematical analysis of the Simple Shear Model relies heavily on the special
geometric structure, it can include several statistical features of a realistic turbulent flow, such as
spatial correlations extending over a wide range of scales along with a reasonable temporal
structure. Moreover, many flow fields in geophysical applications do have an underlying shear
structure. We will discuss another turbulent diffusion model in Section 4 which instead drastically
simplifies the temporal correlation structure of the random velocity field, but permits a more
general geometry [152,179]. Our purpose in investigating these simplified models is that through
unambiguous computations and analysis, we can obtain insight concerning subtle physical features
of turbulent transport which might be missed by crude reasoning on a “realistic” turbulent velocity
field model. Throughout Section 3 we will examine a rich variety of Simple Shear flows with an
emphasis on describing flows which generate anomalous diffusion of tracers, and on identifying the
physical mechanisms responsible. By anomalous diffusion, we mean statistical tracer motion which
departs from the standard situation in which its coarse-scale, long-time behavior resembles an
ordinary Brownian motion. We will also at times mention some finite-time anomalies in which the
tracer acts as if it had a temporarily negative diffusion coefficient (Sections 3.4.4 and 3.5.1).

Exactly solvable models also provide excellent test problems [13,17,300] for assessing the
strengths and weaknesses of the approximate closure theories mentioned above which seek to
furnish simplified descriptions of turbulent diffusion on the macroscale. We will briefly discuss this
use of simplified models in Section 7.

Overview of Section 3: We will approach the study of the Simple Shear Model through submodels
of increasing complexity. First we consider in Section 3.1 the Random Sweeping Model in which
v(x,t) = 0, and the tracer is advected only by the time-dependent random field w(¢). Even in this
extremely simplified model, the tracer motion can behave anomalously, depending on the long-
range (low-frequency) statistical characterization of w(t). We classify the various forms of anomal-
ous diffusion, and discuss their origin on a heuristic level. We then show from a Lagrangian
viewpoint how this intuition gleaned from the Random Sweeping Model can be applied to
understand qualitatively the circumstances under which anomalous tracer diffusion may arise in
general flows. This theme will be invoked repeatedly in later subsections as we interpret the
mathematically derived turbulent diffusion formulas in the Simple Shear model.

Next, in Section 3.2, we develop the Random Steady Shear (RSS) Model, in which the shear field
is taken as a random steady flow v(x, t) = v(x) with Gaussian statistics and correlation function

)X+ 3)) = R(x) = f " E(K) e dk

with
E(k) ~ Aglk|* (90)



A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574 307

at low wavenumbers k. Such a velocity field could model flow through a stratified porous medium.
The exponent ¢ <2 measures the strength of the long-range correlations of velocity field. As
¢ increases towards ¢ = 2, the long-range spatial correlations become more pronounced. We
concentrate on how the transport of tracers along the shearing direction y depends on the
long-range spatial structure of v(x), the presence of molecular diffusion, and various types of cross
sweeps w(t). Following [10,141], we derive exact formulas for the mean-square tracer displacement
along the shear and analyze their physical content.

The effects of temporal fluctuations in the shear flow wv(x,t) are studied within the random
spatio-temporal shear (RSTS) Model in Section 3.3. We take v(x, t) to be statistically stationary in
time, with the idea of qualitatively mimicing turbulent flows which have reached a quasi-
equilibrium state in response to some statistically stationary external driving and internal viscous
dissipation. Motivated by the inertial-range theory of turbulence (see, for example, [320]), we
associate a wavenumber-dependent correlation time 7(k) to shear flow fluctuations with spatial
wavenumber k, where lim;_, ¢t(k) ~ 4,|k|”*. The exponent z > 0 describes how slowly the large
scales (low wavenumbers) of the shear flow vary in time; z - oo corresponds to a steady limit in
which the large scales are frozen, whereas z = 0 describes the opposite limit in which arbitrarily
large scales decorrelate at a uniformly rapid rate. We explore how the temporal structure of the
large scales, as described by z, influences the shear-parallel transport of tracers.

We next consider the full probability distribution function (PDF) for the shear-parallel motion of
a single tracer, which is equivalent to the description of the evolution of the mean {T(x, y,t)> of
the passive scalar field density. For velocity fields with sufficiently localized spatial correlations,
the homogenization theory discussed in Section 2 shows that the PDF for the position of a single
tracer approaches a Gaussian distribution at long times. Equivalently, the mean statistics are
governed by an ordinary diffusion equation with an enhanced diffusion coefficient. In Section 3.4,
we demonstrate through explicit examples how the PDF for a tracer can forever deviate strongly
from a Gaussian distribution in Simple Shear Models with sufficiently strong long-range correla-
tions [10]. A related feature is that the large-scale, long-time evolution of the mean statistics is
not described by a standard diffusion PDE, but rather by a nonlocal diffusion equation. This
anomalous large-scale long-time behavior actually manifests itself in a broad range of models with
a nearly stratified structure [16].

In Section 3.4.3 we develop a modification of the Simple Shear Model which permits the study of
velocity fields with a statistically self-similar inertial range of scales Ly < r < Ly, an important
feature manifest in real fully developed turbulence [10,14]. According to Kolmogorov’s theory
[169], the energy spectrum within the inertial range of wavenumbers Ly ! < k < Lg! scales as
k=373, This is largely confirmed by experimental data [307], though some question remains
whether there are “intermittency corrections” [34,309] which alter the exponent slightly from 5/3.
The k33 scaling of the energy spectrum formally corresponds to a value of ¢ = 8/3 in the Simple
Shear Model (see Eq. (90)), but the cutoff of this scaling on the low wavenumber (infrared) end at
Lo !is essential for the total energy to be finite and the flow to be well-defined in the standard sense.
Kolmogorov theory also predicts that the decorrelation times for the turbulent fluctuations in the
inertial range scales as t(k) ~ k=%, corresponding to a z =2/3 value in the RSTS Model.
A competing point of view [319] suggests instead the value z = 1. We modify the RSTS Model to
permit the study of velocity fields with scalings corresponding to such values of ¢ and z by
introducing an explicit infrared cutoff [10,14]. We then formulate the problem of computing
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effective large-scale equations for the mean passive scalar density in the presence of such a turbu-
lent shear flow, and concretely indicate some of the inherent difficulties. Large-scale effective
equations for the mean passive scalar density in the Simple Shear Model have in fact been
rigorously derived by Avellaneda and the first author [10,14], and they display a rich variety of
qualitative structure depending on the value of the scaling exponents ¢ and z. We briefly mention
some of the findings of these rigorous renormalization computations.

Up to this point in the paper, we have for the most part concentrated on describing the statistical
motion of a single tracer and the intrinsically related evolution of the mean passive scalar density
{T(x,t)>. These dynamics are strongly determined by the large-scale features of the turbulent
system, simply because these are the most energetic in most realistic circumstances. In Sections 3.5
and 4, we shift our focus to the small-scale fluctuations of the passive scalar field. These are
intimately related to the dynamics of the separation between pairs of tracers. While the large-scale
properties of the passive scalar field are of more obvious observational and applied physical
interest, the small-scale features are crucial in estimating the size of clouds of pollutants [78,132]
and the progress of mixing processes and combustion in turbulent environments [43,339]. More-
over, the small-scale statistics of turbulent systems are of particular theoretical interest because
they are thought to exhibit a variety of universal features which are independent of the particular
large-scale configuration (see [309]).

We explicitly examine in Section 3.5 various aspects of the small-scale passive scalar statistics in
the Simple Shear Model in the absence of molecular diffusion (x = 0). We lay the foundations of
our study with the development of an exact equation for the pair-distance function introduced by
Richardson [284], which describes the PDF for the separation of a pair of tracers. From the
pair-distance function, we can deduce some important properties about the evolution of interfaces
between regions in which the passive scalar field is present or absent. The way in which these
interfaces wrinkle plays a crucial role in turbulent combustion and mixing [43,310,305,339]. We
characterize the roughness of interfaces through their fractal dimension [215], which may be
explicitly computed within the Simple Shear Model. We relate the exact results to experimental
measurements and other theoretical work, and state some open problems concerning the inclusion
of the effects of molecular diffusion. Our study of the small-scale features of the passive scalar field
in a turbulent flow continues in Section 4 with the analysis of a different simplified turbulent
diffusion model.

3.1. Connection between anomalous diffusion and Lagrangian correlations

Before analyzing the statistical tracer motion in the Simple Shear Model, we set up a general
framework for the discussion of anomalous tracer diffusion. We define the terminology we shall
use in Section 3.1.1. Next, we provide an extremely simple example of anomalous diffusion in
the Random sweeping Model, which consists of a spatially uniform random flow fluctuating in
time (Section 3.1.2). Finally, we emphasize in Section 3.1.3 that tracer motion is determined by the
statistics of its Lagrangian velocity, and show how it is connected to but different from the velocity
field defined in the Eulerian (laboratory) frame of reference [317]. The Lagrangian perspective
provides a basis for the intuitive understanding of the exact mathematical formulas which we will
develop for the simple shear models in Sections 3.2 and 3.3.
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3.1.1. Qualitative classes of anomalous diffusion
To fix vocabulary, we say that the tracer motion (usually along a certain direction) is:

e Ballistic if the mean-square displacement is growing quadratically in time, corresponding to
coherent unidirectional motion.

e Diffusive if the mean-square displacement is growing linearly in time, corresponding to “normal”
behavior of a tracer which executes a mean zero, random back and forth motion, with
sufficiently rapid decorrelation of its velocity in time. (This is of course the category in which
Brownian motion, due to molecular diffusion alone, falls.)

e Trapped if the mean-square displacement remains bounded for all time.

Superdiffusive if the mean-square displacement is growing faster than linearly in time.

e Subdiffusive if the mean-square displacement is growing at a sublinear rate.

Note that according to these definitions, “ballistic” is a subcategory of superdiffusive, and
“trapped” is a subcategory of subdiffusive. We will endeavor, however, to be explicit when ballistic
or trapped behavior actually occurs.

Other forms of anomalous diffusion will be described through rigorous examples in Section 3.4.
One is the decrease of the mean-square tracer displacement over a certain time interval, so that the
effective diffusivity is (temporarily) negative (Section 3.4.4). Therefore, even if an effective equation
for the mean statistics can be derived in such flows, it will be ill-posed over some time interval. This
phenomenon creates difficulties for conventional numerical Monte Carlo schemes (see Section 6)
for turbulent diffusion. Another interesting way in which anomalous diffusion manifests itself is
through the higher order statistics. We discuss in Sections 3.4.1 and 3.4.2 an explicit, nontrivial
class of examples in which the tracer displacement is neither Gaussian nor self-averaging at large
times, in strong contrast to tracers in flows for which the homogenization theory of Section 2 is
valid.

3.1.2. Anomalous diffusion in the random sweeping model

To provide a concrete illustration of the variety of anomalous diffusion behavior possible for
a tracer, we define the extremely simple yet fundamental Random Sweeping Model. The velocity
field in this model is defined to be a spatially uniform flow which fluctuates randomly in time
according to a stationary, Gaussian random process. For the sake of simplicity of notation and
coherence with the turbulent diffusion models to be discussed in Sections 3.2 and 3.3, we shall
restrict attention to the case in which the velocity field always points along a single direction, and
the spatial domain is two-dimensional. Then the random velocity field in the Random Sweeping
Model is defined:

o, 1) = o(x, 1, 1) = [Wg(”}

where w(t) is a stationary, Gaussian random process with mean zero and correlation function:

R,(t) = Cwetywelt + 1)) . 91

Such a model was considered by Kubo [188] as an example of how randomly fluctuating velocity
fields can act as effective diffusion processes when viewed on large scales and long times. A more
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general Random Sweeping Model for arbitrary dimensions without the constraint that the velocity
field point along a single direction was analyzed in great detail in [18]. We will present some
pertinent results here.

We will find it convenient to express the correlation function in terms of the power spectrum
E, (w) of the velocity field:

0

R,(f) = f " 2ot (o) de = 2 f cos(2nwt)E, (o] do . (92)

0

— o0

The power spectrum E, () describes precisely the spectral density of the energy 3<{|w (t)|*> resolved
with respect to frequency. That is, fojZEW(w) dw is the amount of energy residing within the
frequency band w + Aw. The power spectrum is a manifestly non-negative function, which in our
applications we assume quite reasonably to be smooth (see Paragraph 2.4.5.3).

Consider the location (X(z),Y(?)) of a tracer particle advected by the Random Sweeping Model
flow, first without molecular diffusion x = 0. Starting from position (xo, yo), the (random) tracer
position at later times is given by

t

X(t) =xo + J we(s)ds,

0
Y(1) = yo -

The displacement X(t) — x, along the sweeping direction is a mean zero Gaussian random
variable, since it is a linear functional of the mean zero Gaussian random process w (t). Conse-
quently, it is completely described by its variance, which is nothing but the mean-square tracer
displacement along the x direction:

0J0 0J0

o3(t) = {X(t) — x0)*> = tht<wf(s)wf(s’)> dsds’ = JIJIRW(S — §)dsds’

=2 J t(t — s)R,(s)ds , (93)

where the last equality used a change of variables and the fact that, by its very definition (91), R,,(t)
is an even function. Eq. (93) manifestly relates the turbulent diffusion of the tracer to the statistical
correlations of the sweeping velocity field w,(t). Strong and persistent correlations are clearly
associated with rapid diffusion.

It is quite convenient mathematically to express the mean-square displacement in terms of the
power spectrum of the sweeping velocity field. Substituting Eq. (92) into Eq. (93) and performing
the integration over s, we obtain

o 1 — cos2nwt
2t)=4| E - . 4
7}() f Euo) o do (04

The qualitative long-time behavior ¢%(t) depends sensitively on the nature of the low frequency
component of w,(t), as we now describe. Suppose that the power spectrum is smooth for w > 0,
absolutely integrable, and has power law behavior near w = 0

Ew(w) = AE,wa)iﬂl/,w(w) . (95)
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Here, Ag,, is a positive constant and () is a smooth function on the positive real axis with
V,(0) =1 and |¢/;,(0)] < oo. To ensure integrability, the exponent § must be a real number less
than 1. We will see that the long-time behavior of the tracer can then be categorized as dif-
fusive, superdiffusive, or subdiffusive according to the value of this exponent. Note that all power
spectra with finite low-frequency limits are included within the class = 0.

3.1.2.1. Diffusive sweep. Consider first the case f = 0, corresponding to the generic case of a finite,
nonzero distribution of energy at the lowest wavenumbers. By changing integration variables
o — ot in Eq. (94) and passing to the t —» oo limit via Lebesgue’s dominated convergence theorem
([288], Section 4.4), we find that

lim o%(t) ~ 2Kt ,

t— o0

with the positive constant

1 o0
Ki =-Ag, = f R, (s)ds . (96)
2 0

This formula shows that, on long time scales, the random velocity fluctuations serve to induce an
effective diffusion of the tracer with the ordinary linear growth of the mean-square displacement.
The effective large-scale diffusivity is given by the constant K3#, which is just the integral of the
correlation function of the velocity field. Because the tracer displacement is always Gaussian
distributed, all its higher moments scale in the same way as those of ordinary diffusion processes.
The PDF for the tracer position, or equivalently, the mean statistics, therefore exactly satisfy
a diffusion equation with diffusivity constant K¥ on large space-time scales [18].

The f = 0 class of Random Sweeping Model velocity fields comprises the simplest (and original)
example of Kubo’s theory [ 188] for how transport by a randomly fluctuating, mean zero velocity
field induces an effective diffusion on large scales (see Section 2.4.1). We emphasize that the
standard diffusion of Kubo type arises in the Random Sweeping Model when the velocity field has
the “generic” property that its integrated correlation function is nonzero and finite

0< JOCRW(S) ds < oo | 97)
0

which is exactly equivalent to f = 0 in Eq. (95). For other values of 5, the condition (97) fails, and
the tracer will diffuse anomalously on long time scales, as we now show.

3.1.2.2. Superdiffusive sweep. For the exponent values 0 < f < 1, the power spectrum diverges at
low frequencies, corresponding to an infinite value of [ R,,(s) ds. This means that the velocity field
exhibits a very long-term memory. Changing variables & — wt in Eq. (94) and using the dominated
convergence theorem to evaluate the long-time limit results in the following asymptotic formula:

lim o%(t) ~ (2/(1 + BYKZt" P, (98)

t— o0
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where the positive constant in the prefactor may be expressed:
K: = lAE Juf /2 na-py2) ,
’ I'(2+ p)/2)

2
and I is the standard Gamma function [195]. The tracer motion is superdiffusive because o%(t)
grows faster than linearly at long times. Because the tracer motion is Gaussian in the Random
Sweeping Model, it can be shown [18] that the mean passive scalar density satisfies a time-
dependent diffusion equation:

0CT(x,y,t)>/0t = D,, (1) 0*CT(x, y, 1)) /0x>,
(T(x,y,t =0)) = To(x,y)) , (100)
where the effective diffusion coefficient

_ 1do}0)
T2 dt

(99)

D, (1)

diverges in time as

D, (t) ~ Kit# . (101)

3.1.2.3. Subdiffusive sweep. For exponent values f < 0, the power spectrum E,(w) vanishes at the
origin. We consider in this paragraph the case in which — 1 < f < 0. A direct asymptotic
calculation as in the previous cases produces

lim o3(t) ~ 21 + KL,
t—
where KZ% is given by Eq. (99). But now the scaling exponent 1 + B is between 0 and 1, correspond-
ing to subdiffusive motion of the tracer. The mean passive scalar density again satisfies a time-
dependent diffusion PDE (100) with effective diffusion coefficient D,, (t) obeying the law (101),
which now decays in time.
The value f = — 1 leads to a logarithmic growth of a%(t).

3.1.2.4. Trapping sweep. Finally,for f < — 1, we can take the t - oo limit in (94) directly, without
rescaling the integration variable. The oscillatory term vanishes in the t » oo limit due to the
integrability of E,(w)w~? and the Riemann-Lebesgue lemma [172]. There results:

lim o3(1) = K2,

t— o0
where

K§ = FJ E (o) ?do . (102)

The mean-square tracer displacement never exceeds a finite limit, and the tracer is statistically
trapped. There is no effective long-range transport.
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Table 1
Long-time asymptotics of mean-square tracer displacement in Random Sweeping Model, with k = 0. Scaling coefficients
are given by Egs. (96), (99) and (102)

Parameter regime Asymptotic mean square displacement Qualitative behavior
lim, -, , o%(t)

p< —1 Kt° Trapping
—1<p<0 Kttt Sub-diffusive
p=0 2K#t Diffusive
0<p<1 Kt Super-diffusive

3.1.2.5. Summary. We collect the anomalous diffusion results stated above for the Random
Sweeping Model in Table 1.

3.1.2.6. Effects of molecular diffusion. We now briefly consider how the above tracer behavior is
modified under the addition of molecular diffusion x > 0. The equations of motion now become
stochastic:

dX(2) = v(t)dt + /2K dW (1),
dY(r) = /2 dW (1) ,

where (W (t),W ,(t)) is a two-dimensional Brownian motion. The interaction between the molecular
diffusion and a spatially uniform velocity field is completely linear, and the integrated trajectory
equations are

X(1) = xo + J tv(s) ds + /2kW (1),
Y(1) = yo + </ 2kW (1) .

The mean-square tracer displacement in each direction is modified from Eq. (93) only by the
addition of 2kt due to the molecular effects

t

o3(t) = 2kt + ZJ (t — s)R,(s)ds ,

0
o¥(t) = it .

Molecular diffusion will therefore produce an ordinary diffusive character for all f <0. The
random sweep will have relatively negligible effects at long times when < 0, corresponding to the
regimes of subdiffusive or trapping behavior due to random sweeping alone. On the other hand,
molecular diffusion plays a negligible role in the superdiffusive regime 0 < < 1 at long times.
The simple additivity of the contributions from turbulent diffusivity and molecular diffusivity is
a consequence of the absence of spatial structure in the Random Sweeping Model. We will see that
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molecular diffusivity can influence the tracer motion in much more subtle ways when the velocity
field has spatial variations, even in some very simple models (see Section 3.2).

3.1.3. Eulerian vs. Lagrangian statistics

The Random Sweeping Model is quite simplistic, yet already gives us some qualitative under-
standing of what circumstances can lead to anomalous diffusion in general statistically
homogenous turbulent diffusion models. Specifically, suppose we are given an arbitrary two-
dimensional, incompressible, mean zero, spatially homogenous, statistically stationary random
velocity field (which need not be Gaussian)

Ux(X, Y, t)]

M0 = [v (1)

The equations of motion for the tracer are then
dX(t) = v(X(1),Y(t),t)dt + /2 dW (1) ,
dY(t) = v(X(1),Y(2),t)dt + /2 dW (1) .

Now, we define the Lagrangian velocity of the tracer

o U(1) = |:U§cz(t):| _ [Ux(X(t)’Y(t), t):|; (103)
vy (1) v,(X(2),Y (1), 1)

this is nothing but the random velocity field evaluated at the current location of the tracer. In terms
of this Lagrangian velocity, the equations of motion take an exceptionally simple form

dX(2) = v (0)de + /26 dW (1), (104)
dY(t) = o (n)dt + /2 dW (1) .

In fact, these equations are identical to those of the Random Sweeping Model, without the
restriction of the velocity pointing in a single direction, and with the Lagrangian velocity appearing
as the advective term instead of the externally prescribed sweep velocity w f(t).

The Lagrangian velocity can be shown to be a mean zero, statistically stationary random
process; see ([247], Section 9.5) for a formal argument and [270,350] for rigorous derivations. This
is not a simple consequence of v(x, y,t) being a mean zero, stationary random process, but relies
crucially on incompressibility and statistical homogeneity. By repeating the computations in
Eq. (93), which did not require w4(t) to be Gaussian, we obtain the following general formula for the
mean-square displacement of a tracer along the coordinate axes:

ox(t) = (X(1) — x0)*> = 2f(t — s)RMF(s)ds
‘ (105)
oi(t) = {(Y(t) — yo)*> = 2[ (t — R(s)ds .

0
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The functions appearing in the integrand are the Lagrangian correlation functions:
RM(t) = Pt + 1)), (106)
RM(t) = <ot + 1))

The general formula (105) was originally derived by Taylor [317]. By direct analogy with the
analysis presented in the Random Sweeping Model, we can in principle categorize whether the
tracer motion is, at long times, diffusive, superdiffusive, subdiffusive, or trapped. The main criterion
is the low frequency behavior of the power spectra associated to the Lagrangian correlation
functions (106). A trivial secondary criterion is the presence of molecular diffusion, which precludes
subdiffusive or trapping behavior.

The practical obstacle to a quantitative treatment along these lines, however, is the computation
of the Lagrangian correlation function. What is explicitly specified are the so-called Eulerian
statistics of the velocity field, which are just the probability distributions of the velocity field
evaluated at fixed points (x, y,t) in the laboratory frame. The Lagrangian velocity, on the other
hand, requires the evaluation of the velocity field at the random tracer locations (X (¢),Y(¢), ). It is, in
general, extremely difficult to describe quantitative statistical features of the Lagrangian velocity
field, such as its correlation function [227,350]. In some sense, it requires us to have already solved
the problem of describing the statistics of the tracer position! There are special exceptions of course;
the Lagrangian velocity v!™(¢) in the Random Sweeping Model is exactly the specified sweeping
velocity wy(t). But in general, we cannot gainfully use Taylor’s formula (105) to compute the
mean-square displacement quantitatively.

3.1.3.1. Lagrangian intuition. The Lagrangian perspective does provide intuition for the qualitat-
ive behavior of a tracer. Based on the results of the Random Sweeping Model in Section 3.1.2 and
Taylor’s formula (105), we can deduce the following connections between anomalous tracer
diffusion (say in the x direction) and properties of the Lagrangian velocity:

e Ordinary diffusion occurs when the correlations of the Lagrangian velocity field are of finite
range, in that |5 R{(s)ds is nonzero and finite.

e Superdiffusion is associated with long-range correlations of the Lagrangian velocity field, so that
o RM(s)ds is a divergent integral.

e Subdiffusion and trapping are associated to oscillations in the Lagrangian velocity, which
cause the Lagrangian correlation function to have a substantial negative region (so that
o RP(s)ds = 0).

Though we cannot in general compute [ R{(s) ds, we can often infer, based on the spatio-temporal
flow structure, whether the Lagrangian velocity ought to have long-range correlations or oscilla-
tions, so that superdiffusion or subdiffusion may be expected. For example, long-range correlations
of the Lagrangian velocity of a tracer can generally be associated to flows with long-range
spatio-temporal correlations. The connections between long-range spatio-temporal correlations
and superdiffusion have been explored in the context of Levy walks by Zumofen et al. [352] and
through renormalization group analysis [45] and various forms of probabilistic analysis [47] by
Bouchaud and others. We aim here to concentrate on continuum, incompressible, random fluid
flow models which can be analyzed unambiguously and which reveal a number of subtle features
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concerning anomalous diffusion. In interpreting the exact mathematical results which we present in
Sections 3.2 and 3.3, we will refer repeatedly to the qualitative paradigm outlined above.

3.1.3.2. Lagrangian description of standard tracer diffusion. It is helpful in this connection to
describe a standard scenario in which the random velocity field gives rise to ordinary diffusive
behavior at long times. Suppose the Lagrangian correlation function (of the x component of the
tracer motion) can be expressed as

RY(D) = V2p(t/t1) ,

where p(-) is some smooth, rapidly decaying numerical function with p(0) = 1 and j;’f pt)dt = 1.
This corresponds to a model in which the Lagrangian velocity has mean-square velocity V,
a single, finite Lagrangian correlation time scale 7y, and no strong oscillatory behavior. We readily
find formulas for the mean-square tracer displacement in two asymptotic limits, using Taylor’s
formula (105)

V22 for0 <t <1,

107
ZVZTLt for t > L - ( )

o~ |
The initial quadratic growth in t corresponds to a ballistic phase in which the mean-square tracer
displacement is growing quadratically in time. This can be understood as the effect of a push
coherent over the time ¢ < 7y, which steadily moves the tracer in a certain direction at a certain
speed. After 7y, the initial push has become incoherent and the tracer is moving primarily under the
influence of another independent fluctuation in the velocity field. Once many of these renewals
have occurred, one can see that the motion of the particle will have some properties in common
with ordinary Brownian motion, representing the cumulative effect of many independent kicks.
Thus, the mean-square displacement grows now linearly instead of quadratically.

Observed over times long compared with the Lagrangian correlation time 7y, the tracer random
velocity field appears to move with an effective diffusivity of V?2t;. The diffusivity naturally
increases with the magnitude of the velocity fluctuations V/, but also grows with the Lagrangian
correlation time 7;. The latter dependence can be understood from the fact that a particle will make
more progress in a time t if its motion is composed of fewer random changes of direction, since
there will be fewer cancellation of displacements.

We will use this standard diffusion picture as a benchmark in our discussion of anomalous
diffusion behavior in the simple shear models of Sections 3.2 and 3.3.

3.2. Tracer transport in steady, random shear flow with transverse sweep

The first class of flows for which we shall explicitly compute the mean-square tracer displace-
ment is the Random Steady Shear (RSS) Model [10,14,141]. The flow is defined in two spatial
dimensions as a superposition of a steady random shear flow v(x) and a spatially uniform, possibly
random, cross sweep w(t)

w(t)
v(x, t) = v(x, y,t) = [v(x)]
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The steady shear flow v(x) is taken as a mean zero, Gaussian, homogenous, random field.
Its correlation function R(x) and energy spectrum E(k) are related by a Fourier trans-
formation

[ee}

(X )(x’ + x)) = R(x) = J E(k|)e?™*> dk = 2 f " Blkcos(2mkx) dk . (108)

— 0

Note that the energy spectrum here is resolved with respect to spatial wavenumber k rather
than with respect to frequency w; otherwise, it has the same physical meaning as the
power spectrum defined in the Random Sweeping Model (Section 3.1.2). We assume the energy
spectrum to be smooth for k > 0, absolutely integrable, and to behave like a power law at low
wavenumbers

E(k) = Agk' ~*(k) , (109)

where (k) is a smooth function on k > 0 with (0) = 1. We will sometimes call ¢ the infrared
scaling exponent of the energy spectrum since it describes the low wavenumber properties of
E(k). Integrability at k=0 requires ¢ <2. Note that energy spectra with finite k—0
limits correspond to &= 1. As ¢ increases, more energy is concentrated at low wave-
numbers, corresponding to an increase in the strength of long-range correlations. By considering
flows with energy spectra which diverge at low wavenumber (1 < ¢ < 2), we attempt to gain an
understanding of some of the effects of long-range spatial correlations on tracer transport. This
is of particular relevance to realistic turbulent diffusion, though we hasten to add that the
long-range correlations in a fully developed turbulent flow manifest themselves much more
strongly; see Section 3.4.3.
The cross sweep

w(t) =W 4+ wy(t)

is taken as a superposition of deterministic constant w and a mean zero, Gaussian, stationary
random field w,(t) with correlation function

R,(1) = wtWwt' + 1))

Note that the fluctuating component of the cross sweep is of exactly the same form as in the
Random Sweeping Model of Section 3.1.2. The shear field v(x) and sweep field w(t) are statistically
independent of each other.

The stochastic equations of motion for the location of a tracer particle X(¢),Y(¢) in an RSS Model
flow are

dX(r) = w(t)dt + /2. dW (1),
X(t=0)=xo,

dY(t) = v(X(0) dt + /2 dW (1) ,
Y(t=0)=yo,
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where {W,(t),W,(t)} is a pair of independent Brownian motions. This system of equations can be
successively integrated by quadrature:

X(t) = xo + f tw(s) ds + /2W (1), (110a)

Y() = yo + J IU(X(S)) ds + /2kW () . (110b)

Up to the addition of a constant mean sweep, the statistics of the shear-transverse position, X (t), is
just that of a tracer in the Random Sweeping Model which was discussed in Section 3.1.2 and in
[18]. We have that X(t) is a Gaussian random process with mean displacement

(X(t)) = x¢ + Wt

and cross-shear displacement variance

t
o3(t) = ((X(t) — {X()))*> = 2kt + ZJ (t — s)R,(s)ds . (111)
0
We concentrate therefore on the shear-parallel motion Y(¢) of the tracer. While it can be explicitly
represented in the fairly simple form (110b), its statistics are highly nontrivial owing to the
nonlinear interaction between the shear velocity field v(x) and the shear-transverse tracer position
X(t). For example, Y(t) is not in general a Gaussian random process, even though all random fields
(v(x), X(t), and W (t)) appearing on the right-hand side of Eq. (110b) are Gaussian. We will return
to this issue in Section 3.4. Within Section 3.2, we will focus on the (absolute) mean-square
shear-parallel displacement

() = {(Y(t) — yo)*>.

The mean displacement {Y(t) — yo» vanishes identically because of the mean zero assumption on
v(x).

As we will demonstrate in Paragraph 3.2.6.1, the mean-square displacement along the shear is
given by the following formula:

Mean-square shear-parallel tracer displacement for RSS model:

o0

o3(t) = 2Kt + 2 f E(k)X(k,t)dk , (112a)

0
t
X(k,t) = 2[ (t — s)cos(2mkws)e "2 KX @ ds | (112b)
0
This formula remains valid when v(x) is non-Gaussian.

Expression (112) explicitly resolves the mean-square displacement along the shear into contribu-
tions from fluctuations of various wavenumbers. The function X(k,t), which we will call the
shear-displacement kernel, contains the effects of cross-shear transport due to the deterministic
mean flow w, the fluctuating velocity field w (), and molecular diffusion x. The random cross-shear
motion is accounted for by c%(t); see Eq. (111). The shear-displacement kernel X(k,t) may be
interpreted as the response of 6$(t) to the presence of a component A cos(2rnkx) + Bsin(2nkx) of the
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random shear velocity field along with any cross-shear transport processes, where 4 and B are
a pair of standard, independent Gaussian random variables (zero mean, unit variance). The actual
random shear flow may be thought of as a superposition of independent random fluctuations of

various wavenumbers k, with amplitude given by ,/2E(k). Since these fluctuations are independent
and do not act across the gradient of the velocity field, the shear-parallel tracer motion Y(f) may be
expressed as a superposition of independent contributions coming from each wavenumber k of the
shear velocity field v(x). This will be a useful heuristic perspective in interpreting the exact
mathematical results.

Some general observations are already apparent. For w(t) = 0 and x = 0, we have no cross-shear
motion (W = ¢%(t) = 0) so the shear-displacement kernel is simply

2(k,t) =%,

and the mean-square displacement along the shear grows quadratically in time

a0

oi(t) = 2t2j E(k)dk = {v*>t?,
0

signalling ballistic motion in the shear-parallel direction. This is readily understood: with no
cross-shear motion, tracers stay on the original striated streamlines of the shear flow and proceed
at the constant (but random) velocity v(x,) of the streamline on which they were originally situated.
Much richer behavior arises when tracers do move across the shear flow streamlines due to
molecular diffusion k and/or the sweeping velocity w(t), thereby breaking up the monotonic motion
along the streamlines of the shear. This is reflected in the suppression of the shear-displacement
kernel X(k,t) (112b) through an oscillatory term due to the mean sweep and an exponential
damping factor due to random cross-shear motion. We note moreover that the suppression effects
become weaker at low wavenumber k. Hence, if there is sufficient energy in the low-wavenumber
modes, we may expect that the shear-parallel transport is dominated by them, particularly at long
times.

In what follows, we will develop these ideas in detail, through exact formulas and accompanying
explanations of the relevant physical mechanisms. We will find that the shear-parallel tracer
motion can have a wide variety of long-time behaviors, depending on the nature of the shear-
transverse tracer motion X(t) and on the strength of the long-range correlations of the random
velocity field v(x).

We shall first consider in turn the individual effects of each cross-shear motion on tracer
transport along the shear: molecular diffusion in Section 3.2.1, a constant deterministic cross sweep
w(t) = w in Section 3.2.2, and a purely random cross sweep w(t) = w,(t) in Section 3.2.3. They will
be compared in Section 3.2.4, and collective effects will be discussed in Section 3.2.5.

After presenting these asymptotic results and some heuristic discussion, we indicate the means of
their derivation in Section 3.2.6.

3.2.1. Effects of molecular diffusion

We first consider tracer motion along a random steady shear when molecular diffusion is active
(x > 0) and there is no cross sweep velocity w(t) = 0. This problem has been considered in the
context of the flow of groundwater through a stratified porous medium [119,223]; in these
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applications k represents local dispersion coefficients of the medium rather than microscopic
diffusion. The general results presented here were derived in [10]. The mean-square cross-shear
displacement is just

o3(t) = 2xt

and the general formula (112) can be simplified to the following expression:

o) = 2nct + 2 f " Bz, (k. 1) dk |

0
Xk, t) = t2F((t/7,(K)) .

We use here a specially defined universal function:
Fiu) =2 ™"+ u— >,

and a natural wavenumber-dependent time scale
(k) = @n*xkk?) ™1, (113)

which we will call the x-persistence time scale. The important properties of F;(u) for our purposes
are that it approaches a constant value 1 at small u, and that it decays for large positive u like 2u 1.
Matheron and de Marsily [223] obtain an alternative formula for ¢#(¢) in terms of the Laplace
transform of the correlation function R(x), and present some numerical plots indicating the growth
of a§(t) over finite time intervals. We focus now on the long time asymptotics of a3(t).

Recalling that the shear-displacement kernel X, (k, t) represents the influence of fluctuations of
wavenumber k on the shear-parallel tracer transport, we see that the contribution of wavenumber

k is ballistic for t < 7,(k) and diffusive for t > 7,(k)

t? for t < (k) ,
2k, 1) ~
K. (k) fort> tk).
The asymptotic shear-parallel tracer diffusivity due to a normalized mode of wavenumber k is
K, (k) = lim X,(k,t)/2t = 1/4n*kk* . (114)
t—

This can be understood physically through the Lagrangian perspective developed in Section 3.1.3,
where 7,.(k) plays the role of a Lagrangian correlation time for the shear-parallel transport
contribution from random shear fluctuations of wavenumber k. The persistent motion of the tracer
toward a given direction along a steady shear flow is broken up over time by the molecular
diffusion, which allows the tracer to hop across streamlines. Since the shear flow has zero mean, the
tracer will be stochastically buffeted from streamlines carrying it one way to streamlines carrying it
the other. The shear-parallel Lagrangian velocity of the tracer will consequently decorrelate on
a time scale on the order of the time it takes for molecular diffusion to move the tracer across one
wavelength ~ k™! of the fluctuation. This is readily computed to have the parameteric scaling
~ (k~?)/k, which is identical to 7,(k) up to numerical constant. This justifies the interpretation of
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7,(k) as the Lagrangian correlation time due to the molecular diffusion across the streamlines. And,
consistently with the general heuristic picture outlined in Paragraph 3.1.3.2, the tracer displace-
ment due to the fluctuation of wavenumber k is ballistic for shorter times and diffusive for longer
times. Moreover, the asymptotic diffusivity K, (k) is proportional to (in fact equal) to the Lagran-
gian correlation time t,(k). Therefore, the tracer motion induced by a single wavenumber k of the
steady shear flow completely follows the paradigm of standard diffusion.

Summing up the contributions from all wavenumbers in the shear flow is quite subtle, however,
because the Lagrangian correlation time t,(k) diverges as k — 0. This is clearly physical: it takes
much longer for molecular diffusion to break up the coherent shear-parallel tracer transport of
large wavelength fluctuations. Because of the slow decorrelation of the low wavenumber modes, it
is not necessarily true that the tracer transport is asymptotically diffusive at long times, even though
the contribution from each individual wavenumber k > 0 does eventually become diffusive. The
long-time limiting behavior of the tracer motion along the shear depends crucially on the low
wavenumber properties of the random shear spectrum, or equivalently, the strength of the
long-range correlations in the shear flow. A careful asymptotic calculation, indicated in
Section 3.2.6 and originally by [10], reveal the results reported in Table 2. The preconstants of the
scaling laws are

Ki=x + 2f E(k)K (k) dk |
0

(115)

Ki— — r< - %)AE(4T62K)(28)/2 .
As we see, for ¢ <0, the steady shear flow has sufficiently weak long-range correlations so
that at long times, the shear-parallel tracer motion behaves diffusively with finite effective

diffusion constant K} obtained by simply integrating the long time effective single-mode diffusivi-
ties (114)

K (k) = lim X(k,1)/2t = t,(k) = 1/4nKck?
t—
against twice the energy spectral density. Results of this type with a similar formula for enhanced
diffusivity were pioneered by Taylor [318]. The particular result noted here was originally derived
by Gelhar et al. [119], and can be seen to be a natural extension of the effective diffusivity of

Table 2
Long-time asymptotics of mean-square tracer displacement along the shear in Random Steady Shear Model, with
k>0, w = w(t) = 0. Scaling coefficients are given by Eq. (115)

Parameter regime Asymptotic mean square displacement Qualitative behavior
lim, -, ., 63(?)

e<0 2Kt Diffusive

0<e<?2 SKE e Superdiffusive
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a periodic shear flow (51). An important class of shear velocity fields which fall in the class ¢ < 0 are
those with wavenumbers excited only above some threshold k;, > 0, 1.e., E(k) = 0for 0 < k < k.
Velocity fields given by a finite superposition of random sinusoidal oscillations are a particular
example.

For 0 < ¢ < 2, the long-range correlations in the shear flow are sufficiently strong to cause this
simple picture to break down. The tracer’s motion is dominated for arbitrarily large times t by
fluctuations of very large scales with 7,(k) 2 t, which act coherently and persistently on the tracer.
These produce a long-term memory in the Lagrangian velocity of a tracer particle and give rise to
a superdiffusive transport for exactly the same reason as we discussed in Section 3.1.3. Put another
way, for 0 < ¢ < 2, the cross-shear transport induced by Brownian motion is not fast enough to
completely break up the coherent advection by the strong, large-scale shear fluctuations. This is
reflected in the fact that the effective diffusion constant K} for ¢ < 0 would diverge if used for ¢ > 0.
Note moreover that this division between diffusive and superdiffusive behavior is in exact accord
with the rigorous homogenization criterion described in Section 2.4.2; the Péclet number (81) of the
random shear flow with energy spectrum (109) is finite precisely when ¢ < 0.

It is interesting to note that superdiffusion arises for quite typical shear velocity fields, namely
those with finite kK — 0 limits of the energy density E(k) (which correspond to ¢ = 1). These are
precisely those random velocity fields for which the integral of the correlation function is finite and
positive

0< FR(x)dx < o . (116)

0

That superdiffusion could occur in steady shear flows of this type was suggested by Gelhar et al.
[119] and precisely demonstrated by Matheron and de Marsily [223]. A special example of
a steady random shear flow with ¢ = 1 which has been considered by Mazo and Van den Broeck
[225] and others [46,279,280,353,354] consists of infinite array of parallel channels of common
width, with a constant random velocity along each channel chosen independently to be =+ v, with
equal probability. (The criterion (116) is manifestly satisfied by this and any other random shear
flow with a finite-range, purely nonnegative correlation structure.) An explicit formula for o§(t)
valid for all finite times is derived in [225], from which an asymptotic t*/ scaling may be read off.
The authors [46,279] furnished the following physical-space heuristic explanation for the
o3(t) ~ t3/* superdiffusive scaling law: The molecular diffusion across the channels causes a tracer
to sample ~ ¢'/? channels over a time interval t, so the tracer spends a typical time ~ t'/? in each
channel. Consequently, the total mean-square displacement over a time interval ¢ is the number of
channels explored ~ t'/2 multiplied by the mean-square displacement produced by each channel
~ (t1/%)* = t. Phrased more generally, the reason for the anomalous diffusion is that the number of
different channels sampled grows sublinearly in time, so there is a long-term memory effect due to
preferential resampling of channels previously visited.

Viewing the scaling exponent v in ¢3(t) ~ t¥ as an order parameter, we can say that there is
a formal phase transition [126] in the long-time tracer behavior with respect to the infrared scaling
exponent ¢ of the energy spectrum. The phase transition occurs at ¢ = 0; below this value v = 1, and
above this value, v bifurcates continuously to the curve v = (¢ + 2)/2. We indicate this graphically
in Fig. 9. At the phase transition value ¢ = 0 itself, there are logarithmic corrections.
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Fig. 9. Scaling exponent v in ¢§(t) ~ t* as a function of ¢ in Random Steady Shear Model with k > 0, w = w(r) = 0.

Finally, we note that the long-time tracer behavior is singular in limit of zero molecular diffusion;
the scaling coeflicients (115) diverge as xk — 0. The reason for the drastic difference between x = 0
and x small is that tracers are permanently stuck on their original streamline in the former case, but
can over time move arbitrarily far across the shear in the latter case, no matter how small x is.

3.2.2. Effects of constant cross sweep

We now consider the effects of a deterministic sweeping of tracers across streamlines, as
manifested by a constant (in space and time) mean drift w(t) = w # 0 across the random, steady
shear v(x)

w
v(x, y,t) = [U(XJ- (117)

The behavior of a tracer in such a flow was studied in detail by Horntrop and the first author [141].
We consider for now the case without molecular diffusion.

Then 6%(t) = 0, and the formula for the mean-square tracer displacement along the shear may be
written

a(1) =2 J "Bz (e 1) dk |

0
2k, 1) = t2F,(t/t(k)) .
We have defined another universal function
F,(u) = 2(1 — cosu)/u? ,
and a wavenumber-dependent time scale
to(k) = Qrkw) "1, (118)

which we call the w-persistence time scale. It plays a role similar to 7,(k) in Section 3.2.1, with some
important distinctions due to the lack of randomness of the sweep w. As we shall see, 7,;(k) has some
but not all of the standard properties of a (wavenumber-dependent) Lagrangian correlation time.
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The time scale 7,(k) does have the same property as t,(k) in measuring persistence of the tracer
motion, in that 74(k) describes the time scale on which the cross sweep w disrupts the ballistic
motion due to a random oscillatory mode of wavenumber k in the shear velocity field. Indeed, over
times ¢t < (kw) ™!, the tracer motion is predominantly unidirectional. Over longer times t = (kw) !,
the tracer is dragged by the mean sweep across several wavelengths of the oscillating shear flow, so
the tracer motion assumes an oscillatory character along the shear rather than a ballistic one. The
key point of departure of the present model from the standard diffusion picture enunciated in
Paragraph 3.1.3.2 is that each fluctuation of the shear flow with wavenumber k contributes an
oscillatory, rather than a diffusive component to the shear-parallel tracer motion at times long
compared to the natural w-persistence time scale t,(k). This is reflected in the fact that the
shear-displacement kernel X(k,t) is, for each k, a bounded oscillatory function of time. We
therefore call 7,,(k) a Lagrangian persistence time scale, which is a more generally applicable notion
than a Lagrangian correlation time scale. In Section 3.2.4, we will compare and contrast the above
described behavior of the kernel associated to a constant mean sweep, 2 (k, t), with those arising
from other cross-transport mechanisms.

We note now that the mean-square displacement in a statistically homogenous, random steady
shear flow with constant cross sweep is given by the same formula as in the Random Sweeping
Model (94), except that w is replaced by kw in the kernel, and the energy spectrum resolved with
respect to wavenumber appears instead of the energy spectrum resolved with respect to frequency.
This is readily understood from the formula (110b) for the shear-parallel tracer motion, which for
k =0 and w(t) = w reads

t

Y(t) = yo + f v(xg + ws)ds .
0

The Lagrangian velocity of the tracer is therefore exactly v(xq + wt), which is manifestly a mean

zero, statistically stationary random process, just as the sweeping field w(¢) in the Random

Sweeping Model. We can therefore immediately deduce the long-time asymptotics of the mean-

square displacement across the shear from the results of the Random Sweeping Model (see Table 1

and [141]); these are displayed in Table 3. The scaling coefficients are

K =3A4gw™ ', (119a)
K5 = 3A4pm®” CPw 202 — €)/2)/T(1 + ¢)/2) (119)
1 o0
Ky =——| E(kk 2dk. 11
v=rrm f ) (k)k~2 dk (119¢)

The long-time tracer behavior is a smooth function of ¢ as it varies over 0 < ¢ < 2, even though it
falls into different qualitative categories. There is however, a phase transition at ¢ = 0 between
trapping behavior and subdiffusive behavior (Fig. 10). This is manifested both in the sharp change
in the scaling exponent, and in the fact that the long time tracer motion depends on the whole
energy spectrum for ¢ <0 through K? (see Eq. (119c)), whereas only the infrared parameters
Ag and ¢ appear in the preconstants for ¢ > 0.

The simplicity of the Random Steady Shear model with constant cross sweep and the wide
variety of resulting tracer behavior make this model an excellent candidate for testing numerical
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Table 3
Long-time asymptotics of mean-square tracer displacement along the shear in Random Steady Shear Model, with
K =0, wt) =w # 0 (from [141]). Scaling coefficients are given by (119)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,,3(t)

e<0 K;t° Trapping
0<ex<1 KA Sub-diffusive
e=1 2K::t Diffusive
1<e<? 2KE g Super-diffusive
1%
2
1
3
-2 -1 0 1 2

Fig. 10. Scaling exponent v in ¢§(t) ~ t” as a function of ¢ in Random Steady Shear Model with w # 0, x = w(f) = 0.

methods for simulating turbulent diffusion. It has been applied toward this end in [83], and we
present an extensive discussion in Section 6.2.

3.2.2.1. Streamline analysis. Consideration of the streamlines of the steady velocity field gives
a pictorial way to understand how the cross sweep w impedes diffusion along the shear flow (see
Section 2.2). Without a cross flow, the streamlines of the shear are of course straight lines parallel to
the x, axis. The effect of the velocity field alone is to transport any tracer along its own streamline
forever along a single direction.

When a nonzero cross sweep is added w # 0, the streamlines display a more interesting behavior.
We define the stream function ¥(x, y) of the resulting incompressible steady flow in the standard
way:

0¥(x, )

wn=[ =] L,
PP ] T avy)

Ox

An obvious solution is

P(x,y) = —wy + P(x), (120)
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where
d¥P(x)/dx = v(x) . (121)

As v(x) is a homogenous, mean zero, Gaussian random process, it may be expressed as a stochastic
Fourier integral ([341], Section 9)

o(x) = f " e JERD AW (k) | (122)

where the integration measure is complex white noise, which is a Gaussian random quantity with
the formal properties

dW(— k)= dW(k),
dW(k)y =0,
AW (RAW (K)> = o(k + K)dk dk’

(An overbar denotes complex conjugation.) The stochastic Fourier integral expresses v(x) as
a continuum limit of a sum of independent random Fourier modes, with amplitudes weighted by
the square root of their energy density. It is readily checked that v(x) defined by Eq. (122) is a mean
zero, Gaussian random process with correlation function in agreement with Eq. (108).

Now, it is tempting to define ¥(x) as

P(x) = J g2mikx 2i(i|:l)dW(k) = %J e2mkxsan(k)| k|~ 92 (k) dW (k) , (123)
so that Eq. (121) is formally satisfied. For the stochastic Fourier integral (123) to be well-defined,
however, the integrand must be square-integrable [341]. The division by k introduces a possible
singularity at k = 0, which is square-integrable only for ¢ < 0.

For this range of infrared scaling exponents, we have successfully defined a good stream function
¥(x,y) by Egs. (120) and (123). In particular, when ¢ < 0, ¥(x) is a real, homogenous, Gaussian
random field with finite variance:

(Px)> = J /A sgn(k)(2mi) k] @2 /(])2 dk—A—Ezj kI~ (k) dk < oo .

Now, the streamlines are given by level sets of the stream function
P(x,y)= —wy+ P(x)=C, (124)
or equivalently
y = Px)/w + (C/W) . (125)

Since ¥(x) is a homogenous random field with finite variance, the shear-parallel displacement of
the streamline, y, is randomly distributed, but smoothly and with finite variance. There are no large
excursions off to infinity (almost surely), and the streamlines are blocked in a statistical sense along
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the shearing direction. Because we are not including molecular diffusion at the moment, tracers
follow the streamlines, and will consequently remain trapped along the shearing direction for ¢ < 0.

When 0 < ¢ < 2, these arguments no longer hold (due to the singularity of the integral (123) at
k = 0); it is not possible to define a statistically homogenous stream function with bounded
variance. The streamlines instead wander off to infinity, yielding subdiffusive, diffusive, or super-
diffusive behavior on large scales and long times.

3.2.3. Effects of temporally fluctuating cross sweep
The third and final mechanism of cross-shear transport which we will consider is that of
a randomly fluctuating, spatially uniform, mean zero velocity field w (t):

w24

The shear-transverse component of the velocity field w,(t) is taken to be a mean zero, Gaussian,
stationary, random process with correlation function:

0

R,(t) = wpt Wit + 1)) = 2f cos(2rnwt)E,(|w])dw .

0

We assume the power spectrum of the random sweeping is smooth for w > 0, absolutely integrable,
and has the same form as that assumed in the Random Sweeping Model discussed in Section 3.1.2

E(0) = Ag.ulol o) . (126)

Here, Ag,, > 0, f < 1, and ,,(-) is a smooth function on the non-negative real axis with i,,(0) = 1
and |y;,(0)] < oo.

The mean-square displacement of a tracer across the shear due to the random sweeping is given
by Eq. (93)

t

ax(t) = {(X(1) — x0)*) = 2] (t — )R, (s)ds .

We saw in Section 3.1.2 that the exponent f§ determines the long-time behavior of the tracer
motion in the x direction:

125K P for —1< B <1,
lim 6%(t) ~ {1 o b (127)
t— o0 K, forf< —1,
where
KS =34g, 7"~ Y20((1 = p2)/T(2 + B)2),
1 o0
K{ = _2J~ E (w)o *dw .
" Jo
To avoid needless complications, we will not treat the phase transition value f = — 1, in which

logarithms arise.
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The mean-square displacement of a tracer along the shear is obtained by setting k = w = 0 in
Egs. (112a) and (112b)

o} (t) =2 J E(k)Z,, (k,t)dk
ot (128)
Suth =2 (6= e 205
0

We see that the random cross sweeping decorrelates the tracer motion along the shear through
the exponentially decaying factor. It acts in a manner quite similar to molecular diffusion in
buffeting tracers randomly onto different streamlines of the pure shear flow; indeed, the case of pure
molecular diffusion is recovered by simply setting ¢%(t) = 2xt. The random cross sweeping,
however, can have a variety of long-time scaling behavior, depending on its low-frequency scaling
exponent fi. The shear-parallel transport depends sensitively on the effectiveness of the random
cross sweep, as illustrated in Table 4, which displays the long time asymptotics of a#(t) for various
parameter values. The scaling coefficients are

K% =2 f OOE(k)KWf(k) dk , (129)

0

K, = I'(2 —¢)/2)Ag <1 + ﬁ)(z—g)/z |

((e(1 + p)/2) — p\4n°KS

K® =2 J E(k)e 7%k dk |

0

where

Z @ 272 22
Ko, (k) = lim 220 j e~ 27K (130)
2 0

t— o0

is the asymptotic shear-parallel diffusivity contribution from a normalized mode of wavenumber k.
These results are derived in Paragraph 3.2.6.3.

Table 4
Long-time asymptotics of mean-square tracer displacement along the shear in Random Steady Shear Model, with
Kk =0, w(t) = w(t) # 0. Scaling coefficients are given by (129)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,,o(t)

—1<p<1 2
b e < 7/3 2K t Diffusive
1+p ’
2 4
i <e<?2 — Kf tltez-be-on2 Superdiffusive
115 2rc—pl—_o "

< —1 e<?2 K®¢? Ballistic
B s
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Consider first the case in which the mean-square displacement across the shear grows unbound-
edly with time (— 1 < < 1). The value = 0 corresponds to a diffusive cross sweep, and the
behavior of ¢$(t) is much the same at long times as it is for the case of molecular diffusion; see
Section 3.2.1. In particular, there is a phase transition at ¢ = 0, below which the tracer displacement
along the shear is diffusive, and above which it grows superdiffusively as o3(1) ~ K3, t' "%, As f is
varied within the range — 1 < f§ < 1, the situation is qualitatively the same. The key changes are
that

e The phase transition value between superdiffusive and diffusive shear-parallel transport is
shifted to ¢ = 28/(1 + p).
e The superdiffusive scaling exponent is modified to 1 + ¢/2 — (2 — ¢)/2.

These are indicated graphically in Fig. 11.

We note that increasing f increases the strength of the low-frequency, long-range temporal
correlations in the sweep, and thus increases the rate at which the tracer is swept across the
streamlines. We see that an increase of f§ is associated with an increase in the range of values of ¢ for
which the shear-parallel transport is diffusive rather than superdiffusive, and is also associated with
a depression of the scaling exponent in the superdiffusive regime. This explicitly demonstrates that
an increase in the strength of cross-shear transport decreases the rate of shear-parallel transport.
The reason is simply that the Lagrangian correlation time for the tracer motion along the shear will
be reduced if it is swept across the shear at a faster rate; see Section 3.1.3. One can associate the
Lagrangian correlation time in the present model with a natural w -persistence time t,, (k) for each
wavenumber k in the shear by the implicit relation

o3(tw,(k)) = 2n2k*)~1 .

This is suggested mathematically by the exponential damping term in Eq. (128), and physically
(up to numerical factor) by the typical time taken to cross one wavelength ~ k™! of the shear
flow. For low wavenumbers k, which have the longest Lagrangian decorrelation times
and therefore often dominate the long-time asymptotics of tracer motion, we can use the

€
-1 0 1 2

-2

Fig. 11. Scaling exponent v in 6§(t) ~ t" as a function of ¢ in Random Steady Shear Model with w (1) # 0, = w = 0. The
value f§ = 1/2, corresponding to a random cross sweep which induces superdiffusive cross-shear transport, is used in this
drawing. Varying f slides the transition value horizontally along v = 1.
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asymptotic formula (127) to obtain

lim 7,,, (k) ~ Cy,,(K2k?)~ 1140 (131)

k-0

where C,, is an unimportant numerical constant. The rate of divergence of the Lagrangian
correlation time t,, (k) is shallower when f§ increases and the cross-sweep transport is more effective,
as we claimed. It can be checked that the asymptotic single-mode diffusivity K,, (k) is on the order
of 7, (k), as would be expected by the standard Lagrangian analysis (Paragraph 3.1.3.2).

The case f < — 1 has a distinctive character. The low-frequency component of the random
sweep is so weak in this regime that the tracer motion across the shear is trapped. Thus, at long
time scales, the tracer remains statistically localized about its original streamline, and therefore
exhibits permanent memory effects. In fact, the Lagrangian correlation time associated to each
wavenumber is effectively infinite. Consequently, the shear-parallel transport is ballistic, in accord-
ance with the cartoon Lagrangian description in Section 3.1.3.

It is interesting to note that the scaling coefficient K®, for the ballistic regime depends on the
energy spectrum at all wavenumbers, a feature in common with the diffusive regime and distinct
from the superdiffusive regime. The reason is that each mode of the shear flow has an infinite
Lagrangian correlation time associated to it due to the trapped cross shear transport. Hence, the
contribution of even large wavenumbers remains ballistic at arbitrarily long times, and never
becomes subdominant to the total ballistic scaling.

3.2.4. Comparison of effects of various cross-shear transport processes

We now make some general observations regarding the competing effects of cross-shear
transport due to molecular diffusion x (Section 3.2.1), a constant cross sweep w (Section 3.2.2), or
a randomly fluctuating cross sweep w(t) (Section 3.2.3).

First of all, we have noticed that shear velocity fields with long-range correlations (¢ relatively
large) can exhibit superdiffusive shear-parallel transport for all cross-shear transport mechanisms
considered. The reason is that the mode-by-mode contribution to the shear-parallel tracer motion
has an effective Lagrangian persistence time scale diverging at low wavenumber. When there is
enough energy in the low wavenumber modes, the total motion of the tracer also has an infinite
Lagrangian persistence time, so the standard diffusive situation of Paragraph 3.1.3.2 does not
apply.

Another trend which can be observed is the fact that shear-parallel transport is generally
diminished as cross-shear transport becomes more efficient. This was demonstrated explicitly in
Section 3.2.3 by consideration of how the long-time asymptotics of ¢3(t) depend on the exponent
p characterizing the low-frequency behavior of the randomly fluctuating cross sweep w(t). The
sense in which this qualitative trend is supported by all cases considered is that the superdiffusive
regime of exponent values ¢ shrinks as the cross-shear transport becomes more rapid. Indeed, the
superdiffusive regime is minimal (1 < ¢ < 2) for the case of a constant (ballistic) cross sweep, and
expands smoothly for a randomly fluctuating cross sweep as f§ is decreased so that the cross-shear
transport is superdiffusive, then diffusive, then subdiffusive, then trapped. Moreover, the case of
a constant cross sweep can be thought of as a limit with .71 of the randomly fluctuating cross
sweep insofar as superdiffusive tracer motion is concerned. Specifically, as 71, the boundary
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value between diffusive and superdiffusive behavior, 2f/(1 + f), and the superdiffusive scaling
exponent 1 + ¢/2 — (2 — ¢)/2 for the randomly fluctuating cross sweep tend to the values 1 and ¢,
respectively, which are those corresponding to a constant cross sweep (cf. Figs. 10 and 11).

There is, however, a strong distinction between the case of a constant cross sweep and the case of
a random cross-shear transport (whether by molecular diffusion or by a randomly fluctuating cross
sweep) insofar as subdiffusive tracer behavior is concerned. There is no subdiffusive nor trapping
regime for random cross-shear transport, whereas these do exist with a constant cross sweep when
the energy spectrum of the shear flow vanishes at the origin. The reason for the distinction may be
understood by a consideration of the contribution X(k,t) of a single mode of wavenumber k of
the random shear flow to the shear-parallel transport. A constant cross sweep will coherently move
the tracer across the sinusoidal modulation, and the net transport over every spatial wavelength
travelled will be exactly zero. Consequently, each wavenumber by itself makes a bounded contribu-
tion to the mean-square shear-parallel displacement. If the tracer is instead randomly buffeted
across a sinusoidal shear component, its motion along the shear will be a mean zero but nontrivial
random variable as it crosses a wavelength since its back-and-forth motion along the shear does
not generally cancel out. (The tracer can linger near the positive maximum of the sinusoid longer
than near the negative minimum, for example.) Consequently, after a time in which the tracer
crosses many spatial wavelengths (which means ¢ is much larger than the associated wavenumber-
dependent Lagrangian persistence time), the shear-parallel tracer motion contributed by the
sinuosoid will behave like a sum of a large number of mean zero, identically distributed,
independent random pushes, and hence be diffusive. As the mode-by-mode contributions of the
shear-parallel transport are therefore diffusive at large times and ballistic at small times (see
Section 3.1.3), the total tracer motion along the shear must be at least diffusive when the cross-
transport mechanism is noisy. Only coherent transport processes across the shear (such as by
a constant cross sweep) which preserve phase information can produce the oscillations in the
Lagrangian velocity needed for subdiffusive or trapped behavior.

3.2.5. Superposition of cross-shear transport mechanisms
We now consider what happens to the long-time asymptotics of the shear-parallel transport
when multiple cross-shear transport processes are active.

3.2.5.1. Superposition of random cross-shear transport processes. The superposition of a randomly
fluctuating cross sweep w4(t) with molecular diffusion « is readily understood: the scaling exponent
of the long-time tracer motion along the shear is determined by the more rapid of the two
cross-shear transport process. That is, when the fluctuating cross sweep w(t) is superdiffusive
(0 < p < 1), the value of ¢ demarcating the phase transition to superdiffusive shear-parallel
transport behavior, as well as the scaling exponenents in the superdiffusive regime of ¢, are identical
to those reportedin Table 4 for the case of a superdiffusive fluctuating cross sweep acting alone
across the shear. Conversely, when the fluctuating cross sweep is subdiffusive or trapped (f < 0),
then the long-time scaling properties of ¢3(t) are determined by molecular diffusion alone (Table 2).
When the cross sweep is diffusive (f = 0), the long-time asymptotics of 63(t) have the same scaling
properties as either k or w,(t) acting alone; they are identical. The reason for the simple rules for
superposition described above is that the Lagrangian correlation (or persistence) time of a tracer
being decorrelated by two independent random mechanisms will naturally be equal to the lesser of
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the two. Therefore, the more rapid cross-shear transport process will determine the character of the
long-time asymptotics of the shear-parallel transport. Note that the above superposition laws
indicate that the scaling exponent for g#(t) is always the smaller of the exponents associated to each
individual, active random cross-shear transport mechanism operating in isolation.

When the tracer motion is superdiffusive, the scaling coefficient in the asymptotics for a3(t) will
depend only the dominant cross-shear mechanism. But when the tracer motion is diffusive, the
effective diffusion coefficient will generally depend on all cross-shear transport processes involved.

It must always be kept in mind that long-time asymptotic results are only valid when ¢ is larger
than all relevant time scales, and that there may in practice be important finite time corrections.
For example, even though the effects of molecular diffusion will eventually dominate those of
a subdiffusive cross sweep w(t), there may well be a long intermediate interval of time over which
the cross-shear transport is dominated by the effects of the fluctuating cross sweep, because x is
typically small relative to the macroscopic units of the system. Therefore, the shear-parallel
transport may, in such a case, exhibit the scaling associated to a subdiffusive cross sweep for a while
(Table 4), then ultimately cross over to the asymptotic scaling associated to the effects of molecular
diffusion (Table 2).

3.2.5.2. Superposition of constant cross sweep with random cross-shear transport process. The
situation is more subtle when a constant cross sweep w is superposed with a random cross-shear
transport process (k or w(t)). On the one hand, it is true that the fastest cross-shear transport
mechanism (in the present case, w) determines whether the tracer motion is superdiffusive, and if so,
how its mean-square displacement scales in time. Therefore, the superdiffusive regime is 1 <& <2
and has the same scaling law as for a constant cross sweep with no other random mechanisms
(Table 3). But for ¢ < 1, we must take into account the fact that the random cross-shear transport
will break up the coherence present when the constant cross sweep is acting alone. Therefore, when
the constant cross sweep w is superposed with molecular diffusion x and/or random cross-shear
fluctuations w(t) with — 1 < < 1, the subdiffusive and trapping regimes (¢ < 1) become dif-
fusive.

We now explicitly illustrate some of these subtle effects of superposition by reporting some basic
formulas, worked out in detail in [ 141], for the mean-square shear-parallel transport for the case in
which a constant cross sweep w # 0 and molecular diffusion x # 0 are both present. We take
w(t) = 0 for this discussion.

The mean-square displacement of the tracer along the shear is given by the following formula
[141], specialized from Eq. (112)

o3(t) = 2kt + 2J E(k)2, ok, t)dk , (132a)
0
Sk r) = 24— L (132b)
T T A k) (k)
Here, F5(u,u’) is the following universal function
, u (1 —e “cosu)u* — u'?) + 2uu'e “sinu’
Fi(u,u') = 2[142 e W0 , (133)
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Table 5
Long-time asymptotics of mean-square tracer displacement along the shear in Random Steady Shear Model, with
k>0, w # 0, wi(t) = 0. Scaling coeflicients are given by Eq. (134)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,,3(t)

e<1 2Kkt Diffusive
e=1 2Kt Diffusive
l<e<?2 2KE ot Superdiffusive
and

(k) = (4m’rk?) "1,
1a(k) = 2miwk) !

are the Lagrangian persistence times associated to the molecular diffusion and to the constant cross
sweep, respectively. A more compact formula for () in terms of the Laplace transform of the
velocity correlation function R(x) was derived by Matheron and de Marsily [223]; the spectral
representation has been developed here because of its flexibility in handling randomly fluctuating
components w(t) in the cross sweep. Some numerical plots of 63(¢) over finite intervals of time for
special choices of correlation functions R(x) can be found in [223].

The long-time asymptotics of 63(t) are worked out rigorously in [141], and the results displayed
in Table 5. The scaling coefficients are

Ky =1+ ZJ E(k)K, (k) dk , (134)

0

o0

K;cfw =K+ Ki,w,szl + 2J‘ E(k)KK,w(k) dk ,

0

A 3202 — £))2)

Ki w = b
’ 2I'(1 + ¢)/2)
where
1 (k) K
KK,W(k) = tlill; ZZK,W(k’ t) - TK_ 2(k) + T‘; Z(k) - 4Tc2K2k2 + \/T)Z (135)

is the asymptotic diffusivity contributed by a single normalized Fourier mode of the shear flow.

These results have some interesting relations to the asymptotics for a random steady shear flow
with either molecular diffusion x or a constant cross sweep w acting individually (see Sections 3.2.1
and 3.2.2, respectively). First, we note that the superdiffusive regime and scalings are identical to
those in which w # 0 but x = 0. This is in accordance with the general principle described above
that the fastest cross-shear transport mechanism determines whether the tracer behaves super-
diffusively, and if so, how. Recall that if the random shear flow has the generic property
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0 < [y R(x)dx < oo (which corresponds to ¢ = 1), then the mean-square tracer displacement along
the shear grows superdiffusively in time in the presence of molecular diffusion but with no cross
sweep: o3(t) ~ t>/2. The addition of a constant cross sweep W restores a diffusive character to the
shear-parallel transport, as was noted by Matheron and de Marsily [223] in a hydrological
context. One way to understand this for the case of the independent channel models of [46,279,353]
is that a mean sweep across the channels destroys the oversampling of old channels. Over a time
interval ¢, a tracer samples only O(\/E) different channels if it only moves diffusively across
channels, but will sample a full O(¢) different channels when a constant cross-drift is added [47].

A second outcome of the combination of molecular diffusion with the constant cross sweep is the
elimination of the subdiffusive and trapping regimes which were present when w # 0 but x = 0.
This is not simply because molecular diffusion contributes an independent shear-parallel diffusive
transport process. Indeed, even if molecular diffusion were only to act across the shear, the only
change to the asymptotics stated above is that the additive k term in the scaling constants K} ; and
K;*; would disappear. The fundamental reason the subdiffusive and trapping behavior disappears
is that the addition of molecular diffusion randomizes the cross-shear transport, and disrupts the
coherent cross-shear motion which produces the persistent oscillations of the Lagrangian velocity.
Interestingly, the boundary between the diffusive and superdiffusive regimes is located at ¢ = 1, as
for the case of pure constant cross sweep, but manifests a sharp phase transition as for the case of
pure molecular diffusion (Fig. 12). (Recall that the diffusive-superdiffusive transition is smooth for
the case of a pure constant cross sweep.)

We finally remark upon the need for mathematical care which the current example demon-
strates. Note that the asymptotic mode-by-mode diffusivity K, (k) (135) is a bounded function.
Consequently, if one were to blindly compute lim,_, ,,6%(t)/2t by moving the t — oo limit under the
integral over k in Eq. (132a), one would arrive at a finite answer for all ¢ < 2, which would coincide
with a naive extrapolation of formula (52) for the effective diffusivity in a periodic shear flow to the
case of a random shear flow. It would be incorrect to conclude, however, that this result described
the asymptotic shear-parallel diffusivity for 1 < ¢ < 2. The commutation of the t — oo limit with
the integral over k is patently invalid for this range of parameters, and leads to a misleading and
incorrect result. The reason is a subtle nonuniform convergence of the integrand to its asymptotic
limit at small wavenumbers; a formally transient contribution to the integral is in fact significant or

-2

-1 0 1 2

Fig. 12. Scaling exponent v in 63(¢) ~ t” as a function of ¢ in Random Steady Shear Model with k > 0, w # 0, w () = 0.
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dominant for 1 < ¢ < 2. Mathematically correct computations of the asymptotic diffusivity can be
ensured by proper application of the dominated convergence theorem to interchange limits and
integration and by explicit accounting of the troublesome nonuniformities at small wavenumber.
We illustrate this procedure in Paragraph 3.2.6.3 below; see [ 141] for the rigorous computation of
the asymptotic results just discussed.

3.2.6. Derivation

We now indicate how the exact asymptotic formulas for the mean-square tracer displacement in
the Random Steady Shear flow are mathematically obtained. First, we derive the fundamental
formula (112) for the mean-square tracer displacement at all finite times. Next, we indicate in
general terms how the long-time asymptotics may be deduced both heuristically and rigorously
from this formula. We provide details for the case of a randomly fluctuating cross sweep w(t); the
other cases have been thorougly addressed in previous publications [10,141].

3.2.6.1. Derivation of general formula. The mean-square tracer displacement of a tracer along the
shear may be written in the following primitive form using the integrated equations for the tracer
trajectories (110)

ai(t) = (Y(t) = yo)*> , (1362)

Y(t) — yo = j tv(X(s)) ds + /26 W,(1) (136b)
0

X(t) = xo + j tw(s) ds + /2 W (1) . (136¢)
0

Using the mutual independence of v(x) and W,(t) and the fact they each have mean zero, we may
write

ai(t) = 2k{(Wy(6)*> + LL@(X (8)o(X(s)) dsds’

= 2Kkt + tht<R(X(s) — X(s'))>dsds’ . (137)

0J0

The remaining averaging is over the statistics of W,(t) and w(t), which determine X(t). Invoking the
spectral representation (108) for the correlation function R(t) of the shear velocity field, we write

t [°t [foo
o(t) = 2Kt + J J J E(|k|)¢e¥ i X© =Xy dk dsds’ . (138)
0J0J — 0

Now, X(s) — X(s') is the random tracer displacement between times s and s'. By statistical
homogeneity and stationarity of the advection processes, this must have the same statistics as the
tracer displacement over a general time interval s — s’

0X(s— 7).
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Furthermore, as can be checked from Eq. (110a), this is an integral of a Gaussian random
process and therefore a Gaussian random variable. Its characteristic function is therefore readily
evaluated:

<eZT[ik(X(s)—X(s’))> — <62nik5X(s—s’)> — eZnik(ﬁX(s—s’)>—2n2k2a§(|s—s’|) — eZnikw(s—s’)—2n2k26§(|s—s’|)

b

where

t

a2(t) = ((X() — (X)) = 2kt + 2J (t — $)R,(s)ds .

0

Substituting this equation into Eq. (138), we complete the derivation

t [t oo
0'12((17) = 2Kt + J' J J E(|k|) eZTEikW(S*S')*2thkzo'§((|S*S'|)dk dsds’

0J0J — 0

t [*t oo
= 2Kt + 2J f f E(k) cos(2mkw(s — s'))e "2 oxls=s'D dk ds ds’

0J0J0

= 2Kt + 4 J f (t — s)E(k) cos(2mkws) e~ 2% ko) ds dk .

0 Jo

This may be rewritten in the form stated in Egs. (112a) and (112b)

o(t) = 2ict + 2 J " Bz (k. dk . (139a)

0

t
X(k,t) = 2f (t — s)cos(2mkws) e~ 27 * %) dg | (139b)

0

3.2.6.2. General asymptotic considerations. The long-time limit of Eqgs. (139a) and (139b) may be
computed through consideration of the behavior of the shear-displacement kernel X(k, t). We first
discuss the asymptotics on a heuristic level, then indicate how to make these arguments rigorous.
Subsequently, we will provide a detailed computation of the asymptotic shear-parallel transport
rate when a randomly fluctuating cross sweep w(t) is active.

For a given superposition of cross-shear transport processes, there is a naturally defined
Lagrangian persistence time 7y (k) associated to transport by the shear mode with wavenumber k.
Expressions for 7 (k) for various cross-shear transport mechanisms were given in Egs. (113), (118)
and (131). When multiple cross-shear transport processes are present, 7, (k) is taken as the smallest
of the corresponding persistence time scales. For the moment, we will discuss only random
cross-shear transport processes (x and w(t)); the presence of a constant cross sweep w # 0 requires
some special consideration, and we return to it later. When t < 7y (k), the contribution of the shear
mode of wavenumber k is ballistic, and

Skt~ t* for0<t<tk).
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The shear-parallel transport due to shear fluctuations of wavenumber k becomes diffusive for
t > 11(k), and

2(k,t) ~ 2K(k)t for t > (k) ,

K(k) = lim Z(k, )2t .

t— o0

This corresponds, for a fixed wavenumber k, to the generic situation described in Paragraph 3.1.3.2.

The Lagrangian persistence time 7y (k) generally decreases with k and diverges as k — 0, because
a tracer must move far across the shear before the persistent motion due to long-wavelength (low k)
modes of the shear is broken up. We can therefore define a time-dependent wavenumber scale kqy(1)
as the inverse function of 7;(k), and this will demarcate a gradual transition between low-
wavenumber modes which each contribute ballistically (0 < k <kyp(t)) and the modes which each
contribute diffusively (kqp(t) <€ k). The diffusive-ballistic transition wavenumber kg,(¢) shrinks to
zero as t —» oo, and there are essentially two possibilities

e The total effect of all the modes of the shear is to induce an ordinary diffusive behavior with
effective diffusivity equal to the integral of the asymptotic diffusivity K(k) contributed by each
normalized mode, weighted by the energy spectrum

o¥(t) = 2K*¢ , (140a)

K* =K + 2J E(k)K(k)dk . (140b)
0
This situation prevails when the energy spectrum E(k) is sufficiently weak near the origin (¢
sufficiently small) so that the contribution from the low-wavenumber ballistic modes
0 < k Skgy(t) is negligible.

e There is sufficient energy at low wavenumbers k (¢ sufficiently large) so that the collective
contribution from the low-wavenumber ballistic modes 0 < k <kgy,(t) produces superdiffusive
transport. In this case, the asymptotics of o§(f) are determined only by the low-wavenumber
characteristics of E(k); the diffusive contribution from high wavenumbers is negligible.

There is also an intermediate case in which the contribution from the ballistic modes 0 < k < kgy(?)
contributes a linear function of ¢, so that the shear-parallel transport is diffusive, but with an extra
term in the formula for the enhanced diffusivity (140b). An explicit example of this special case,
which we discuss no further here, arises at the phase transition value ¢ = 1 for a random shear flow
with constant cross sweep w # 0 and molecular diffusion x > 0; see Table 5.

Rigorous approach. To decide mathematically whether the total shear-parallel transport is
diffusive or superdiffusive, one first derives a bound of the following form on the shear-displace-
ment kernel

|2(k,1)] < Cr(k)t, (141)

where C is some numerical constant. This can be done through integration by parts in Eq. (139b) or
by direct consideration of the damped exponential. Then one can use this equality along with the
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dominated convergence theorem ([288], Section 4.4) to prove that if

FE(k)rL(k) dk < o , (142)

0

then o#(t) grows linearly in time with effective diffusion coefficient given by Egs. (140a) and (140b).
When Eq. (142) is violated, this indicates that the ballistic behavior of the modes k<kgy(?)
is producing a nonuniformity near k =0. To compute the contribution from this region,
one rescales the integration wavenumber to k' = k/kqy(t). We illustrate this procedure explicitly
below.

A mathematically equivalent approach [141] to computing the asymptotics of ¢#(t) is to posit
general space-time rescalings Y(f) = «Y(t/p(x)?) and to choose p(x) in such a way that Y(f)
approaches a finite nontrivial limit as o — 0.

We emphasize that our continual appeal to the dominated convergence theorem to justify our
computations in what follows is not simply an exercise in mathematical pedantry. As we pointed
out through a counterexample at the end of Paragraph 3.2.5.2, it is patently wrong to say that
ordinary diffusion occurs with diffusion coefficient K* whenever the expression (140b) for this
quantity is finite. Discrepancies between this formal quantity and the true asymptotics of ¢3(t) can
and do arise from a formally transient contribution to the integral which is however quantitatively
significant or dominant at long times. By establishing bounds for which the dominated conver-
gence theorem applies, we ensure that the transient terms do not contribute significantly. Transient
contributions which are important can, in the present context, be isolated and evaluated by an
appropriate rescaling of the integration variables. This will be explicitly illustrated in our detailed
presentation of the long-time asymptotics of 3(t) for the case of a randomly fluctuating cross sweep
w(t) below.

Subtle features of constant cross sweep. We now mention how the above discussion is modified in
the presence of a constant cross sweep w # 0.

If the only cross-shear transport mechanism is the constant cross-sweep (W # 0,k = 0, w(t) = 0),
then the single-mode contribution is trapped, rather than diffusive, in the long time limit. That is,
for each k > 0, 2(k, t) is a bounded function of t. Therefore, the long-time limit of ¢§(t) is trapping
when the energy spectrum is sufficiently weak at low wavenumber (¢ < 0) so that dominated
convergence applies. The shear-displacement kernel for the case of a purely constant cross sweep
2(k,t) = X 4(k,t) can be written in terms of elementary functions, thereby permitting a completely
explicit and direct analysis (see Section 3.2.2 and [141]).

When the constant cross sweep is superposed upon another random transport mechanism, the
Lagrangian persistence time as we have defined it is 7. (k) = t,4(k) = (2nwk)~ !, but there is an
additional important time scale which we call the randomization time t(k). This is the time scale
over which the phase of the oscillations of the Lagrangian velocity is forgotten due to the presence
of the random component of the cross-sweep. It may be equated to the shortest Lagrangian
persistence time scale of the random processes included, which is just the time taken for the
randomness to give the cross-shear tracer location an uncertainty equal to the wavelength k~! of
the shearing mode under consideration. It is readily checked that for all random cross-shear
transport mechanisms considered, 7, (k) = t4(k) < 7,(k) at small k. The contribution X(k,t) to the
shear-parallel transport is ballistic for t < 7, (k), trapped subsequently for an intermediate interval
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(k) <t < 1(k) due to oscillations in the Lagrangian velocity, then diffusive ¢ > 7,(k) when the
random cross-shear processes finally become effective and destroy the phase coherence of the
Lagrangian velocity oscillations. One notable consequence of the long intermediate interval of
trapping behavior at low wavenumber k is that the asymptotic diffusivity K(k) contributed by
a single normalized shear mode is much less than 7y (k), in contrast to the typical behavior indicated
for Lagrangian velocities with a single relevant time scale discussed in Paragraph 3.1.3.2. (See in
particular Eq. (135).)

3.2.6.3. Derivation of asymptotics for case of randomly fluctuating cross sweep. Detailed derivations
for the long-time asymptotics of ¢3(t) may be found in the published literature for the case of pure
molecular diffusion [10], pure constant cross sweep [141], and a superposition of a constant cross
sweep with molecular diffusion [141]. We provide here an explicit derivation of the long-time
behavior of ¢7(z) for the case of a fluctuating cross sweep w(t), with no deterministic component
(w = 0) and no molecular diffusion (x = 0). The superposition of these extra cross-shear transport
mechanisms can be handled through the general plan of attack outlined above, but we do not
provide the details here.

For k = 0 and w = 0, the formula (139) for the shear-parallel mean-square displacement may be
written

o) =2 J OOE(k)ZWf(k, 0 dk (143a)

t
2 (k1) = 2J (t — s)e ™ 27KoO dg | (143b)
0

where the cross-shear displacement variance is expressed in terms of the correlation function R,(t)
of wy(t) as

o3(t) = {X(t) — x0)*> = 2f(t — S)R,,(s)ds .

Recall that the energy spectrum E(k) of the shear flow and the power spectrum E, (o) of the random
cross-sweep are assumed to be smooth on the positive real axis, absolutely integrable, and of the
following forms:

E(k) = Aglkl" "%y (lkl) ,
E(0) = Aol o),

where f < 1,e <2, A > 0, Ag,, > 0, and V() and () are each smooth function on the positive
real axis with ,,(0) = y(0) = 1.
We know from Section 3.1.2 that

lim o3(f) ~ (144)

t— o

15Kt for —1<pf<1,
K3 forf< —1,
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where

B PPy (e T
K=yt s py

1 [ee}

K; = —Zf E (0w ?do .

™ Jo

Weak sweeping regime. We dispense first with the case f < — 1. Here the cross-shear fluctu-

ations are trapped, and the Lagrangian persistence time 7, (k) = t,, (k) is effectively infinite for each
wavenumber. Consequently, every mode contributes forever ballistically

1 1
lim t 72X, (k,t) = lim ZJ (1 —uje 2kt gy = 2J (1 —u)e 2K dy = ¢ 27K K

0 0

t— o0 t— o

Moreover, t~2X(k, t) is uniformly bounded by unity, and we may therefore take the t — oo limit
under the integral over wavenumber by the dominated convergence theorem and conclude

lim o3(t) ~ 2t2f E(k)lim ¢~2%,, (k,) dk ~ thJ E(k)e2"F K dk

t— o 0 t— o0 0

as indicated in Table 4.

Diffusive regime. We now turn to the more interesting cases in which — 1 < < 1 and the tracer
travels ever farther across the shear streamlines. The single-mode normalized contribution X, (k,t)
is then asymptotically diffusive

lim 2, (k,1) ~ 2K, (K)t ,

t—
o0
— - 2r?k?o}
wa(k)—f e~ 2w 4 |
0

We are therefore led to consider situations in which the total shear-parallel transport og(t) is
diffusive. By noting the asymptotics of o%(f) in Eq. (144), we can bound X, (k, 1) as follows

0 < wa(ks t) < lewf(k)t > (145)
where 1,, (k) is some positive, decreasing function with low-wavenumber asymptotics
Ty (k) ~ C,, (KZk?)~HETD (146)

where C; and C,,, are some positive numerical constants depending on f but not on k nor . The
dominating function 7,, (k) obeys the same properties as the Lagrangian w-persistence time, and
we identify it symbolically as such.

The dominated convergence theorem allows us to conclude that provided

rE(k)rw,(k) dk < oo | (147)

0
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the long-time shear-parallel transport is diffusive

lim o3(1) ~ 2K 1,

t— o0
K& =2 f E(K)K,, (k) dk .
0

The condition (147) is satisfied whenever ¢ < 2f3/(1 + f5), and we thereby obtain the results for the
diffusive regime stated in Table 4.

Superdiffusive regime. We next consider the regime 28/(1 + ff) < ¢ < 2 where the above argu-
ment fails due to the nonuniform convergence of E(k)Z,, (k,t) to 2K,, (k)E(k)t near k = 0. (Here we
do not treat the transition value ¢ = 2/(1 + f) which involves logarithmic corrections.) According
to the general considerations discussed above, we should expect that o§(t) grows superlinearly and
is dominated at large time by low wavenumbers 0 < k < kgyy(t), where

2%\ —1/2
kaw(t) = <47T Kx) t~AtPp2

1+p

is the inverse function to Eq. (146) (up to an unimportant numerical factor). We will therefore zoom
in on this region by rescaling the integration variable in Egs. (143a) and (143b) to

4 = Kfkan(0) (149
First, for technical reasons, we separate the formula (143a) for o$(t) as follows

oi(t) = 63(t) + 67(1) ,

521) = 2 J klE(k)wa(k, 0 dk ,

0

ay(t) = ZJ E(k)X, (k,t)dk ,
ko
where k; is an arbitrary positive cutoff wavenumber. The contribution G#(t) is clearly (at most)
diffusive since the range of active k is bounded below by k; > 0. We can therefore neglect 63(t) if
G1(t) is superdiffusive, and we now show this is indeed the case.
Rescaling 67(t) according to Eq. (148), we obtain

k1 /kan(?)

GH(t) = 2kdb([)f E(qkap(1))2 s (qkav(1), 1) dg . (149)

0

Now, it is readily shown that

1 1
lim ¢ 725, (gkas(t), f) = lim 2 f (1 — u)e ™ 2rakaOsien qy — 2 f (1 — e " du

t— oo t— w0 0 0

The finiteness of this limit reflects the fact that we have zoomed in on the low wavenumbers
k < gk4p(t) for which the mode-by-mode contribution X, (k, ) to the shear-parallel tracer motion is
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ballistic. The long-time limit of the other factor in the integrand is described by

lim (kau(t))* ™ E(kan()q) = Apq" ~*
t— o0
since lim,_,ookdb(t) = 0.
Now, we would like to evaluate the t — oo limit of 63(¢) in Eq. (149) by taking the t — oo limits
of the integrands and the upper cutoff. To do this, we first establish the uniform bounds

- C
0 < t722, (qkan(0) 0Ok kanlt) = @) < T i (150a)
0.< ki, (O Ekan())Olks /ka(t) — @) < Cq" ~* (150b)

where C, and C; are constants independent of k and ¢ (but possibly depending on the fixed cutoff
ki), and ©(-) is the Heaviside function

1 ifg>0,
O(q) =<0 ifg<0, (151)
1 ifg=0.

Inequality (150a) follows from Eq. (145) and the easy bound 0 < X, (k, ) < t*; inequality (150b) is
a consequence of the low wavenumber asymptotics of E(k).

Using Egs. (150a) and (150b) and the fact that ¢* “%(1 + ¢g** *#)~! is an absolutely integrable
function on g€ [0, o0 ) for 2f/(1 + f) < & < 2, we can apply the dominated convergence theorem to
conclude that

lim () ~ 2kd, E(t)tzjwlim (K () E(gkan(D)t > 2\, (qkas(t), 1)) dg

t— o 0 t—> o

0 1
- 2k§b£(t)t2j Arq? 8(2[ (1— u)eqz"lﬂdu) dg
0

0

4

_ K& flte2-p2-e)2 152
te—p2—_o " : (152)
where
4 2K= (e—2)/2 (1 [°e) s s
Ki = (2 46— B2 — e) Ay L 2x A —u| ¢ e " dgdu.
! IL+p 0 0

By a change of variables p = g?u' *#, the integral may be evaluated exactly in terms of Gamma
functions [195], leading to the expression for 63(t) in the superdiffusive regime displayed in Table 4.

3.3. Tracer transport in shear flow with random spatio-temporal fluctuations and transverse sweep

We next explore the effects of introducing temporal fluctuations into the random shear flow v
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This model will be referred to as the Random Spatio-Temporal Shear Model (RSTS) Model. The
cross-shear sweeping flow w(t) is defined with the same properties as in the Random Steady Shear
Model of Section 3.2.

The random spatio-temporal shear flow v(x,t) is assumed to be a Gaussian, homogenous,
stationary, mean zero random field. We now need to describe v by a correlation function depending
on space and time

R(x, 1) = (X, t'Ww(x + x',t + 1)) .

As in the steady case, we define the velocity correlation function through its Fourier transform,

ﬁ(x,t)=f j e2ritx o0 Bk o) doo dk . (153)

— o0 — o0

The spatio-temporal energy spectrum E(k,®) appearing here resolves the energy of the fluid
simultaneously into spatial wavenumber and temporal frequency;

k+ 4k fo+ Ao -
J J E(k, w)dw dk

k—4k Jo—Aw

is the amount of energy associated to fluctuations with spatial wavenumbers k + Ak and temporal
frequencies o + Aw. The spatio-temporal energy spectrum E(k, ) is necessarily a nonnegative
function with E(k,w) = E( — k, — w). (See Paragraph 2.4.5.3.) For the sake of simplifying some
formulas, we shall restrict attention to random flows which are statistically invariant under time
reversal, so that R(x,t) = R(x, — t) and consequently E(k,w) = E(k, — w). This requirement ex-
cludes random travelling wave motion. With this extra condition, we can express the velocity
correlation function entirely in terms of the energy at nonnegative wavenumbers and frequencies

R(x,t) = 4j f cos(2n(kx + wt)E(k, w)dw dk .
0 Jo

By definition, the energy spectrum E(k) (resolved with respect to spatial wavenumber) is just the

integral over frequencies of the spatio-temporal energy spectrum

0

E(k|) = jw E(k,0)dw = 2J E(k,w)dw .

— 0
We shall make the same assumptions on the energy spectrum E(k) as we did for a steady random
shear flow in Section 3.2. Namely, E(k) is assumed to be smooth on k > 0 and absolutely integrable,
with

E(k) = Agk' ~*y(k) , (154)

where ¢ < 2, A > 0 and (k) is a smooth function on the positive real axis with (0) = 1.

We are left to describe the behavior of E(k, w) with respect to w. To this end, we shall assume that
the fluctuations of any given wavenumber k decay on a single wavenumber-dependent time scale
7(k). Mathematically, this implies that

E(k, ) = E(k)pu(con(kD)z(Ik]) ,

where the {¢y(),0 < k < oo } is a family of nondimensional even functions with [~ ¢y(w')dw’ = 1.
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The important point is that w only appears in the combination wt(k). We shall call ©(k) the Eulerian
correlation time scale since it describes the rate of decay of (a single wavenumber component of) the
velocity field as observed at a fixed point, as in the Eulerian perspective. (See Section 3.1.3) It is to
be contrasted with the Lagrangian persistence time ty(k), introduced in Section 3.2, for the rate of
decay of the Lagrangian velocity (due to fluctuations of wavenumber k) observed by a moving
tracer in the flow. The Lagrangian and Eulerian correlation times coincide when the tracer moves
purely along the streamlines of the shear flow, but the Lagrangian persistence time will be shorter
in the presence of a cross sweep w(t) or molecular diffusion which transports the tracer across
streamlines.
We will assume that

e 1(k) is a decreasing, smooth function of k, with

lim t(k) ~ Ak~ 7, (155)
k=0
with 4, >0and 0 <z < .
e ¢(@) are even, nonnegative, smooth functions of both @ and k, and obey a mild, uniform bound

(156)

with 0 < C;, < o0 and y > 1. Moreover, we assume that ¢(0) > 0, meaning that the spatio-
temporal random shear has some nontrivial zero frequency component at low wavenumbers.

It is quite satisfactory to consider the special case with ©(k) = Ak~ 7 and ¢u(-) = ¢o(-). Our
purpose in stating the assumptions in greater generality is solely to emphasize that it is only the
low-wavenumber properties of E(k, w) which determine whether the tracer motion along the shear
has an anomalous diffusion law, and if so, what that law is.

The reason we demand that (k) decrease with k is that fluctuations at higher wavenumbers
(smaller spatial scales) naturally have faster dynamics than those of lower wavenumbers. Note that
the Eulerian correlation time scale diverges more severely in the low wavenumber limit as
z increases. Since the low wavenumbers often play a central role in determining the long-time
behavior of a tracer, we can expect that the z - oo limit should exhibit features in common with
a random steady shear flow. This will be borne out in what follows. In the other extreme z = 0, the
low wavenumbers decorrelate at a uniformly finite time. This may be viewed as a rapid decorrela-
tion limit in a weak sense; we will discuss turbulent diffusion models with rapid decorrelations in
a strong sense in Section 4.

A decreasing, power law dependence for the Eulerian decorrelation time scale t(k) is natural for
describing the self-similar inertial range of scales in fully developed turbulence at a high Reynolds
number. As we shall discuss in Section 3.4.3, the standard Kolmogorov theory for the inertial range
statistics of a turbulent velocity field corresponds formally to ¢ = 8/3 and z = 2/3 in the Random
Spatio-Temporal Shear (RSTS) Model defined above. The value ¢ = 8/3 is actually outside the
admissible domain ¢ < 2 of infrared scaling exponents allowed in the present model because it would
result in an infinite amount of energy residing at small wavenumbers. We will discuss in Sections 3.4.3
and 3.5 how the RSTS Model can be extended to incorporate an inertial range of scales.
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At the present, we will restrict attention to the mean-square displacement a§(t) = {(Y(t) — yo)*>
of a tracer along the shear in the RSTS Model with ¢ < 2 and z > 0. An exact formula for this
quantity is obtained in Paragraph 3.3.6.1:

Mean-Square Shear-Parallel Tracer Displacement for RSTS Model

o(t) = 2xct + 4 J f Bk, 0)5(k, o, 1) dew dk (157a)

0 JO
t
Sk, o, t) = 2f (t — ) cos(2mkws) cos(2mws)e ~ 27K 7i) g . (157b)
0

This formula remains valid when v(x,t) is non-Gaussian. Note that it properly reduces to the
formula (112) when the spatio-temporal energy spectrum has the form E(k,w) = E(k)d(w) asso-
ciated to a steady random shear flow.

The shear-displacement kernel Z(k,,t) represents the response of ¢%(f) to the presence of
a component

A cos(2mkx) cos(2mwt) + B cos(2mkx) sin(2mwt)
+ Csin(2nkx) cos(2nwt) + D sin(2nkx) sin(2nwt)

in the random shear flow, where 4, B, C, and D are independent, standard Gaussian random
variables. The formula for 2(k, w, t) differs from that of its counterpart X(k, w, t) (112b) for the steady
shear flow only in the presence of an oscillatory term cos(2mws) in the integrand, naturally
manifesting the temporal fluctuations of the shear flow.

An alternate formula for o%v(t), which is at first perhaps easier to understand, involves the spectral
temporal correlation function E(k, t), which provides an intermediate representation between the full
physical space spatio-temporal correlation function R(x,f) and the spatio-temporal spectrum
E(k, w)

Rix,1) = f e F(k 1) dk = 2 J cos(2rkx)E(k, 1) dk |

0

— o0

(158)

E(k,t) = j e2" E(k, w)dw = 2J cos2nwt)E(k, w)dw .

0

— o0

As such, E(k, t) describes the temporal correlations of turbulent shear modes of wavenumber k in
terms of the physical time variable; E(k,t = 0) is simply equal to E(k). The mean-square shear-
parallel displacement can be expressed in terms of E(k,t) by formula similar to Egs. (112a) and
(112b) in the RSS Model

o [t

o(t) = 2t + 4J f (t — s)cos(2nkws)e ~ 2K xOE(k, s)ds dk . (159)
0 Jo

For the special case of a steady shear flow, E(k, t) = E(k). We will work here with the rep~resentation

(157), since it cleanly separates the influence of the particular shear flow structure E(k,w) from

a kernel 2(k,w,t) which depends only on the active cross-shear transport mechanisms. In Sec-

tion 3.5, we will make use of a semi-spectral representation similar to Eq. (159).
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We will consider the long-time behavior of ¢3(t) in the RSTS Model in a manner parallel to our
study of the Random Steady Shear Model in Section 3.2. First, we consider in Section 3.3.1 the
motion of a tracer in the randomly fluctuating shear flow with no molecular diffusion and no cross
sweep. Next, we consider separately the effects when molecular diffusion x (Section 3.3.2), a con-
stant cross sweep w (Section 3.3.3), or a randomly fluctuating cross sweep w(t) (Section 3.3.4) are
added to the fluctuating shear flow. The qualitative scaling behavior for ¢#(f) in each case may be
classified into three categories determined by the exponents ¢ and z characterizing the low-
wavenumber (infrared) scaling behavior of the energy spectrum E(k) and the Eulerian correlation
time (k). These will be graphically described by phase diagrams, indicating the regions of the (g, z)
diagram associated to each type of qualitative scaling behavior.

In Section 3.3.5, we discuss how the shear-parallel transport of a tracer behaves under superposi-
tions of the various cross-shear transport mechanisms. It turns out that the superposition rules are
completely straightforward here; the subtleties discussed in Section 3.2.5 for the Random Steady
Shear Model are absent here. The method of derivation for all the results in the RSTS Model is
indicated in Section 3.3.6.

3.3.1. Tracer behavior in absence of cross-shear transport

We begin by considering the rather simple case of a tracer in a random shear flow with
spatio-temporal fluctuations with no molecular diffusion (x = 0) or cross sweep (w(t) = 0). A tracer
then forever stays on its original streamline, and its Lagrangian velocity is the same as the Eulerian
velocity observed at any given point on that streamline. Consequently, the tracer behaves exactly
as in the Random Sweeping Model; the spatial structure of the shear flow is irrelevant. The
long-time asymptotics of the shear-parallel tracer displacement could be worked out as in
Section 3.1.2 by considering the low-frequency behavior of the energy spectrum of the velocity
resolved with respect to temporal frequency, which can be expressed as [ E(k,w)dk. We will,
however, proceed in a fashion which better maintains continuity with our analysis of the Random
Steady Shear Model in Section 3.2 and our later discussion of the RSTS Model where the spatial
structure of the shear plays a crucial role.

For x = w(t) =0, the shear-displacement kernel Z(k,w,t) in Eq. (157b) takes the simple,
wavenumber-independent form,

So(k,w,t) = t2F,(2not) , (160)
Fy(@) = 2(1 — cos o)/@”* .

It is readily seen that the tracer displacement due to a single random spatio-temporal Fourier mode
of the shear with wavenumber k and frequency o is ballistic for short times t < ! and trapped for
long times t > w ™ !. The long-time trapping behavior is a consequence of the exact periodicity of
the tracer motion induced by a mode with a single frequency w. We can expect from these
considerations that shear-parallel tracer transport will be dominated at long times by contribu-
tions from low frequency modes.

In the RSTS Model, we are always assuming that a continuous spectrum of frequencies are
associated to any given spatial wavenumber k, and that this spectrum of frequencies is nonvanish-
ing at w = 0 at least for small k. We will therefore never see trapping behavior for the tracer in the
total random spatio-temporal shear flow. Our heuristic discussion therefore becomes a bit more
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direct if we break up the shear-parallel transport into contributions from a shear mode of a single
wavenumber k, with temporal fluctuations coming from all frequencies, rather than disintegrating
the motion into modes of single wavenumber and single frequency.

We accordingly rewrite Egs. (157a) and (157b) as an integral of the energy spectrum E(k) against
a kernel X, o(k, ) which has already accounted for the temporal structure of the fluctuating shear
flow

o) =2 J wE(k)Zd,,o(k, 0 dk (161a)

5, 0k,t) =2 J " 5 ok, . DRk doo . (161b)

0

With Eq. (160), it is clear that X, o(k,t) may be expressed as

2ok, 1) = tF y(t/(k)) , (162)

Fy(u) = 2JwF2(2nuw)qbk(w)dw.

This representation reflects the fact that the temporal fluctuations of a single wavenumber mode
k of the velocity field has a characteristic time scale (k). Since the Lagrangian velocity coincides
with the Eulerian velocity in the present instance, the Lagrangian persistence time 7y (k) of the tracer
is readily identified with (k). According to the standard intuition of Paragraph 3.1.3.2, we therefore
expect that the shear-parallel tracer displacement due to a single wavenumber k of the shear is
ballistic for t < 1(k) and diffusive for t > 1(k), with effective diffusion coefficient proportional to the
product of 7(k) and the mean-square velocity of the shear mode. This is borne out mathematically
by Eq. (162), provided that ¢,(®@) is nonvanishing in a neighborhood of @ = 0. We do indeed
assume that this is the case in the RSTS Model for at least sufficiently small k, and for our heuristic
discussion we will assume for simplicity that this is true for all k.

We will now apply this qualitative perspective to understand the long-time asymptotics of the
mean-square shear-parallel displacement ¢#(t). The exact results, as computed rigorously accord-
ing to the prescription in Section 3.3.6, appear in Table 6. The scaling coefficients which appear
may be expressed as follows:

K3

J " B(k,0) dk = FE(k)T(k)qak(O) dk (163a)

0

(2 — ¢)/22)
T((c + 3z — 2)/2z)

Izié =z~ ln(28+z*4)/22

AEAgs)/zj "V po(m)dw . (163Db)
0

In contrast to the Random Sweeping Model, there is no subdiffusive or trapping behavior here
because E(k, w = 0) is by assumption positive for small k, so the velocity of a streamline always has
a nonvanishing zero frequency limit. We observe that the diffusion coefficient K& in the diffusive
regime only depends on the zero frequency modes of the shear flow. We stress that this does not
imply that the tracer behavior is therefore the same as in the Random Steady Shear Model. In
a steady shear flow, the spatio-temporal energy spectrum is singularly concentrated at w =0,
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Table 6
Long-time asymptotics of mean-square tracer displacement along the shear in Random Spatio-Temporal Shear Model,
with k = w = w,(t) = 0. Scaling coefficients are given by Eq. (163)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,,63(t)

>0 e<2—z 2Kt Diffusive (D)
z>0 2—z<e<?2 2z

mﬁ"ot‘z”‘“z)/z Superdiffusive (SD-w)
z 46—

namely E(k,w) = E(k)6(w), and the shear-parallel tracer motion is ballistic in the absence of
cross-shear transport. In the Random Spatio-Temporal Shear Model, the diffusive shear-parallel
tracer transport (for ¢ + z < 2) comes from the continuous distribution of energy at low frequencies.

To understand the criterion ¢ + z < 2 for diffusive behavior, we formally sum up the shear-
parallel transport contributions from each wavenumber k. A straightforward argument generalized
from the discussion of the RSS Model in Paragraph 3.2.6.2 suggests that the statistical tracer
motion should, at long times, be diffusive and characterized by a diffusion coefficient on the order
of the integral of the diffusivities contributed by each mode, provided that

rE(k)rL(k) dk (164)

0

is finite. For the present case of no cross-shear transport mechanisms, 7 (k) = 7(k), the Eulerian
correlation time for each spatial Fourier mode of the random shear. The finiteness of expression
(164) is determined by the behavior of the integrand near k = 0; integrability at high wavenumbers
is ensured by the physical assumption that t(k) decreases with k. At small k, the Eulerian correlation
time (k) ~ Ak "% Recalling that E(k) ~ Agk® ¢ for small k, we see that the criterion that Eq. (164)
be finite is just ¢ + z < 2, which is exactly the diffusive regime described in Table 6. Note moreover
that since ¢,(0) is an order unity dimensionless constant (with a possible but unimportant mild
variation with k), the formula for the shear-parallel diffusivity (163a) states that the asymptotic
diffusivity contributed by a normalized mode of wavenumber k (with prescribed temporal fluctu-
ations) is proportional to the Lagrangian correlation time (k). This is in agreement with the
general relation which we have seen to hold in standard diffusive situations (see Paragraph 3.1.3.2
and Section 3.2). For ¢ 4+ z > 2, the shear-parallel tracer motion is superdiffusive because the
product E(k)t;(k) diverges too strongly at low wavenumber.

The two regimes of long-time behavior of ¢#(t) are indicated on a phase diagram in Fig. 13. Such
phase diagrams are two-dimensional versions of the pictures of phase transitions with respect to
the single parameter ¢ which we presented for the RSS Model in Section 3.2. Each regime of
qualitatively different long-time behavior for ¢#(tf) may be viewed as a “phase” with a distinct
algebraic law for the long-time scaling exponent of ¢#(¢). The boundaries between these phases
correspond to phase transitions, and are associated with more complicated formulas for the
long-time behavior of ¢3(t). We shall not present the special formulas characterizing the phase
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Fig. 13. Phase diagram for long-time asymptotics of ¢%(t) in Random Spatio-Temporal Shear Model with k = w =

boundaries, as these would be a distraction from our main endeavor on developing physical insight
from the simplified model.

We see from the phase diagram that when z = 0, corresponding to a finite correlation time of the
low wavenumber modes, the shear-parallel tracer motion is diffusive for any energy spectrum E(k).
To facilitate later discussion, We label the diffusive regime with the symbol D and the other regime
with the symbol SD-w, indicating a superdiffusive tracer behavior determined by temporal
fluctuations of the shear flow.

3.3.2. Effects of molecular diffusion

We now consider the effects of positive molecular diffusion k > 0 on the shear-parallel transport
of a tracer. We continue for the moment to assume no cross sweep (w(t) =0). The shear-
displacement kernel (157b) may then be expressed in the closed form

o(t) = 2xt + 4 J f Bk, )5 (k, o, 1) dw dk (165a)

0 0
Sk, 0,1) = 2F4(t/t k), 2n o) , (165b)

where 7,(k) = (4n’*xk~ 1)1 is the Lagrangian persistence time associated to molecular diffusion,
and the universal, dimensionless function F; is defined in Eq. (133). Upon integration over the
frequency variables, we discover that the shear-parallel tracer motion due to each spatial
wavenumber k is naturally determined by the time scales 7,(k) and 7(k), corresponding to the
decorrelation mechanisms due to molecular diffusion across the shear and temporal fluctuations of
the shear flow, respectively.

The long-time behavior of the mean-square shear-parallel displacement, obtained from a rigor-
ous asymptotic computation of Egs. (165a) and (165b), is classified according to the parameter
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Table 7
Long-time asymptotics of mean-square tracer displacement along the shear in Random Spatio-Temporal Shear Model,
with k¥ > 0, w = w,(t) = 0. Scaling coefficients are given by Eq. (166)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,,63(t)

0<z<2 e<2—1z 2Kt Diffusive (D)
z>2 e<0
0<z<2 2—z<e<?2 2 -
=2 z ¢ TZ2'K#O[(22+872)/Z Superdiffusive (SD-CU)
zZ+e—
>2 O<e<?2 4
: ¢ ﬁKﬁtl +e2 Superdiffusive (SD-k)
e

values ¢ and z in Table 7. The coefficients appearing in the scaling laws are as follows

K¥ =K+ 4J J E(k, w)K (k, w)dw dk , (166a)
o Jo

- I'((2—¢)/2 ®

Ki(i) =z ln(2£+z—4)/22F((8 (-(i_ 5 ?/2)2/)22)AEA(T2_£)/ZJO w—(ﬁ_z)/zd)o(w) do , (166b)
K= — r< — g)AE(4Tc2K)_(2_£)/2 : (166¢)

where
~ . Sk, w,1) B 7 (k) B Kk?
Kk, ) = ,hf?o 2t 1 k) + Qre)? 4Pkt 4+ o? (167)

is the asymptotic diffusivity due to a single spatio-temporal Fourier mode of the shear with
wavenumber k and frequency w. The three regimes of long-time behavior of a§(t) are also indicated
on a phase diagram in Fig. 14. We shall now explain on a heuristic level why the phase diagram
takes the form it does.

There are two natural time scales associated to the tracer motion due to each spatial wavenum-
ber of the shear flow: an Eulerian temporal decorrelation time t(k) due to temporal fluctuations of
the shear flow and a decorrelation time 7,(k) due to molecular diffusion buffeting the tracer across
the shear flow. One therefore naturally associates a Lagrangian persistence time of the tracer
motion 7y (k) with the smaller of these two time scales. The same standard argument as was given in
Section 3.3.1 indicates that diffusive or superdiffusive behavior should result according to whether
1(k)E(k) is integrable or not-integrable at k = 0. (See the discussion around Eq. (164).)

The Lagrangian persistence time 7 (k) is set by the smaller of t(k) and 7,(k). As (k) ~ k™7 for
small k and t,(k) ~ k~2, we see that for z < 2, Lagrangian persistence time for the low wavenumber
modes is determined by the Eulerian correlation time scale 7(k), and molecular diffusion has
a negligible effect. Consequently, the criterion for diffusive behavior for z < 2 should be expected to
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Fig. 14. Phase diagram for long-time asymptotics of ¢#(¢) in Random Spatio-Temporal Shear Model with x > 0 and
w=wit)=0.

be the same as that for a random shear flow with spatio-temporal fluctuations and no molecular
diffusion: ¢ + z < 2 (see Section 3.3.1). This is confirmed in the phase diagram (Fig. 14). Moreover,
when this diffusivity condition is violated for z < 2, the resulting asymptotic superdiffusive
behavior is exactly the same as for the case of a shear flow with spatio-temporal fluctuations and no
molecular diffusion. The reason is that superdiffusion is determined solely by the low wavenumber
modes of the shear flow, and we have noted that molecular diffusion is asymptotically irrelevant for
such modes relative to the intrinsic temporal decorrelation of the shear flow. We have therefore
identified the region 0 <z < 2, ¢ + z > 2 as the same SD-w regime introduced in Section 3.3.1.

A complementary situation arises for the portion of the phase diagram corresponding to z > 2,
for which molecular diffusion plays the dominant role at low wavenumber. The criterion for
diffusivity, ¢ < 0, is identical to that for transport in a steady random shear flow with molecular
diffusion. We also note from Table 7 that the long-time tracer behavior for z > 2, ¢ > 0 is identical
to the superdiffusive regime ¢ > 0 for a random steady shear flow with molecular diffusion
(cf. Section 3.2.1). The temporal fluctuations of the shear flow are not manifested in any way in this
regime, because they are asymptotically irrelevant for the low wavenumbers driving the super-
diffusive tracer motion. We call the phase region z > 2, ¢ >0 the SD-x regime, indicating
superdiffusive tracer behavior with molecular diffusion as the dominant Lagrangian decorrelation
mechanism.

All told, we may understand the phase diagram (Fig. 14) for shear-parallel tracer transport in an
RSTS flow with k¥ > 0 as a gluing together of a portion of the phase diagram (Fig. 13) for an RSTS
flow with k = 0 and a portion of the phase diagram for an RSS flow with x > 0. The former applies
for 0 < z < 2, and the latter for z > 2; the dividing line z = 2 is determined by the balance at low
wavenumbers between the decorrelation time scale t(k) due to temporal fluctuations of the shear
flow and the decorrelation time scale t,(k) set by diffusion across streamlines due to molecular
diffusion.
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There is a similar subtlety in the formula for the diffusivity constant in terms of the single
spatio-temporal mode diffusivities (167) as in the RSS Model with molecular diffusion and
a constant cross sweep. Namely, the single-mode diffusivity does not obey the standard relation of
being proportional to the Lagrangian persistence time of a single spatio-temporal shear mode,
which here would be identified as min(z,(k), » ~!). The reason for this aberrant behavior is that the
retardation of the tracer’s net motion due to temporal fluctuations of a shear mode with a single
frequency is periodic and coherent. Integration over the frequency variables, however, produces
a formula for the diffusivity in terms of the energy spectrum which does conform to standard
Lagrangian intuition. Specifically,

R¥=rx+ 2J E(k)K, (k) dk .
0

o0

Rk, 0) u@() (k) doo = (k) f oo

o 4m?i?k* +

Ky (k) = 2j

0

and the diffusivity K, (k) due to a single wavenumber k (with the full spectrum of temporal
fluctuations) is approximately proportional to 7. (k) = min(z,(k), t(k)). A related fact is that the
Kk — 0 limit of the asymptotic diffusivity K (k, ) of a single spatio-temporal Fourier mode behaves
singularly in the x — 0O limit, reflecting the change from diffusive to ballistic (w = 0) or trapped
(o > 0) behavior. Integration over frequencies regularizes the limit however: the k — 0 limit of
K, (k) converges to 3t(k)¢,(0). Therefore, as k — 0, the diffusion constant K* smoothly approaches
the limiting value K§ (163a) characterizing the case of no molecular diffusion.

3.3.3. Effects of constant cross sweep

We next consider the effects of a constant cross sweep w(t) = w # 0 on the shear-parallel
transport of a tracer in an RSTS flow, with no molecular diffusion. The shear-displacement kernel
can again be expressed in closed form

Solk, w,1) = $t3(F,2n(w + wk)t) + F,(2m(w — wk)t)) ,
Fo(u) = 2(1 — cosu)/u? .

It is interesting to note that, for a fixed wavenumber k, a strong contribution to the shear-parallel
tracer motion comes from frequencies w & wk. This is in contrast to the general situation without
a mean cross sweep w, for which the shear-displacement kernel typically decays with w away from
o = 0. The presence of the mean sweep w creates a type of “resonance” with spatio-temporal shear
modes for which w — wk = 0. These resonant modes have a component which appears steady from
the point of view of a tracer swept across the shear at speed w, and consequently contribute
ballistically to the shear-parallel tracer motion for all times. The off-resonance modes w — wk # 0,
on the other hand, each contribute an oscillatory, trapped motion in the long-time limit. It is thus
natural to expect that the long-time behavior of ¢§(t) should be dominated by the modes along the
resonance line @w = wk. Note that since energy is distributed continuously in wavenumber-
frequency space, the ballistic contribution of single spatio-temporal Fourier modes along the
resonance line does not imply ballistic transport of the total random shear flow.
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The long-time asymptotic behavior of ¢§(t) is described in Table 8 and the phase diagram in
Fig. 15. The scaling coefficients are given by

Rx = f " Bk, vl dk = JwE(k)r(k)@(wkr(k)) dk (168a)
0 0
K% = %AEns’”ZWF(Q — )2)/T((1 +¢)2) . (168¢)

Table 8
Long-time asymptotics of mean-square tracer displacement along the shear in Random Spatio-Temporal Shear Model,
with w # 0, k = w,(t) = 0. Scaling coefficients are given by Eq. (168)

Parameter regime Asymptotic mean square Qualitative behavior
displacement lim,_, ,63(t)

0<z<1 e<2—z 2Kxt Diffusive (D)
z>1 e<1
0<z<l1 2—z<e<?2 2 -
== = 721@@‘2”“2)” Superdiffusive (SD-w)
2z+¢e—2
> 1 l<e<?2 2
: ¢ —Kir Superdiffusive (SD-w)
&

SD -
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€

Fig. 15. Phase diagram for long-time asymptotics of ¢#(t) in Random Spatio-Temporal Shear Model with W # 0 and
K =wt) =0.
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We note that, in the diffusive regime, the diffusion coefficient is indeed determined by the energy
spectrum along the resonance line w = wk, as suggested by our previous discussion.

The phase boundaries may again be explained by simple consideration of the behavior of the
Lagrangian persistence time 7y (k). In the present case, it is the minimum of the Eulerian correlation
time (k) of the shear flow and the sweeping persistence time 1, = 2nwk)™!. For 0 < z < 1, the
low-wavenumber modes of the shear-parallel transport are dominated by the temporal decorrela-
tion of the shear flow, and the effects of the cross sweep w are asymptotically negligible. Conse-
quently, the phase diagram and behavior of the superdiffusive regime for 0 < z < 1 is identical to
the case of an RSTS flow with no cross sweep (Section 3.3.1). On the other hand, for z > 1, the
low-wavenumber contribution to the tracer motion is limited primarily by the sweeping across
streamlines. Upon comparison with the results of Section 3.2.2, we see that for z > 1, the boundary
¢ = 1 marking the onset of the superdiffusive regime, as well as the tracer behavior within the
superdiffusive regime, are the same as those for the case of a constant cross sweep in a steady
random shear flow. We label the regime ¢ > 1, z > 1 the SD-w regime, within which ¢§(t) grows
superdiffusively according to a law depending only on w and the low-wavenumber behavior of E(k),
but not on the temporal fluctuations of the shear.

One important distinction between the long-time asymptotic shear-parallel transport
with a constant cross sweep for z > 1 in the RSTS model from that of the RSS model is
that the tracer motion is never subdiffusive or trapping. The reason is that the spatio-
temporal fluctuations of the shear flow break up the phase coherence of the shear-parallel trans-
port from individual spatial Fourier modes k, so the long-time contribution from each
wavenumber k becomes diffusive rather than trapped. We saw a similar phenomenon when
molecular diffusion was superposed on a constant cross sweep in the RSS Model; see Para-
graph 3.2.5.2. Crucial to the obliteration of the subdiffusive and trapping regimes is the assump-
tion that the spatio-temporal energy spectrum FE(k,w) is nonzero for k>0 and small
Random shear flows violating these conditions can give rise to subdiffusive shear-parallel tracer
transport. Other types of anomalous behavior can also arise if energy is singularly concentrated at
certain wavenumbers and frequencies, but we shall not explore these issues in any further detail
here.

One unusual feature of the present situation is that the contribution from wavenumber k to the
diffusion constant K} in the D regime is not proportional to 7 (k) ~ 7,(k) for wavenumbers k for
which sweeping effects dominate (z4(k) < t(k)). The reason can be traced to the fact that the
interaction of a pure, constant cross sweep with a shear mode of a single wavenumber k induces
a shear-parallel trapping motion at long times. Therefore, the asymptotic diffusivity must rely
somehow on the phase-randomizing effects of the random temporal fluctuations of the shear flow,
even though the sweeping acts faster to break up the persistent motion of the tracer. The
single-mode diffusivity in the RSS Model with x > 0, w # 0, and w(t) = O suffers from a similar
anomaly, as we discussed briefly in Paragraph 3.2.5.2.

3.3.4. Effects of temporally fluctuating cross sweep

Just as for the Random Steady Shear Model, a mean zero, randomly fluctuating cross sweep
w(t) = wy(t) influences the shear-parallel transport in the RSTS Model in a manner similar to
molecular diffusion, but with a wide range of behavior depending on the exponent f describing the
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Table 9

355

Long-time asymptotics of mean-square tracer displacement along the shear in Random Spatio-Temporal Shear Model,
with wg(t) # 0, kx = w = 0. Scaling coefficients are given by Eq. (169)

Parameter regime

Asymptotic mean square
displacement lim,_, ,,63(t)

Qualitative behavior

For —1<f<1:

2 ~
0<z<—— e<2—1z 2Kt
1+ﬁ s
2 2
z>—- g<—[))
1+p 1+8
0<Z<i 2—z<e<?2 Lﬁﬁt(Zz-Fs—Z)/z
Y 2z2+e—2 "
Z>i 25 <e<? 4 K& (1 +e2-p2 =02
1+p 14+p 24+e—p2—¢
For f< —1:
z>0 e<2—z 212(;*}
z>0 2—z<e<?2 2z

Izgt(ZZJre*Z)/z
2z +¢e—2

SD-w

SD-Wf

SD-w

low-frequency scaling of its power spectrum

R(t) = {wpt)wilt + 1)) = 2f cos(2nwt)E,(|w])dw ,

0

Ew(w) = AE,wa)iﬂl//w(w) .

The long-time behavior of the mean-square shear-parallel tracer displacement c$(f) in an
RSTS flow with randomly fluctuating cross sweep w(t) is detailed in Table 9 and in the phase
diagram in Fig. 16. The preconstants appearing in the asymptotic scaling laws have the following

expressions:

IZ:’;f = 4J J E(k, a))Izwf(k, w)dkdw ,
o JoO
. _ _ (2 —¢)/2z)
' 1..(2etz—4)/2z
Ro=z"= T((e + 3z — 2)/22)

. I(Q2—¢)24p (1 + ﬁ)(Z—m/z
YT (el + B2 — P\ATPKE ’

ApAC -0 f () da,
0

Rx =J E(k,0)e ™ 2"FK dk = f E(k)t(k)pi(0)e = 2" KK dk .

0 0

(169)
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Fig. 16. Phase diagram for long-time asymptotics of o§(t) in Random Spatio-Temporal Shear Model with w(t) # 0 and
kK =w=0. The value f§ =1/2, corresponding to a random cross sweep which induces superdiffusive cross-shear
transport, is used in this drawing. Varying f simply slides the “triple point” of intersection of the phase boundaries along
the ¢ + z = 2 line.

In the D regime for — 1 < f§ < 1, the single wavenumber-frequency mode contribution to the
diffusivity constant is

~ : Z‘yw k, N ® 52122
K, (k,®) = lim ,(TCU) = J cos(2nws)e " 2R g
0

t— 0
A rigorous derivation of these results is presented in detail in Paragraph 3.3.6.2.

We see the same qualitative structure of the phase diagram here in Fig. 16,for — 1 < ff < 1, as
for the case of molecular diffusion or a constant cross sweep acting in concert with a randomly
fluctuating spatio-temporal shear flow (cf. Figs. 14 and 15). The phase diagram may be analyzed in
exactly the same manner through consideration of the Lagrangian persistence time 7 (k) of the low
wavenumber modes. Here it is the minimum of the Eulerian correlation time (k) ~ k™7 and the
w-persistence time 1,, (k) ~ k~>/' ¥/ see Eq. (131). For 0 < z < 2/(1 + f), the intrinsic decorrela-
tion of the random shear determines the shear-parallel tracer motion due to low-wavenumber
shear modulations, and the phase diagram and superdiffusive scaling laws are indifferent to the
presence of wy(t) # 0. On the other hand, for z > 2/(1 + f8), the random sweeping w((t) sets the
decorrelation rate of the shear-parallel tracer motion, and the superdiffusive regime along with its
boundary take the same form as in the Random Steady Shear Model (see Section 3.2.3). We label
the superdiffusive regime within this portion of the phase diagram the SD-w, regime. Varying
p from O to 1 increases the cross-shear transport from diffusive to superdiffusive to almost ballistic,
and the phase diagrams and superdiffusive scaling exponents for ¢3(t) correspondingly interpolate
between those associated to molecular diffusion x acting across the shear (Section 3.3.2) to those
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associated with a constant sweep w across the shear (Section 3.3.3). The diffusivity constant Kﬁf in
the D regime may be heuristically understood in terms of the contributions from modes of various
wavenumbers and frequencies in a similar fashion to the case in which molecular diffusion is the
cross-shear transport mechanism (Section 3.3.2).

For f < — 1, the cross-shear motion is trapped, and consequently never competes with the
temporal fluctuations of the shear in determining the tracer dynamics due to low wavenumber
components of the shear. The phase diagram and superdiffusive scaling laws are consequently
identical for all z to those for the case in which there is no cross-shear transport (see Section 3.3.1).
The trapping cross sweep does have a mild influence on the diffusion constant within the diffusive
regime.

3.3.5. Superposition of cross-shear transport mechanisms

For the RSTS Model, the behavior of shear-parallel transport under a combination of cross-
shear transport processes is simple to describe. The phase diagram, along with the scaling laws for
the indicated superdiffusive regimes, are exactly those corresponding to the mechanism which
moves the tracer across the shear most rapidly (at long times). Therefore, any time that a mean
cross sweep w # 0 is active, the phase diagram appears as in Fig. 15, and the asymptotic behavior
of ¢}(t) in superdiffusive regimes is insensitive to any other cross-shear transport mechanisms
which may be present. Similarly, if w = 0 but a superdiffusive (0 < f < 1) random cross sweep w 4(t)
is active, then the phase diagram and superdiffusive scaling laws are just as described in Sec-
tion 3.3.4, whether or not molecular diffusion is present or not. Molecular diffusion, in like manner,
dominates randomly fluctuating cross sweeps w,(t) with subdiffusive or trapping behavior.

It should be noted that in any case, the diffusion coefficient in the diffusive regime D will depend
on all cross-shear transport mechanisms present.

Another way to summarize the above results is that the criterion for superdiffusive shear-parallel
tracer motion, and the asymptotic behavior of ¢§(¢) in the superdiffusive regime, depend only on
the low-wavenumber behavior of the energy spectrum E(k) ~ Aglk|! "¢ and the low-wavenumber
behavior of the Lagrangian persistence time 7y (k). The Lagrangian persistence time is in turn
determined by the shortest of the individual persistence times (z(k), t,(k), T(k), and t,, (k)) which
correspond to active processes. Diffusive behavior results when E(k)ri(k) is integrable at low
wavenumber. The region of superdiffusive behavior may from this argument be deduced to be the
intersection of the superdiffusive regions associated to each cross-shear transport process acting
separately.

With the assumptions of the RSTS Model, there is never any subdiffusive or trapped shear-
parallel tracer motion, and the associated subtlelty in the RSS Model concerning superposition of
cross-shear transport mechanisms is not an issue (see Paragraph 3.2.5.2). We emphasize that this is
a consequence of the assumption that energy is distributed continuously in wavenumber-frequency
space, with some nontrivial contribution at low frequencies and wavenumber. This is illustrated by
the behavior of the shear-displacement kernel Z(k,w,t) when W # 0 in the limit in which the
random components of the cross shear motion vanish, i.e. K = 0 and w(t) — 0. For any fixed k # 0
and o, the long-time asymptotics of Z(k, w, t) behaves singularly in this limit, just in the RSS Model.
The integration against the spatio-temporal spectrum E(k, w) satisfying the assumptions of the
RSTS Model, however, completely regularizes the limit in which the random cross-shear compo-
nents vanish. Irregular limiting behavior of the type described in the Random Steady Shear Model
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can result for random shear flows with spatio-temporal fluctuations which do not satisfy the basic
assumptions of the RSTS Model.

3.3.6. Derivations

We indicate here how to establish the results concerning the statistics of shear-parallel tracer
motion in the RSTS Model which were stated throughout Section 3.3. First, we derive the basic
formula (157) for o#(t) at finite times. Next, we illustrate in detail how the long-time asymptotics of
o3(t) can be rigorously computed for the case in which only a randomly fluctuating cross sweep is
present (as in Section 3.3.4). We finally sketch without details how to compute the long-time
asymptotics of o#(t) with general cross-shear transport mechanisms.

3.3.6.1. Derivation of general formula. The derivation of formula (157) proceeds in exactly the same
way as in the Random Steady Shear Model (see Paragraph 3.2.6.1), except that the time depend-
ence of the shear velocity field must be accounted for. We start with the following modification of
formula (137)

o3(1) = (W0 + J J (o(X(5), X (), ) ds s’

t [t
= 2kt + J j (R(X(s) — X(s),s — 5)>dsds’,
0J0
which is obtained by simply replacing v(X(s)) in the trajectory equation (136b) for Y(t) with
v(X(s), s). _
Substituting the spectral representation (153) for R(x, t) into this last expression, we have

t [t (oo [ee]

o3(t) = 2Kt + J J J J E(k, ) e?mkX©) = X6\ e2mie06 =) d oy dk ds ds” .
0J0J —w0) —x

The remaining average may now be computed in the same way as in Paragraph 3.2.6.1:

tft Lo [
O')zf(t) = 2Kt + J J J~ J E(k, w)GZTEikW(S*s’)72n2k20‘;2((|8*s’|)62niw(s*s’)dw dkdsds’ .

0J0J —w0) —x

Using finally the four-way symmetry E(k, w) = E(k, — w) = E( — k,w) = E( — k, — w) which is
a consequence of the assumed time reversal symmetry of the shear flow, we can condense the
wavenumber-frequency integration to the first quadrant

t [t 0 0
o3(t) = 2kt + 4J J j J E(k, w) cos2mkw(s — s')) cos(2ma(s — s'))
0J0J0 JO
x e~ 2wk oils=s'D ¢y dk ds ds’

=2kt +8 f J f E(k, w)(t — s) cos(2mkws) cos(2mws)e ~ 2" ¥ 73 dw dk ds .

0J0 JO
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Reversing the order of integration and decomposing the formula into an explicit integration
against the shear-displacement kernel 2(k, w,t), we arrive at the desired formula (157)

o(t) = 2ict + 4 J f E(k, )5k, o, 1) dew dk (170a)

0 Jo

t

Sk, w,t) = 2j (t — s)cos(2mkws) cos(2mws)e 27K 0 ds . (170b)
0

3.3.6.2. Derivation of asymptotics for case of randomly fluctuating cross sweep. We present here
a rigorous computation of the long-time asymptotics for o3(t) for the case considered in Sec-
tion 3.3.4 in which wy(t) # 0, k = 0, and w = 0. The general finite-time formula (170) specializes to

o3(t) = 4j j E(k, )%, (k,o,t)do dk , (171a)

0 JoO

t
Sk, o,t) = 2J (t — s)cos(2mws)e ™ 2K EO) ds | (171b)

0

where

t

ax(t) = (X(1) — x0)*) = 2f (t — )R, (s)ds

0

R,(t) = wpt Wit + 1)) = 2f cos(2rnmt)E, (lo|)dw ,

Ew(a)) = AE,ww_ﬁww(w) .

This is the case for which we also presented a detailed derivation for the Random Steady Shear
Model in Paragraph 3.2.6.2. The general procedure is similar in spirit, though the extra integration
over the frequency variable creates the need for some extra work.

We shall first deal with the range of exponent values — 1 < f# < 1 for which the random cross
sweep produces unbounded motion across the shear. The effects of a trapping cross sweep
(p < — 1) is handled separately at the end.

Diffusive regime. For — 1 < f < 1, the long-time asymptotics of the shear-displacement kernel
are diffusive

lim £, (k,,t) ~ 2K, (k, )t ,

t— o0

0

K, (k,w) = J cos(2mws)e ~ 27K O gy | (172)

0

We now show that for the range of parameters defining the D regime in Fig. 16, the shear-parallel
tracer motion is described by a finite diffusion coefficient given by the integral of the single-mode
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diffusivity against the spatio-temporal energy spectrum

lim of(t) ~ 2K ¢,

t—> 0
Ri =4 J J Bk, )R, (k, ) de dk . (173)
0 0

To do this, we need only show that ¢~ 15, (k, w,t)is bounded uniformly in time by a function which
is integrable agalnst E(k, a)) and then apply the dominated convergence theorem. Noting that
£, (k,o,0)] < 5 wlk,0,t) = 2, (k,t), we can utilize the bound (145) obtained in our previous
analysis in the RSS Model

|Sw‘f(k: w, t)| < Clrw‘f(k)t .
Here t,, (k) is some positive, decreasing function with the low-wavenumber asymptotics (146)
T (k) ~ C,, (KZK?)~HETD (174)

and may be thought of as the Lagrangian w,-persistence time. The constant K3 is defined in
Eq. (129); {C;} and C,,, are positive numerical constants which do not depend on k,w, or t.
Next we establish a second bound

12 (k,,0)] < Cro7 't (175)
with positive numerical constant C, depending only on . We first integrate fwf(k, w, t) by parts
& -1 ! — 27220 3(s) 1 2d0x( ) S
2 (k,o,t) =2w" "t ] € *Ssin(2rws)| (2nt)”+ + 7wk s 11— . ds . (176)
0

As stated in Eq. (144), lim,_, ,,6%(s) ~ 2K%/(1 + B)s* *#. It may be verified through an integration by
parts of the formula

dai(s) _ ftRw(S) ds = f Ag.lol (o)
ds

sm2na)t
dw

0

that the derivative has the naturally expected bound
|dox(s)/ds| < C3Ki(1 + sP)

for — 1 < f§ < 1 and some positive numerical constant C; depending only on f. Using these facts
about o%(s) and its derivative, the desired bound (175) follows from Eq. (176).
We therefore have that

£, (k, 0,1)] < Cqmin(z,, (k),o )t . (177)

This sensibly generalizes the natural bounds (141) which one obtains in the RSS Model, since
min(z,, (k), ') acts as a Lagrangian persistence time for the shear-parallel tracer motion asso-
ciated to a fluctuation of a single wavenumber and frequency.
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We make even stronger contact with the analysis of the RSS Model when we perform the
integration of Egs. (171a) and (171b) over frequency. Recalling that the spatio-temporal spectrum
in the RSTS Model has the form

E(k, ) = E(R)p(wr(k))e(k) ,

we can write

o(t) =2 j OCE(k)Z(,),wj,(k, t)dk (178a)

0

a0

Zplkit) =2 J 5, (k0,0 pit(k)r(k) do> . (178b)

0

The kernel 2 ,, (k, t) may be interpreted as the mean-square shear-parallel displacement of a tracer
due to a single normalized random Fourier mode of wavenumber k (with temporal fluctuations at
all frequencies); it directly generalizes the RSS shear-displacement kernel 2,, (k,f). Using the
assumed bound (156) on ¢,(-) along with Eq. (177), we infer the following bound:

12w (k, )] < Csmin(z,, (k), T(k))t . (179)

Realizing that min(z,, (k), 7(k)) represents the Lagrangian persistence time 7, (k) of spatial wavenum-
ber k, we see that this directly generalizes the physically motivated bounds (141) we obtained for the
RSS shear-displacement kernel. With Eq. (179) and the dominated convergence theorem, we have
demonstrated a rigorous version of the criterion

FTL(k)E(k) dk < oo (180)

0

for ordinary diffusive growth of ¢§(t) at long times. We have only proven it here for the special case
k = w = 0, but as we shall discuss below, it holds rigorously for x # 0 and w # 0 as well, provided
that 7y (k) is interpreted in the appropriate fashion. We have already indicated in Section 3.3.4 how
Eq. (180) defines the boundaries of the diffusive regime D in the phase diagram in Fig. 16.

Superdiffusive regimes. For values of ¢ and z outside the closure of the D regime, the integral in
Eq. (180) diverges at low wavenumber. We therefore expect superdiffusion which is driven by the
low wavenumber modes of the shear flow, and zoom in on this region with a strategy similar to that
developed for the RSS Model in Section 3.2.6. We introduce a wavenumber cutoff k; and frequency
cutoff w;, and separate the formula (171a) into a low wavenumber-frequency piece 63(t) and the
remainder 63(t):

oi(1) = G3(t) + 63(1)

k, [fo,
GA1) = 4 j J Bk, ), (k,w,1)dw dk ,

0 JO

G3(t) = 4jj E(k, )%, (k,w,t)dw dk .
k>k; or o> w,
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The contribution 6%(t) is clearly at most diffusive by Eq. (177), since it has no contribution from
modes with both small w and small k.
We next rescale 63(t) by

q = k/kap(1)

where kgp(f) scales with the inverse function to the Lagrangian persistence time 7y (k) at small k.
(For the motivation, see our discussion in Paragraph 3.2.6.2 in the context of the RSS Model.)
Noting that

lim 7, (k) = lim min(z,, (k), 7(k))

k—0 k—0
{Tw/(k) ~ C,, (KZK?)"HATD - for 2> 2/(1 + ),
(k) ~ Ak for 0 <z<2/(1+f),
we choose
25\ —1/2
<‘Y‘ K") U2 for 2> 2/(1 + ),
ka(t) = (VTP
Al 1z for 0 <z<2/(1+P).

(Numerical prefactors in kg,(t) have been chosen for convenience.) Because the frequency variable
w appears in Egs. (178a) and (178b) in conjunction with the single time scale t(k) with t(k) ~ 4.k~ 7
at small wavenumbers, it is natural (and actually quite necessary) to rescale the frequency variable
along with the wavenumber variable according to

@ = 0/wg(t) , (181a)
oa(t) = A7 Hkay(t))” (181b)

Note that wgy(t) =t~ * for z < 2/(1 + B), where the decorrelation of the shear flow fluctuations
itself is dominant at low wavenumbers.
Performing the rescalings indicated above, we obtain

ki/kao(t) [fo1/@ab(t)
oy(t) = 4kdb(t)wdb(t)J f E(qkan(t), moqg(t) w(qKan(t), m04(t), 1) dwdq . (182)

0 0

The rescaled shear-displacement kernel in the integrand converges, for each fixed ¢ and @ to a finite
multiple of t* in the long-time limit, reflecting the fact that the modes in the band k <kgyt),
o S mgp(t) are still contributing ballistically:

lim 725, (qkay(1), Bog(t),1) =

t— o0

{2%(1 —uwe ™"du  forz>2/(1+p),
(1 —cos2nm)/2n*w®) for0<z<2/(1+p).
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The long-time limit of the rescaled spatio-temporal energy spectrum in the integrand may be
expressed through the low-wavenumber asymptotics of E:

lim E(qgkqp(t), oay(t) = lim E(gkq(?)) D gy 0 (TDap(t) T(qKap(1)))T(qKap(1))

~ Ap(gkan(0)! ~* po(@an(t) A gkan(t) ") Adgkan(t) "
= (ka(t)' "*TFApAg" " po(mg ) .

To deduce the limit of the integral (182) as the integral of the limit of the integrand, we establish
uniform integrable bounds on the integrand. From the inequality (177) and |2, (k, w, 1) < 2%, we
can deduce that

6725, (qkan(1), Bg(t), 1) O(ky k(1) — 9)O(w1/wap(t) — @) (183)
Cs
<{ c,
T+ for0<z<2/(1+0p),

where @ is the Heaviside function (151). The low wavenumber asymptotics E(k) ~ Agk' ~¢ and
t(k) ~ Ak~ 7 along with the uniform bound (156) on ¢,(-) imply

(kan(t) = =72 E(gkan(t), @oan(1))O(k1 /kan(t) — @)O(w1/wan(t) — @)
< Csq" (1 4 |lag 7)), (185)

where y > 1. The bounds provided by the product of the right-hand sides of Egs. (183) and (185) are
indeed absolutely integrable over 0 < ¢ < o0, 0 < @ < oo, provided that (g, z) fall within the
interior of either of the superdiffusive regimes indicated in Fig. 16. The dominated convergence
theorem thus guarantees that we may safely evaluate the long-time limit of Eq. (182) by replacing
the integrand by its long-time limit.

Within the SD-w, regime, defined by the inequalities

z>2/(1 + p), 2/ +p)<e<2,

we obtain

lim o3() ~ lim G(t) ~ 4kan(t)oan(0) ks *~(0)

t— o0 t— o0

o (foo 1
XJ J AEArql_‘g_zd>0(wq_z)<2j (1— u)e_qzulwdu)dwdq

0 JoO 0

0 1 [e)
= 4k§1;£(t)t2f Aqu_£<2f (1 —upe 7" du)f ¢o(mdwdg
0 0 0

0 1
= 2k§b5(t)tzj Aqu*"<2J~ (1 — u)e"z"l”du)dq )
0

0
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We used [, ¢po(@do=13[" ¢o(@dw=13 in the last equality. We thereby arrive at the same
long-time asymptotic expression for G3(t) as in the RSS Model; see Eq. (152). This rigorously proves
that the long-time asymptotics of o§(t) in the SD-w, regime is unaffected by the presence of
temporal fluctuations in the shear flow.

For the SD-w regime in Fig. 16, defined by

0<z<2/1+p), 2—z<e<?2,

we compute instead

(e}

lim o3(t) ~ lim G3(t) ~ dkqp(t)an(t)t2kdy © (1) f

t— o0 t— o0 0

© 1— 2
x f ApAg' (g ) " ddg

o 2l o
2z -
— Kii (2z+e—2)/z
zre—2" ’
where
K§ = @R_ZAEA(TZ_”/ZJ J q' (1 — cos2nmam *Po(mq *)dwdq
z 0 Jo
24 e—2 w [
_zte-? )n‘ZAEAiz‘S)/Zz‘IJ J P21 — cos2nm)@? "¢ (p) dwdp
z 0 Jo

-1, (2e+z—4)2z (2 —¢)/22) 2 -8z * (€—2)/z
=z 'n Fe+3:-2) /ZZ)AEAf L p bo(p)dp .
This is exactly what is stated in Table 9 and Eq. (169).

Weak sweeping regime. We finally treat the case in which the randomly fluctuating cross sweep
w(t) produces only trapped motion across the shear (f < — 1). The following calculation will also
be valid for the special case of no cross sweep wy(t) =0 (and no other cross-shear transport
mechanisms), thereby yielding the results stated in Section 3.3.1 as a by-product.

To understand how to proceed, we notice that for no cross sweep (c%(t) = 0), the shear-
displacement kernel in Eq. (171b) has the explicit form

ok, o,t) = ok, 0,t) = *F,(2not)

_ 186
Fo(o) = 21 wgos o) ' (186)
In particular, the shear-parallel tracer displacement generated by a single wavenumber-frequency
mode with @ # 0 is oscillatory and trapped. This suggests that most of the tracer action at long
times will come from low frequency modes, and the rescaling @ = wt is suggested to zoom in on
them. We follow this strategy also if a trapping cross sweep w (t) is present, since we can expect that
this should only produce a weak perturbation of the case of no cross-shear transport.
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We thereby arrive at the following expression for o3():

o t) = 4tlj j Ek,at~")E, (k, ", 1) dedk .
0Jo

The long-time limit of the rescaled shear-displacement kernel has a clean form when the cross

sweep w(t) is trapped:

1
lim ¢ 725, (k, @t =1, 1) = 2 lim J (1 — u)cos2namu)e ~ 2~ ot qy

t— 0 t—=o JO

1
— 2[ (1 — u)cosQnau)e 2" ¥Kdy = e " 2*FKEF,2na) .
0

We used the fact (144) that o%(t) has the finite long-time limit K§ for f < — 1. The rescaled
spatio-temporal energy spectrum clearly converges to its zero-frequency limit:

lim E(k, ot~ ') = E(k,0) .

t—
With |£,, (k, @t~ ',1)| < ? and E(k, @t ') < CoE(k)t(k) ~ j-0CoAgAk ~* % (due to the uniform
bound (156) on ¢,), we can apply the dominated convergence theorem when ¢ + z < 2 to deduce

lim () = 4{ f E(k,0)e 2" K:-F,2nm) dodk = 2t J e~ 2Kk, 0)dk ,

t— o 0JO 0

where we have used the integral formula j 80 F,(2n@)dw = 3. This covers the diffusive regime D.
For ¢ + z > 2, there is a nonintegrable divergence of the limiting integrand at k =0, so we
rescale the wavenumber along with the frequency variable

q = k/kav(t) .

Since the Lagrangian persistence time 7 (k) is clearly just the Eulerian correlation time z(k) of the
shear flow, and (k) ~ Ak~ * for low wavenumbers, an appropriate choice of the rescaling is

kdb(t) = Arl/ztil/z .

Note that the indicated wavenumber and frequency rescaling is the same as that in the SD-w
regime described above in our discussion of the case of random sweeps with — 1 < § < 1. Under
this rescaling, the random cross sweeping there became asymptotically irrelevant in the long time
limit; the same clearly must be true when the cross sweep is trapping. Therefore, the long-time
asymptotics of 63(t) obeys the SD-w scaling law for ¢ + z > 2 when the random cross sweep motion
is trapping.

3.3.6.3. Sketch of general derivation of asymptotics. We have just computed in detail the asymptotic
results presented in Section 3.3.4 for the shear-parallel transport in the presence of a randomly
fluctuating cross sweep w,(t) and no molecular diffusion ¥ = 0 or mean cross sweep w = 0. We
covered, as a special case of a trapping cross sweep, the derivation of the results of Section 3.3.1
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where no cross-shear transport process is active. The approach developed above extends easily to
handle x # 0; indeed molecular diffusion may be treated in the above analysis in exactly the same
way as a diffusive cross sweep (f = 0). Therefore, only the case of a nonzero mean cross sweep
remains to be discussed. We shall simply sketch how to modify the above approach to compute the
asymptotics for a3(t) when w # 0.

First of all, if no other cross-shear transport process is active (k = w(t) = 0), as in our discussion
in Section 3.3.3, then the shear-displacement kernel takes the explicit form

Sk, o, 1) = 22[F2n(o — wht) + Fa(2m(w + whin)]
Fy(@) = 2(1 — cos(m))/a* .

This is essentially just a sum of Doppler shifts of the kernel £o(k, w, t) in Eq. (186) for the case of no
cross-shear transport. The single-mode wavenumber-frequency contributions away from the reson-
ance line @ = wk are trapped, so the main contribution to the total shear-parallel transport at long
times comes only from modes near this resonance line. The asymptotics of o3(t) are therefore
computed by rescaling the frequency variable in Egs. (170a) and (170b) as w = wk + @t~ ', and
then proceeding similarly as in our discussion of a trapping cross sweep above. This will work out
the D and SD-w regime in Fig. 15. Within the SD-w regime, only the low wavenumbers are relevant
at long times, and the effects of the cross sweep dominate those of the temporal fluctuations in the
shear flow. The wavenumber-frequency rescaling must therefore be chosen in accordance with the
fact that the effective Lagrangian persistence time is 7, (k) = t,4(k) = (2nwk) !, namely

kan(t) = 2mwe) ™1, wan(t) = Ay M(kan(?))

When a mean cross sweep is superposed with molecular diffusion x or a randomly fluctuating cross
sweep w(t), the only substantial change is that the frequency variable should not be rescaled in the
computation within the D regime. The reason is that the random component of the cross shear-
transport will render Z(k, w, t) diffusive at all nonzero wavenumbers and frequencies, so the whole
wavenumber-frequency domain contributes to the effective diffusion constant.

For the benefit of the reader interested in some of the mathematical details of the computation,
we remark that the rigorous asymptotic computation of ¢#(t) with w # 0 is more arduous than in
the w =0 case presented in detail above. There are transient contributions in the integral
representation (170) for o3(t) which cannot be controlled by a uniform, time-independent bounding
function. Their contribution must instead be separately estimated and shown to be subdominant.
This can be accomplished with sufficient care, but we do not present these details here because it
would require too much space.

3.4. Large-scale effective equations for mean statistics and departures from
standard eddy diffusivity theory

We now shift our focus from the description of the mean-square displacement of a single tracer to
the mean concentration of tracers (or other passive scalar quantity). These points of view are
related in that the mean passive scalar density { T(x, t)» evolving from a concentrated source at x, is
exactly equal to the full probability distribution function (PDF) for the location X{(¢) of a single
tracer starting from x, [ 164]. The mean passive scalar density { T'(x, t)) is therefore determined not
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only by the mean-square displacement of a single tracer, but by the higher order statistics of its
motion as well.

We recall that it is not possible in general to obtain a closed PDE for {T(x,t)> by naively
averaging the advection—diffusion equation

0T (x,t)/0t + v(x, 1) VT(x,t) = kAT (x,t),

because of the statistically nonlinear coupling between v(x,t) and T(x,t). We did show through
homogenization theory in Section 2, however, that for certain periodic velocity fields and random
velocity fields with short-range correlations, the mean passive scalar density does obey an effective
diffusion equation at large scales and long times. Namely, if the initial data is rescaled to vary on
large scales:

TE(x) = To(0x)

(with 6 > 0 small), then the mean of the resulting passive scalar field T®(x,) converges under
a diffusive rescaling,

T(x,t) = lim {T“(x/5,t/6%)>. (187)
0—0

This large-scale, long-time limit is in these cases the unique solution of a constant-coefficient
diffusion equation

oT(x,0)/0t = V- (#*VT(x,t), Tlxt=0)=Tol), (188)

where J7"* is a constant, symmetric, positive-definite matrix depending on the velocity field v(x, ¢)
and the molecular diffusivity x, and can be obtained from the solution of an associated “cell
problem” (86).

It can be shown, using the arguments in the appendices to [10,14], that such a homogenized
description holds throughout the diffusive regimes in both the Random Steady Shear Model
(Section 3.2) and the Random Spatio-Temporal Shear Model (Section 3.3), at least when x > 0 and
the cross sweep velocity w(t) is a (zero or nonzero) deterministic constant. It is an open problem
whether the Simple Shear Models do or do not adhere to a homogenized description at large scales
and long times within the diffusive regimes when k = 0 or a randomly fluctuating cross sweep w /(1)
is present.

We explore now some ways in which the effective diffusivity picture is altered when the velocity
field has long-range spatial correlations which violate the conditions needed to apply standard
homogenization theory. The Simple Shear Models developed in Sections 3.2 and 3.3 will be used
for explicit illustrations. First of all, the diffusively linked rescaling of space and time in (187) clearly
will not do for superdiffusive regimes. Instead, the large-scale, long-time behavior is captured by an
appropriate choice of rescaling function p(d) which vanishes as ¢ — 0, and for which

_ . ofX 1
Tlo )= I <T( )<5’p2(5)>>

has a nontrivial limit. Diffusive rescaling corresponds to p(d) = 4.
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As we shall see in Sections 3.4.1 and 3.4.2, the rescaled (or “renormalized”) limit T(x,t) of the
mean passive scalar field cannot in general be expressed as the solution of a (local) PDE [10,16].
Therefore, we sometimes utilize the more general framework of Green’s functions. Because of the
linearity of the advection-diffusion equation and the prevailing assumption that the initial passive
scalar data is independent of the statistics of the velocity field, we can always express the mean of
passive scalar statistics as an integral of the mean initial data against some kernel, or Green’s
function, P®:

(Tx,1)) = J PO, x)(TH(x)) dx’ . (189)

When the velocity field is statistically homogenous, as we shall assume here, the Green’s function
only depends on the difference between the spatial locations of the “source” and the “target”, and
we can express P®(x,x') more simply as P“(x — x’). The reason we write the Green’s function in this
way is that P”(x) is exactly the probability distribution function (PDF) of the displacement
X(t) — xo of a single tracer. The renormalized mean statistics are described by a renormalized
Green’s function

T(x,1) = f PO —x')(Tolx)) dx’,

and this renormalized Green’s function characterizes the long-time asymptotic PDF for the
displacement of a single tracer:

PO) = lim o~ 1p<t/02<6»<’_‘>. (190)
0—0 5

The renormalized Green’s function associated with the homogenized PDE (188) is the standard

Gaussian heat kernel:

o X () exjat

PO = et

reflecting the fact that the tracer displacement relaxes to a Gaussian distribution at long times.

In Section 3.4.1, we present the long-time, large-scale limit of a passive scalar field evolving
under the Random Steady Shear (RSS) model with positive molecular diffusion x > 0. For the
parameter range 0 < ¢ < 2, the tracer motion is superdiffusive and an anomalous scaling p(d) = ¢°,
v # 1 is needed to obtain a finite limit. The associated large-scale, long-time Green’s function may
be represented as the average of an explicit functional of Brownian motion, but is not the solution
to any (local) PDE [10]. Moreover, as we shall discuss in Section 3.4.2, this anomalous Green’s
function behavior persists when these steady shear flows are perturbed by a general class of
short-ranged two-dimensional random flows [16].

In Section 3.4.3 we modify the Random Spatio-Temporal Shear (RSTS) model to include an
important feature of real-world turbulence at high Reynolds number: a self-similar inertial range of
scales. We discuss some issues pertaining to the computation of effective large-scale passive scalar
behavior in high Reynolds number turbulent flows in the context of these shear flow models, and
report on the results of some rigorous work along these lines [10,14]. Finally, in Section 3.4.4 we
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provide some explicit examples in which the Green’s function for the mean passive scalar density
solves a time-dependent diffusion equation in which the diffusion coefficient is negative over finite
time intervals.

3.4.1. Large-scale, long-time Green’s functions in steady random shear flow
We return to the Random Steady Shear Flow Model from Section 3.2, with no cross sweeping
flow:

0
vy = [u(x)}

where the random shear flow v(x) has energy spectrum (109), in which the low wavenumber
asymptotics of E(k) are given by limy_oE(k) ~ Agk® ¢ with ¢ < 2. Molecular diffusion x > 0 is
assumed to be active.

We computed in Section 3.2.1 that the shear-parallel tracer displacement o3(t) = {(Y(t) — yo)*>
is diffusive for ¢ < 0 and superdiffusive for 0 < ¢ < 2; see Table 2. We now consider aspects of the
full probability distribution function (PDF) P%(x, y) of the tracer displacement at long time, as
reflected in the renormalized Green’s function (190).

3.4.1.1. Diffusive regime. For the diffusive regime ¢ < 0, the condition
“F(k
f %dk <
0

is satisfied, and the homogenization theory for incompressible velocity fields with short-range
correlations applies (see Section 2.4.2). Consequently, the renormalized Green’s function (with
diffusive rescaling p(d) = d) is a Gaussian:
_exp( — (x*/4xt) — (y*/AK¥D)
4n /KKt ’

PY(x,y) (191)

where the diffusivity in the x direction is the bare molecular value x, whereas the diffusivity in the
y direction is the turbulence-enhanced value Kj¥ stated in Eq. (115). The mean passive scalar
density therefore rigorously satisfies an ordinary, constant-coefficient diffusion equation when
rescaled to large scales and long times as in Eq. (187):
oT(x,y,1) _ KGZT(x, ¥, 1) N K§62T(x, 1)
ot Ox? dy?

T(xaya[ = 0) = TO(xay) .

b

Moreover the behavior of a single tracer is self-averaging for ¢ < 0, in that the large-scale, long-time
PDF of a tracer, conditioned on a single realization of the velocity field, is (almost) always identical
to the asymptotic Gaussian distribution (191) characterizing the ensemble-averaged behavior [16].
In other words, the tracer’s motion in (almost) any given environment effectively samples the
statistics of the entire ensemble after some finite time.
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3.4.1.2. Superdiffusive regime. The behavior of a tracer in a random shear flow with 0 < ¢ < 2 has
many anomalies which contrast sharply with this simple homogenized picture. Recall that the
“typical” class of random shear flows with finite energy at low wavenumbers correspond to ¢ = 1,
and belong to this anomalous class. First of all, we have shown in Section 3.2.1 that the
shear-parallel tracer motion is superdiffusive for 0 < ¢ < 2:

4
lim o§(t) ~ —— Kit' 4% |
o oy(t) 2 +¢
where the constant K} is described in Eq. (115). The appropriate rescaling of time to capture the
large-scale behavior of the tracer displacement in Eq. (190) is therefore p(d) = 6*/*9. Under this
space-time rescaling, the diffusive tracer motion along the x direction is negligible, and it factors
out of the renormalized Green’s function as a delta function:

PY(x,y) = d(x)PY(y) .

One could of course retain the cross-shear dynamics by choosing an anisotropic scaling of space,
but our interest here is only on the PDF for the tracer displacement along the shear, which at long
times is described by PY(y).

An explicit formula for this renormalized Green’s function was derived rigorously in [10]:

y2
eXp|: o 4(2/(2 + 8))Ki0€t1 +£/2:| ) (192)
VAr2/2 + e) Kol To2

PY(y) =

The outer brackets denote an expectation over the random variable

28/2*2 11 , ,
“ mjo L F(W(s) — W(s))dsds’,

where W (t) is a standard Brownian motion. The function F(y) appearing in the integral is given by

. S o csctorl<s<2,
F(y) = f cwlgl' ~rdg = D
- C.—10(y) fore=1,
where
2 1—
—\/:sin<( 8)n>F(2—s) for0<e<lorl<e<?2,
C — s 2

1
N

Without the ensemble average over o, the renormalized Green’s function P{(y) would be a Gaus-
sian distribution. But the averaging over o implies that P{)(y) is in fact the probability distribution
for a mixture of (mean zero) Gaussian random variables, and is therefore necessarily a broader-
than-Gaussian distribution (see Paragraph 5.2.2.1). That is, the tracer is more likely to make large

fore=1.



A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574 371

excursions along the shear, relative to its root-mean-square displacement, than a Gaussian random
process with the same mean-square displacement law would. Through analytical considerations
and numerical simulations, Zumofen et al [353,354] identify the source of non-Gaussianity more
specifically as coming from the variability in the range of the Brownian motion across the shear.

The renormalized Green’s function given by Eq. (192) cannot be represented as the solution to
a PDE of diffusion type or even any local PDE of the form

OPY(y)/or = Q©/0y)PY(y) ,

where Q(+) is a polynomial. Therefore, we say that the renormalized mean statistics T(x, y, t) obey
a nonlocal equation within the regime 0 < & < 2.

One appealing formulation of this nonlocal equation for T(x, y, 1) uses the notion of a random
diffusivity. The conditional Green’s function

yz
eXP|: T 42)2 + e)Kiat! “/2}

PY(ylo) = N R (193a)
is the fundamental solution of the constant coefficient diffusion equation

OPY(y|o)/ot = Kiat®? 02 PP(y|a)/0y? , (193b)

Py~ ylo) = 6(y) (193c)

with diffusion coefficient Kj«. Therefore, the renormalized Green’s function may be viewed as an
average over solutions to constant-coefficient diffusion equations with a random factor « appearing
in the diffusivity. The behavior of the PDF of « as a function of ¢ is discussed in [10].

While Eq. (192) is an explicit representation of the renormalized Green’s function, it would be
interesting to identify some properties of P?(y), such as the form of the tail region y* > Kit!1 7¢/2),
in a more transparent manner. Some numerical simulations and formal large deviation arguments
[46,280,353], as well as some partial exact results from a quantum mechanical analogy [194]
suggest that, for ¢ = 1, the tails of the renormalized Green’s function have a stretched exponential
form

lim  PP(y) ~ 7@ exp( — (Iyl/t®7974))
II/K5 94— o
with 6 = % and possibly some power-law prefactor in the large parameter. It would be interesting to
rigorously derive such a result using the method of large deviations [331], and to describe the
shape of the tails of P”(y) as a function of &. We note that explicit quantitative expressions for
several moments of the renormalized Green’s function for ¢ = 1 may be extracted from the exact
finite-time formulas in [353,354] for the moments of the shear-parallel displacement in a limiting
version of the independent channel model with infinitely thin channels.

Departure from self-averaging. This representation of the renormalized Green’s function sug-
gests, but does not prove, that at long times, the squared tracer displacement along the shear in
a single realization may grow as t* *¥?, but with a realization-dependent prefactor. In other words,
the motion of a single tracer may not be self-averaging, in that the behavior of a typical single
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realization does not resemble the ensemble-averaged behavior. This issue has been explored in
more depth by [46,280] for a random shear flow which takes the form of an array of independent
channels, as discussed in Section 3.2.1. These models have energy spectra which are finite at the
origin and so belong to the class ¢ = 1.

Bouchaud et al. [46,280] demonstrated that the motion of a single tracer is not self-averaging for
the independent stratified channel model by computing the quantity

lim (Y (1) = yod#rde ~ (/2 — D)(4Ag/3 /T . (194)

t— o0

This is to be compared with the formula for the mean-square displacement for ¢ = I:

lim o3(f) = lim {(Y(2) — yo)>) = (4A/3 /T . (195)

t— t—
To interpret Eq. (194), note first that My(t|v, yo) = <Y(t) — yoyw is the mean displacement of
a tracer, averaged over Brownian motion but in a fixed realization of the random shear environ-
ment and fixed starting location y,. This random variable My(t|v,y,) describes exactly the
displacement of the center of mass of a cloud of tracers initially concentrated at the specified point
Yo, then subsequently moving in a common random shear environment but with independent
Brownian motions. Clearly, My{t|v, yo) has mean zero when averaged over all random shear
configurations v(x).

The important point of the above results is that the displacement of the center of mass of the
cloud, in a given realization of the random shear environment, will be of the same order of
magnitude as the typical displacement of a tracer. On the other hand, the mean tracer concentra-
tion density, averaged over the ensemble of random shears, will have its center of mass fixed at
yo and spread symmetrically about it. Therefore, the evolution of an initially concentrated cloud
observed in a given environment does not resemble the ensemble-averaged behavior, and we
therefore say that the evolution of a concentrated cloud (and also of a single tracer) is not
self-averaging. This conclusion is also reached from a different direction for any value of ¢ with
0 <& <2 in [10], in which it is demonstrated that the renormalized Nth order moments of the
rescaled passive scalar field 6~ ' T(x/d, y/d,t/p?*(8)) do not coincide with T¥(x, y,t). The loss of
self-averaging may be attributed to the long-range correlations of the Lagrangian tracer velocity
which arise due to sufficiently strong long-range spatio-temporal correlations in the random shear flow.

This violation of self-averaging for an initially concentrated cloud lends some support to the idea
that the tracer may indeed behave at long times in a given realization as if it had a time-dependent
diffusivity KZot* with a random factor o, as suggested by the representation (193). It would be
interesting to determine whether this random diffusivity picture is literally valid.

3.4.2. Persistence of non-Gaussian Green’s function for nearly stratified steady flows

We next report on some work which indicates the robustness of the anomalous renormalized
Green'’s function (192) under perturbations of the Random Steady Shear Model. As we now discuss,
this renormalized Green’s function actually characterizes the large-scale, long-time behavior of the
statistics of a tracer in a rather broad class of random steady flows with an approximately stratified
structure.
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First of all, the assumption of Gaussian statistics of the random shear flow can be considerably
relaxed. It has been demonstrated rigorously in [14], that the long-time PDF of a tracer position
converges to Eq. (192) for several classes of non-Gaussian shear models with energy spectra as in
Eq. (109). Included in these classes of non-Gaussian models is the independent channel model
[46,279,353] discussed in Section 3.2.1 and shear flow versions of models with translational
disorder as studied in [12,19,167]. In effect, there is a central limit theorem in operation as the
tracer explores its random environment.

Secondly, Avellaneda and the first author established [16] that renormalized Green’s functions
of the form (192) arise generically for a class of steady random velocity fields which are “nearly
stratified”, in the sense that they have the structure

0
v(x,y) = [ ] + u(x, y)

v(x)

of a Gaussian homogenous random steady shear flow v(x) with energy spectrum (109) perturbed by
a two-dimensional random homogenous velocity field

=[]

of the type with short-range correlations discussed in Section 2. More precisely, the random
perturbation field u(x, y) is assumed to be periodic in y (with period 1) and statistically homogenous
along the x direction, and the Fourier transform of its correlation tensor,

0 1
Rulk) = J f e 2T g(x, y)dy dx ,

—0J0

A(x,y) = v(x, Y + x, ) + )

is assumed to satisfy the condition

$ J% 120

_ ok +m?

m=0

This last condition guarantees that u(x, y) obeys the conditions for homogenization theory, so that
the statistical motion of a tracer due to the perturbation field u(x, y) alone would be Gaussian and
diffusive at long times. Note that u(x, y) is allowed to be a deterministic, periodic flow as a special
case.

The superposition of the random shear with the two-dimensional perturbation u(x, y) corres-
ponds to flow in a stratified heterogenous porous medium, with the perturbations u(x, y) varying
only over short wavelengths. Intuitively, we expect the solution of the equations of motion for the
tracer

dX (1) = uX (1), Y(2) dt + /2 dW,(1)
dY(0) = o(X(0) dt + u(X (1), Y(6)dt + /2K dW,(1)



374 A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574

to behave as follows: on a coarse scale, the cross-shear component of the path, X(¢), will approach
(statistically) a Brownian motion. In this case, the cross-shear transport would be of diffusive type,
and from our discussion in Sections 3.2.1 and 3.2.3, the random shear should produce superdif-
fusive scaling a§(t) ~ t' 72 for 0 < ¢ < 2. The contribution from u, to the shear-parallel transport
can be expected to be diffusive, and thus negligible relative to the contribution from the random
shear. Therefore, the tracer in this nearly stratified system should behave in much the same way as
in the Random Steady Shear Model with molecular diffusion, and the renormalized Green’s
function, using the same rescaling function p(8) = 6%/**#, should be of the same form (192). One
change, however, is that the presence of the perturbation field u,(x, y) will enhance the cross-shear
motion so that the effective shear-transverse diffusion constant at long time will be some value
K¥* greater than the bare molecular value x. The factors of x appearing in the formula for the
renormalized Green’s function stem from the shear-transverse diffusion, so they should self-
consistently be replaced by the enhanced shear-transverse diffusivity K.

This picture is rigorously justified in [16]. Moreover, the effective shear-transverse diffusivity
K* can be obtained by solving a cell problem in the sense of homogenization theory, as in
Section 2. Namely, let y.(x, y) be a suitable solution of

0 0
) = i) L)+ 1 — )

Then K¥ is given by
K =w(1 + Vi) -

The proof hinges on showing that an effective separation of scales between the diffusive cross-shear
motion X(t) and the superdiffusive shear-parallel motion Y(¢) exists. Namely, the superposition
models should have the property that the X(¢) motion achieves its asymptotic statistical behavior
on a time scale which is short with respect to the time scale on which superdiffusion occurs.
Moreover, a crucial ingredient in this self-consistency argument is that sample-to-sample fluctu-
ations in the velocity statistics should not affect the X(¢) motion; that is, the cross-shear motion
should be completely self-averaging.

Some of the above technical assumptions can be relaxed without a change in the conclusion; see
[16] for full details. It is also shown in that paper how the superdiffusive space-time scaling of the
renormalized Green’s function may be calculated for nearly stratified flows through a rigorous
diagrammatic resummation of a perturbation expansion of the advection—diffusion equation with
respect to the advective term. There is also interesting theoretical and computational work by
Avellaneda et al. [8] with non-Gaussian eddy diffusivity equations for special steady random
velocity fields defined by the “Manhattan grid”.

3.4.3. Renormalized Green’s functions for turbulent shear flows with very long-range
spatio-temporal correlations

We have so far been considering tracer transport in a variety of random shear velocity fields, and
found that the character of the long-range spatial and temporal correlations in the velocity field
play a crucial role in determining the long-time behavior of an immersed tracer. Fully developed
turbulent velocity fields at high Reynolds number have very strong long-range spatio-temporal
correlations, and we have seen from explicit shear flow examples that tracers can exhibit a variety
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of subtle and anomalous behavior in such flows. Long-range correlations are manifested in fully
developed turbulence in a distinctive way: a wide range of scales, known as the inertial range, over
which the velocity field exhibits statistical self-similarity. We first describe this feature, then seek to
mimic it within our general class of Gaussian random shear flows.

3.4.3.1. Inertial range of fully developed turbulent flow. The inertial range was first predicted
theoretically by Kolmogorov [169] in 1941 as a characteristic of a fully developed turbulent system
which is maintained in a statistically stationary state (or “quasi-equilibrium”) through external
forcing at some characteristic length scale L, and dissipation by viscosity v. Kolmogorov utilized
an intuitive picture of turbulence, introduced by Richardson [284], in which energy cascades from
the relatively large scales at which it is injected down to ever smaller scales until viscous dissipation
of energy ultimately sets in. The cascade process arises from nonlinear interactions between various
turbulent velocity fluctuations, or “eddies”, which tear apart large-scale structures into smaller
ones. Kolmogorov introduced the key hypothesis that, away from boundaries, the small-scale
structure of the flow should be largely independent of the large scale details, due to the mixing
nature of the cascade. More precisely, he hypothesized that the only information communicated
from the large scales is the rate of energy injection, which must be equal to the rate of energy
dissipation ¢ in a statistically stationary state. The small-scale statistics r < L of turbulence are
therefore said to be universal in the Kolmogorov theory, since they do not depend on any of the
large scale details other than the overall energy flux. From this universality hypothesis he deduced
the existence of a distinguished length scale Ly = (v3/2)'/4, which we will call the Kolmogorov
dissipation length scale. He hypothesized that viscosity v plays an important role only on scales
smaller than or comparable to Lyg; on larger scales r > Lk, the velocity statistics should be
independent of v. The Kolmogorov dissipation length scale Lk scales with Reynolds number Re
as LoRe™%* so at sufficiently large Reynolds number there exists an inertial range of scales
Ly < r < L, within which the velocity field statistics should depend only on the scale of interest
r and the energy dissipation rate &.

From these hypotheses and dimensional analysis follows the Kolmogorov’s “two-thirds law”:

~

oG + 1, t) — v(x, 1)) = Ci&PIr?® for L < Irl < Lo , (196)

where Cy is a universal numerical constant. The fact that the mean-square velocity difference over
a distance r vanishes at a slower rate than r? implies that the velocity fluctuations are not smooth
when viewed with a resolution within the inertial range of scales. The velocity field is in fact
a fractal field [215,305] on scales within the inertial range. We return to this fractal aspect of
turbulence in Sections 3.5 and 6.

It is often convenient to formulate the Kolmogorov theory in terms of the spectral density of
energy E(k) in wavenumber space. This energy spectrum is defined for general multidimensional
flows with the same physical meaning as in our models with scalar random fields: j’,ﬁfjﬁE(k’) dk' is
the energy of the velocity field which would be measured if all fluctuations were filtered out except
those with wavevector magnitudes within the band k + Ak (see Paragraph 2.4.5.3). By analogous
arguments, or through Fourier scaling, one arrives at Kolmogorov’s “five-thirds law™:

E(k) = Cx@®3k ™53 for Lg' <k < Lgt . (197)
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The universal numerical constant Cx appearing in this law is called the Kolmogorov constant. When
the Reynolds number is large, the regime of power law scaling extends over a range of wavenum-
bers proportional to Re/*. This means that the velocity fluctuations are active and self-similar over
a wide range of scales. The Kolmogorov inertial range scaling predictions (197) and (196) are quite
well established experimentally, with a Kolmogorov constant Cx = 1.5 (see [307] for a review).
Another consequence of Kolmogorov’s theory is the association of an eddy turnover time scale

(k) = & 1323 (198)

to each inertial-range wavenumber k. This is just the natural advective time scale of an eddy of size
k=1, with velocity on the order of £//3k~1/3. It may also be thought of as an estimate for the time it
takes for an inertial range eddy to be torn up into smaller eddies. According to the Kolmogorov
hypotheses, the eddy turnover time is the only relevant time scale for an inertial range eddy, and so
the spatio-temporal energy spectrum must have the following universal inertial-range form:

Bk, 0) = E() (ot (k)rk) = Cx& Pk~ P d(we 13k~ 23) for Lg' <k < Lgt, (199)

where ¢(-) is a universal, nonnegative function with | O_OOO¢> = 1. This complete spatio-temporal
Kolmogrov inertial-range theory is much more difficult to assess empirically. A competing theory
for the temporal dynamics for the inertial range will be mentioned below.

Mathematical modelling of spatio-temporal spectrum of Kolmogorov type. For the moment, we
proceed to construct a mathematical model for an energy spectrum which contains an inertial
range conforming to Kolmogorov’s theory. The inertial range is described by Eq. (199), and we
must only specify the form of E(k, w) outside the self-similar scaling range. At very large wavenum-
bers k > Lg !, the velocity fluctuations are rapidly dissipated by viscosity, and the energy spectrum
decays rapidly. The energy spectrum must vanish at sufficiently small wavenumbers k < L !
because of the finite size of the system.

We are therefore motivated to define the following model for the spatio-temporal energy
spectrum corresponding to a turbulent flow with a Kolmogorov inertial range:

E(k, ) = E(R)r(k)dp(e(k)) , (200a)
where

E(k) = Cx@®k =3 ro(kLoW oo (kLy) , (200b)

(k) = tdk) =&~k (200c)

The new parameters and auxiliary functions appearing here have the following meaning and
properties:

® |/, is the infrared (low wavenumber) cutoff, a smooth, nonnegative function on the positive real
axis vanishing in a neighborhood of the origin,

® |/, is the ultraviolet (high wavenumber) cutoff, a smooth, nonnegative function on the positive
real axis, decaying faster than any power, with (k') = 1 4+ O(k’?) near the origin,

® ¢(m) describes the temporal component, and is assumed to be a non-negative, bounded, smooth,
even function, decaying at least as fast as |@]” for some y > 1. Moreover, we demand that ¢(0) > 0
and [*_¢(w)do’ = 1.
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The model assumes that the velocity field statistics continue to be isotropic on the large scales,
which certainly is not true; but we are not attempting to account for system-dependent large-scale
features of the velocity field here. Also, 7(k) should cross over to a different dependence on
wavenumber outside the inertial range, but there is little point in introducing this extra complexity
here. To maintain the parlance of physical discussions of turbulence, we will sometimes refer to L as
the “integral length scale” of the velocity field, though in our model it differs from the technical
definition [320] of this term by a constant of order unity in the high Reynolds number limit.

We can build a simple shear model with a Kolmogorov type inertial range by simply defining
a Gaussian random shear flow v(x, t) using the spatio-temporal energy spectrum (200) through the
formula (153). It can be checked explicitly that such the velocity differences will exhibit the
Kolmogorov inertial range scaling:

~

ox" + x, 1) — v(x', 1))*> = Cx&P|x]*? for Ly <x < Lo,

for some universal constant Cx proportional to Cx. Of course, such a shear model differs
geometrically from fully developed turbulence in that the latter is usually modelled as statistically
isotropic. The shear model has the advantage, however, of being mathematically tractable in the
context of turbulent diffusion, and we will see that it sheds light on a number of physically relevant
issues regarding the effects of a wide inertial range on turbulent diffusion.

The reader will note the formal similarity between the Kolmogorov model spectrum (200) and
the Random Spatio-Temporal Shear (RSTS) Model in Section 3.3 with parameter values ¢ = 8/3
and z = 2/3. The key difference is that the power law scaling of the Kolmogorov energy spectrum
has ¢ > 2, and is cut off at the low wavenumber Lg *. This cutoff is essential for the energy

E= %((v(x, 0)?> = J " E(k) dk

to be finite; the Lo — 0 limit is singular.

We will next widen the spatio-temporal energy spectrum model for fully developed turbulence
from the strict Kolmogorov picture (200) to include intermittency corrections and alternate
theories for the temporal correlations. This will motivate the consideration of modified RSTS
models with more general values of ¢ > 2 and z > 0.

Intermittency corrections. Although the Kolmogorov form for the spatial energy spectrum E(k)
mentioned above agrees quite well with experimental data, it is of theoretical interest to consider
a more general self-similar inertial-range power law behavior of the form

E(k) = Cx&3k~S13(kLo)(kLy)* for Lg' <k < Lgt. (201)

Here, the asymptotically small parameters (kLo)~ ! and (kL) are permitted to enter the inertial-
range asymptotic form via power laws with exponents «; and a,, which if nonzero, are referred to as
anomalous exponents. In the terminology of Barenblatt [24,25], Kolmogorov’s hypothesis (200) is
completely self-similar with respect to the inertial range limit while the more general hypothesis
(201) is incompletely self-similar. The anomalous exponents will always be assumed to satisfy

—$<outa <3, (202)
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which ensures that energy is concentrated at low wavenumber, dissipation is concentrated at high
wavenumber, and a physical-space self-similar inertial range scaling regime exists within
Ly €<r < L.

In real-world turbulence, the issue of anomalous scaling is much more important in discussions
of higher-order statistics of the velocity field than in the second-order statistics (as reflected in E(k))
[309]. There remain, however, suggestions [34,72] that the inertial range form of the energy
spectrum may have “intermittency corrections” of the form (201), with «, = 0 and «; small (on the
order of 0.03). A different incomplete self-similarity hypothesis for the inertial-range has recently
been formulated [26], but we will not consider it here. Our purpose is only to introduce the flavor
of anomalous corrections to inertial range scaling into our shear flow models, and examine their
effects on turbulent diffusion.

In the presence of intermittency corrections, the natural eddy turnover time t.(k), defined as the
ratio of the length scale k~! and velocity scale of the eddy, is altered from the Kolmogorov
definition (198). The mean-square velocity of an inertial-range eddy of length scale k! scales as
E(k)k, so with Egs. (200a), (200b) and (200c), we define the eddy turnover time in the presence of
intermittency corrections as

k™ 1
Ok K Lo) (K L)

(k) = CR 125 1Bk 23 (kL) "2 (kL) %2 . (203)

Alternative temporal decorrelation theories. Whether the eddy turnover time (k) truly sets the
decorrelation rate of inertial range eddies has come into question, starting with some papers of
Kraichnan [176] and Tennekes [319]. It is pointed out that beyond the inertial breakdown of
eddies, the velocity field observed at a given point will see a decorrelating influence from the
sweeping of eddies by strong, large-scale velocity components. The influence of an eddy of
wavenumber k on a given point in space will, according to this notion, effectively cease once the
eddy is carried away through advection by large scale eddies. An estimate for this sweeping time
scale is

(k) = (vok) ™", (204)

where v, is the single-point root-mean-square magnitude of the turbulent velocity field. If we
extrapolate the Kolmogorov inertial-range scaling of the velocity of eddies, we would expect v, to
typically be on the order of £'/°L{/3, in which case the sweeping time t(k) would be shorter than the
eddy turnover time 7 (k). This would appear to suggest that sweeping is the dominant decorrelation
mechanism, so that the eddy correlation time (k) should be set equal to 7,(k) instead of 7 (k) in the
inertial range of wavenumbers. The same conclusion holds true in the presence of intermittency
corrections, as will be clear when we nondimensionalize later.

Whether the sweeping effect really has this decorrelating influence has not been conclusively
decided; we refer the reader to [60,273,345] for theoretical, numerical, and experimental investiga-
tions along this line. We only wish to mention this issue here, but will not dwell on it. To cover both
possibilities, we will simply assume that z(k), the correlation time of an eddy of wavenumber k, has
some scaling law:

(k) = Ak ",
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where z > 0 and A, is some positive constant. The exponent z = 2/3 corresponds to the strict
Kolmogorov theory, and z = 1 corresponds to the decorrelation by large-scale sweeping. Because
we have embedded both possibilities into our model, we can draw distinctions concerning how the
passive scalar statistics will differ under these two competing hypotheses. Our results are only
guaranteed to be true for the model flows considered, but one can hope to obtain some understand-
ing for the physical mechanisms and qualitative effects at work, and consider which of these may
apply in more general situations. We note that for a shear flow, there is no direct physical
mechanism for decorrelation by large-scale sweeping unless a cross-shear sweep, such as w(t), is
present.

3.4.3.2. Basic considerations concerning large-scale effective diffusivity. To illustrate some of the
issues involved in computing the effective evolution of a passive scalar field in a turbulent flow, we
construct a cartoon model founded on shear flows. We will refer to this model as the Random
Spatio-Temporal Shear flow with Inertial Range, or RSTS-I Model for short. The velocity field is
taken to be a parallel superposition of a two-dimensional steady, large-scale mean shear flow U(x)
and a turbulent small-scale component v(x, t), with a temporally fluctuating cross sweep w (t):

B w(t)
v(x,z,t) = [U(x) "o, t):| . (205)

The cross-sweep w () will be modelled as a mean zero, Gaussian, stationary random process as in
the Random Sweeping Model of Section 3.1.2, with

0

R,(t) = wpt Wit + 1)) = 2f cos(2rnwt)E, (lo|)dw ,

Ew(a)) = AE,ww_ﬁww(w) .

The turbulent shear flow v(x,t) is a Gaussian, homogenous, stationary, mean zero random field
with correlation function

R(x,t) = (X, t'Ww(x + x',t + 1)) = j J e2rikx o0 e i) dk dew

— o0 — o0

and spatio-temporal energy spectrum E(k, w) taken to be of the high Reynolds number form, with
intermittency corrections, discussed above:

E(k, ) = E(lklyt(|k)(c(k])) , (206a)
E(k) = Cx&**k™ (kLo (kL)W o(kLoy(kL) , (206b)
(k) = Ak . (206¢)

Finally, the mean shear flow is taken to be either linear or a sinusoid:

U =47 207
(x)_{ﬁsin(an/E). (207)
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It will be helpful to think of the linear shear coefficient y as the ratio of a certain velocity v and
length scale L characterizing the turbulent system.

The shear-parallel tracer motion due to the mean shear and the turbulent shear field are simply
additive, since they do not act across each other’s gradient. To better assess their relative
magnitude, it is helpful to first nondimensionalize with respect to the (large) scale of the turbulent
system.

Nondimensionalization. We think of the mean shear flow U(x), the fluctuating cross-sweep w(z),
and the turbulent shear flow v(x, t) as being produced by forces of comparable scale. It is therefore
natural in our model to equate the mean-square turbulent velocity vy = {v*(x,)»'/* with the
velocity scale ¢ of the mean flow, and to equate the outer length scale L of the turbulent flow with
the length scale L of the mean flow. The turbulent fluctuations will then be active over a wide range
of scales extending from the system scale L, = L down to the Kolmogorov dissipation scale Lx. We
are assuming a high Reynolds number flow so that Lx < L, and a substantial inertial range exists.
Moreover, we equate the magnitude of the cross-sweep velocity w ((t) with © and the time scale of its
fluctuations with the natural time macroscale L/v. The initial passive scalar density is assumed to
vary on the macroscale L, and to have total mass M. We then use Ly = L, # = vy, and M as our
reference units for nondimensionalization. This implies that the reference time scale is 7o = Lo/vo.

Temporarily, we will use a superscript ' to denote a nondimensionalized variable and a super-
script o to denote a nondimensionalized function. To nondimensionalize the turbulent shear flow,
we note first that

Ué = 2J‘ E(k) dk = ClCK(C,_'Z/?’14(2)/3(141(/140)0(2 , (208)
0

where symbols c¢; will denote dimensionless positive numerical constants depending only weakly on

Reynolds number in the sense that they approach finite positive limits as Re — oo . The constants

c; also depend on the scaling exponents «;, a5, and z, and on the dimensionless auxiliary functions

Vo, ¥, and ¢. As a consequence of Eq. (208), the energy spectrum may be written in terms of

L,y and v, as

E(k) = ¢y *v5Lo 2k~ 2 Mo(k Lol oo (kL) (209)
where we have defined the Hurst exponent as

H:%—(dl +052)/2 .
The reason we call H the Hurst exponent is that {(v(x" + x) — v(x'))*) scales self-similarly as |x|*®
over the inertial range of scales Ly < x < L, and the Hurst exponent is defined in just this way for
self-similar (or more properly “self-affine”) fractal random fields (see [215,216]). The restriction on

the intermittency exponents (202) is equivalent to 0 < H < 1. From Eq. (209), it follows that the
energy spectrum nondimensionalized to large scales takes the appealingly simple form

E°(K') = (v *Lo "E(K'Lg ") = c1 (k) Mok W oo (K k)
where

lK = LK/LO .
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It is often desirable to relate this ratio of the Kolmogorov dissipation length scale Ly and the
integral length scale L, to the Reynolds number:

Re = voLo/v

characterizing the flow, where v is the kinematic viscosity. In the Kolmogorov theory, Re is
proportional to (Lo/Lg)*3; this law must however be modified in the presence of intermittency
corrections. To compute Re, we need an expression for v in terms of the model parameters. This is
obtained by using the definition of the mean energy dissipation rate &

v< Qvlx, 1) 2> — 4n?y f "K2E®k) dk

¢ ax 0
Substituting Eq. (206b) into this expression, we find

v =c,Cx '8P L3 (Ly/Lo)* -
The Reynolds number is now computed to scale with Ix = Lg/L, as follows:
Re = c3CRPPIg A3~ mt=l2 (210)

We now only need to nondimensionalize the eddy decorrelation time t(k). To estimate how
A, relates to the system scale, we consider the two natural cases in which (k) is the eddy turnover
time 7.(k) (203) or the sweeping time (k) (204). Using Eq. (208), we can express these time scales as

to(k) = c}?LYvy tk~1+H (211a)

(k) =vo k™1, (211b)
and their large-scale nondimensionalizations are

(k') = (o/Lo)te(k'Lo ') = ci/?k' ™1 T,

(k) = (vo/Lo )ek'Lo 1) = k'

Since 1(k) is supposed to generalize the behavior of these natural sweeping times, we can take its
nondimensionalized form as

To(k/) — k/—Z ;

we do not bother with a possible order unity preconstant.
We can finally write the spatiotemporal energy spectrum, nondimensionalized to the system
space-time scales L, and 7o = Lg/vg, dropping the " and o superscripts, as

E(k, ) = E(lklyt(|k)(w(k])) , (212a)
E(k) = cp ?k™ 1720y o(kW(kly) | (212b)
(k) =k =, (212¢)

where lx may be related to the Reynolds number through Eq. (210).
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The nondimensionalization of the mean shear flow (207) is directly seen to be

X
v) {Sin(2nx) . (213)
Since the cross-sweep w(t) is assumed to vary also on the same scales, its nondimensionalized
correlation function R,,(t) has amplitude and scale of variation both of order unity. The nondimen-
sionalized initial data T(x, y) is similarly an order unity function.
The molecular diffusion coefficient, nondimensionalized to the macroscale, may be identified as
the inverse of the Péclet number,

Pe = L()U()/K .

This definition of Péclet number is consistent with the one used in Section 2.4 (see Eq. (81)), up to
a factor which approaches a constant of order unity in the high Reynolds number limit.

Challenges of modelling effective large-scale passive scalar behavior. We can now write down the
advection—diffusion equation, nondimensionalized with respect to the system length macroscale
L, and time macroscale t:

0T (x,y,1) 0T (x,y,1)
- + -
ot 0x

T(x,yat = 0) = T()(X,y) .

0T(x,y,1)
dy

0T (x, y, 1)

=Pe 'AT(x,y,1), (214)
ay

w (1) + U(x) + v(x, 1)

The nondimensionalized mean flow U(x) is given by Eq. (213), the nondimensionalized spatio-
temporal energy spectrum of the turbulent shear flow v(x,t) is given by Egs. (212a), (212b) and
(212c), and the nondimensionalized correlation function R,,(t) of the random cross sweep w/(t) is an
order unity function. A key observation from this nondimensionalization is that the advective
processes due to both the mean and turbulent components of the flow are of order unity with
respect to the system macroscales. The Reynolds number enters only in the energy spectrum (212b)
through the nondimensionalized Kolmogorov dissipation scale Iy and weakly through the non-
dimensional preconstant ¢;. On the other hand, the Péclet number Pe can often be large in fully
developed flows, making the molecular contribution formally subdominant (away from bound-
aries) to the turbulent advection in Eq. (214). We know, however, from our discussions in
Sections 2 and 3 that the presence of even a small amount of molecular diffusion can have subtle
effects on large-scale passive scalar transport in certain flow configurations.

A key goal of turbulence modelling is obtaining an effective equation for the mean concentration
density {T(x, y,t)> which is at least approximately valid on the system scale. One wishes to account
for the important effects which the random fluctuations have on the system scale, without resolving
the fluctuations explicitly in detail. We can make some partial progress toward this end in the
presently stated model, because we can exactly compute the effective diffusivity of a single tracer,
defined as half the time rate of change of its variance in position (along a given direction). The
effective diffusivity in the cross-shear direction is determined by the sweeping (111):

D(1) = %(Ko%(t» =Pe ! 4+ J;RW(S) ds .
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The effective diffusivity along the shearing direction is obtained by simply summing the contribu-
tions of molecular diffusion, the mean shear flow, and the random shear flow, taking into account
the cross-shear transport:

130

=Pe ! + Dy(x,t) + D(t) .

A linear mean shear flow U(x) = x contributes a shear-parallel diffusivity [31,258]:

D, jin(t) = Pe™'t* + tf(t — S)R,(s)ds , (215)

0

whereas a sinusoidal mean shear flow U(x) = sin 2mtx contributes

— 1 t 2.2 1 2.2
Dy,sin(xo’ [) = EJ‘ e 2na5(s) dS — E(COS 47[)(:0)6_2” ox (1)
0

4 t (s
X J exp[ - 2n2<a§(s) +4Pe s +2 J f R,(s' —s")ds ds'ﬂ ds
0 0Jo

1 2.2 ! 2.2
— E(sin2 2nxg)e” 2" "X‘”J e 2raxdg | (216)
0
both of which may be computed by a generalization of the method presented in Section 2.3.1.
Finally, the effective diffusion due to the turbulent shear fluctuations (157) is

Dyt) =« + 4J f Bk, 0)R(k, », ) dw dk ,
0 0

(217)

t
K(k,w,t) = J e K Ecos(2mws) ds
0
All these effective diffusivities are time-dependent and of order unity in units nondimensionalized
to the macroscale. Observe, however, that the diffusivity along a linear mean shear (215) grows
unboundedly in time whereas the diffusivity due to a sinusoidal mean shear (216) saturates to
a finite positive value for large nondimensional times ¢ > 1. The turbulent diffusivity (217) also
saturates to a finite value for t > 1 by virtue of the energy spectrum having a low wavenumber cutoff
at a length scale of order unity in nondimensionalized units; see Egs. (212a), (212b) and (212c).
It is also important to note that the mean position of a tracer will respond to the presence of
a mean shear. For a linear mean shear flow,

V() = d<Y(0)/dt = xo .
whereas for a sinusoidal mean shear flow,
Vy(t) = d{Y(t))/dt = sin2nxge” 2775

The mean tracer velocity in this latter cases rapidly decays, and the mean tracer displacement
saturates to a finite value.
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Now, it may be tempting to formulate an advection—diffusion equation for the mean passive
scalar field {T(x, y,t)> of the form

KTy 02 Ly T30
ot oy B

<T(X,y,t = 0)> = <T0(X,y)> .

Or perhaps one may explicitly retain the mean flow U(t) in the advection, and simply include the
turbulent contributions to D.(t) and D,(x, t) in the diffusion coefficients in the PDE. Indeed, we saw
in Section 2 that effective equations of this type, with time-independent diffusion coefficients, do
rigorously describe the effective behavior of the mean passive scalar field on large scales at long
times for random flows with short-range correlations. Also, we saw in Section 3.1.2 that the
evolution of the mean statistics were precisely described, even in anomalous diffusion regimes, by
a time-dependent diffusion equation in the Random Sweeping Model.

In the present situation, however, the reasoning leading to such simplified effective evolution
equations for the mean statistics < T(x, y, t)» break down. The key difficulty is that the excited scales
of turbulent motion extend over a continuous range from the small scale Ix ~ Re™***1¢ (where
“IC” denotes intermittency corrections) up to the macroscale of the system. It is on this macroscale
that we wish to pose the effective evolution equation, and there is no scale separation between it
and the active scales of the turbulence. This is why homogenization theory cannot be directly
applied. The failure of separation of scales is particularly acute for turbulence spectra with ¢ > 2
(which includes the Kolmogorov value ¢ = 8/3), because these have very strong long range
correlations and require the presence of the infrared cutoff y/o(-) to keep the energy finite.

Another delicate issue is that the time scale at which the turbulent diffusivity saturates to its
asymptotic value is comparable to the natural time-scale associated to the macroscale dynamics.
This suggests that any effective turbulent diffusivity should generally be expected to be time-
dependent, as in the Random Sweeping Model described in Section 3.1.2. Because of the spatial
variability of the shear interacting with the fluctuating cross-sweep, however, the tracer displace-
ments cannot be expected to obey an approximately Gaussian distribution after order unity times.
A proper effective evolution equation for {T(x,y,t)) therefore need not be a standard diffusion
equation with time-dependent diffusivities.

In efforts to address the challenge of modelling the large-scale effects of turbulence active over
a wide range of scales, a wide variety of renormalized perturbation theories [177,285] involving
partial summation of divergent perturbation series which mimic ideas from field theory and
renormalization group (R-N-G) theories [300,286,344] inspired from critical phenomena have
been proposed. We shall now briefly discuss some rigorous mathematical work concerning effective
evolution equations for the mean statistics in a simplifed shear model [ 10,14] which can be used as
a basis for testing the various renormalized perturbation theories [13,17,300].

0*(T(x,y,1))
ox?

0*(T(x,y,1)

v(1) 3y? )

D.(¢) + Dy(x, 1)

3.4.3.3. Renormalized Green’s functions for random shear flows on large scales within inertial
range. Avellaneda and the first author considered the problem of computing the large-scale
effective turbulent diffusion for a family of random spatio-temporal shear flows with energy spectra
of the type (206), parametrized by scaling exponents ¢ and z. They found it convenient to
nondimensionalize with respect to the Kolmogorov dissipation length scale Lgx and dissipation
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time scale, rather than with respect to the system macroscales as above. In this formulation, the
nondimensionalized value 6~ ! of the integral length scale L, of the turbulent velocity field diverges
with Reynolds number: ! ~ Re¥**1€ Since the macroscale of the passive scalar field naturally
coincides with the macroscale of the velocity field in most applications, the (nondimensionalized)
initial data is rescaled along with the integral length of the velocity field:

TO(x,y) = To(0x,6y) . (218)

The central goal in turbulent diffusion modelling at high Reynolds number is to obtain an effective
description of the evolution of {T®(x,y,t)> on the system macroscale in the § — 0 limit, where
T®(x, y, t)is the passive scalar field evolving from initial data (218) in a turbulent velocity field with
integral length scale 6~ 1.

The first issue is finding the proper space-time rescaling. Clearly, the nondimensionalized space
variable must be rescaled by o, the macroscale of both the velocity field and the initial data. But
unlike standard homogenization theory, the proper time rescaling is not necessarily linked to this
spatial rescaling through the usual diffusive relation. Instead, one seeks a more general temporal
rescaling function p(d) for which a finite and nontrivial limit,

_ t
T(x,y,t) = lim T(5)<E,X, >>
(0.0 H< 55 70)

exists. The usual diffusive rescaling corresponds to p(d) = 6. Note that the renormalization differs
here from that discussed generally at the beginning of Section 3.4 in that the turbulent velocity field
also depends on ¢, which is equated to its nondimensionalized integral length scale.

Once the proper choice of p() is established, one strives to compute the equation satisfied by
T(x, y,t). This may be viewed as a generalized “eddy diffusivity” equation for the high Reynolds
number limit, since the effect of all the small scales 6 <k <1 of the velocity field on the macroscale
have been incorporated into an effective equation involving only the large scales. To stress that the
equation for T(x, y, t) is not always of the form of a standard diffusion equation, we will refer to it by
the general appellation of “eddy-renormalized equation”. In any event, the fundamental solution to
this eddy-renormalized equation may be identified as the renormalized Green’s function.

This program has been rigorously carried out for the spatio-temporal shear flow models (206),
with zero cross sweep [10] and a constant cross sweep [ 14]. The effects of molecular diffusion are
also taken into account. A variety of possible effective equations arise, depending on the para-
meters — o0 < ¢ < 4 and z > 0 of the turbulent spatio-temporal energy spectrum, and these can
be described by a phase diagram similar to those displayed in Section 3.3. The rigorous renormaliz-
ation theory for the case of no cross sweep (w(t) = 0) involves five distinct phase regions in the ¢, z
plane. To each phase region corresponds a temporal rescaling function p(8) = 6° with a distinctive
algebraic law for the exponent { in terms of ¢ and z, and an eddy-renormalized equation for the
mean passive scalar density. It is readily checked that the renormalized mean-square tracer
displacement

()
(i
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scales as t'/°. Therefore, as in Section 3.3, the exponent { may be viewed as an order parameter
describing “phase transitions” across the boundaries of the phase regions. The effective equation within
each phase region has a distinctive form, though the coefficients within each region depend smoothly on
the parameters ¢ and z. We will simply sketch the main qualitative points, and later, in Section 3.5.4,
illustrate the renormalization procedure itself in the simpler context of the pair distance function.

One phase region in the phase diagram for the renormalized mean passive scalar density
corresponds to a situation in which ordinary homogenization theory applies: p(d) = d, the eddy-
renormalized diffusivity equation for T(x, y,7) is an ordinary diffusion equation with a constant,
turbulence-enhanced diffusion coefficient (166a), and the renormalized Green’s function is Gaus-
sian. This is exactly the region D of Fig. 14 in which the long-range correlations of the velocity field
are not strong enough to create anomalous behavior. Note in particular that this diffusive regime
lies exclusively outside the parameter range 2 < ¢ < 4 corresponding to velocity fields with
a physical-space inertial scaling range.

All the other phase regions support superdiffusion of the passive scalar field ({ < 1). One of the
phase regions for the renormalized mean passive scalar field coincides exactly with the SD-«x phase
region of Fig. 14. The renormalized Green’s function for this region is exactly the one discussed for
a steady random shear flow with 0 < ¢ < 2 in Paragraph 3.4.1.2. Indeed, the decorrelation of
shear-parallel transport is set in the SD-«x region by molecular diffusion, and the role of temporal
fluctuations in the shear flow plays a negligible role at large space and time scales. It is therefore not
surprising that the eddy-renormalized equation coincides over this whole region with that for the
steady case. The eddy-renormalized equation corresponding to this non-Gaussian renormalized
Green’s function is nonlocal. The presence of the infrared cutoff i plays no role in the renormaliz-
ation for the SD-«k phase region, and does not appear in the eddy-renormalized equation.

The situation is a bit more subtle for the other three superdiffusive phase regions. The
eddy-renormalized equations for these regions take the form of diffusion equations with constant
or time-dependent diffusion coefficients. The presence of molecular diffusion is irrelevant on
the large scales for all three of these regions. At the boundaries between the phase regions,
the eddy-renormalized equation takes special forms which cross over between those on each side of
the boundary. It is very interesting that the analogue of the Kolmogorov spectrum in the shear
model occurs at the point ¢ = 8/3, z = 2/3, which lies on the boundary between two of the
superdiffusive regimes. In one of these regimes, the Eulerian temporal decorrelation of the velocity
field is the dominant influence on the large-scale, long-time tracer transport, and the superdiffusive-
ly renormalized Green'’s function satisfies an effective diffusion equation with diffusion coefficient
given by a Kubo formula; see Section 2.4.1. The point (g z) = (8/3,1) corresponding to the
alternative sweeping temporal decorrelation hypothesis falls in this Kubo region. In the other
superdiffusive regime adjacent to the Kolmogorov point (¢, z) = (8/3, 2/3), the temporal dynamics of
the velocity field are by contrast completely irrelevant in determining the large-scale, long-time
motion of the tracer. This is the regime corresponding to an energy spectrum with intermittency
corrections reducing the value of ¢ (this matches the conventional wisdom for the sign of
intermittency corrections, if they exist [34]). More generally, we see that the renormalized mean
passive scalar statistics in the RSTS-1 Model are very sensitive to intermittency corrections of the
Kolmogorov theory. In [15], it was rigorously shown that these features of the phase diagram for
the renormalized Green’s function near the Kolmogorov point carry over rigorously to random,
isotropic turbulent flows with spatio-temporal energy spectrum (206).
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Note that there is no contradiction in the fact that the renormalized Green’s function in the
superdiffusive “Kubo” regime is described by an ordinary diffusion equation. The reason for the
difference between the superdiffusive space-time scaling relations of the renormalization group and
the diffusive space—time scaling of the renormalized equation can be traced to the linking of the
infrared cutoff o(dk) defining the energy spectrum with the observation scale 6~ *. This infrared
cutoff breaks the symmetry of the renormalized equations with respect to the renormalization
group of scalings [10]. The sensitivity of the large-scale behavior of the mean passive scalar density
to the infrared cutoff is consistent with the well-known fact that the mean passive scalar statistics
are strongly influenced by the large scales of a turbulent velocity field [196]. For an explicit
numerical demonstration in a simple context, the reader may consult [141]. Only second order
statistical quantities, such as the “pair distance function” which involve relative diffusion of a pair
of tracers, can be expected to exhibit universal behavior which is independent of the details of the
large scales. We discuss this issue in greater length in Section 3.5.

The presence of the infrared cutoff in Egs. (206a), (206b) and (206¢) also leads to a departure of
the renormalized phase diagram from that presented in Fig. 14 for the mean-square tracer
displacement in a random shear flow with no infrared cutoff in the spatio-temporal energy
spectrum. Namely, the SD-w region of Fig. 14 does not renormalize as a single unit with the
temporal rescaling p(8) ~ 67¢*22~2) This choice of temporal rescaling leads to a proper high
Reynolds number renormalization only for part of the SD-w region; the rest falls within another
phase region (corresponding to the Kubo-like regime) with a distinct temporal rescaling law and
sensitive dependence of the renormalized equation on the infrared cutoff.

The effects of the addition of a constant cross sweep to the random spatio-temporal turbulent
shear flow (206) are considered in [ 14]. The renormalization phase diagram is altered in some ways;
in particular the phase region corresponding to a nonlocal eddy-renormalized equation is elimi-
nated. The renormalization is unaffected by the constant cross sweep in the vicinity of the
Kolmogorov point (¢ = 8/3, z = 2/3). The eddy-renormalized equations are also shown in [14] to
hold without change for a variety of random shear velocity models with energy spectra (206) but
non-Gaussian statistics.

The rigorous renormalization theory for the simple shear model [10,14] has been used by
Avellaneda and the first author as an unambiguous means of assessing the performance of a variety
of R-N-G methods and renormalized perturbation theories for predicting eddy diffusivity
[13,17,300]. We summarize some of these findings in Section 7.

3.4.4. Comment on the eddy diffusivity modelling at finite times

In our above discussion concerning the mean passive scalar density, we have focused on the
behavior at large scales and long times, which is usually of the main practical interest. There is,
however, still an important practical concern regarding the transient period of adjustment to
long-time asymptotic behavior, both for observations and for numerical simulations. In particular,
if the numerical simulation of the tracer dynamics becomes unstable or inaccurate during any
phase of the evolution, a substantial error may be incurred which permanently contaminates
results at large times, even if the numerics are well behaved in the large-time asymptotic regime. We
point out here some simple, explicit examples in which the tracer exhibits an effective negative
diffusivity over some finite interval of time, but eventually settles down to a positive diffusivity at
long times. As it is quite difficult for numerical Monte Carlo schemes (see Section 6) to simulate
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periods of negative diffusion accurately, one must be on the alert for such a contingency. The
appearance of an effective negative diffusivity is not a pathological feature of our mathematical
models; Taylor [317] recognized such a phenomenon in chimney smoke experiments by
Richardson [283] in 1920.

As was pointed out in [ 18], negative diffusivity can already be observed in the extremely simple
Random Sweeping Model described in Section 3.1.2. Recall that the velocity field is defined to be
spatially uniform and directed always along a single direction:

o(x,y,1) = [Wg(t)} ,

with w,(t) fluctuating in time according to a Gaussian, mean zero, stationary stochastic process.
The correlation function of the sweeping field is defined:

R,(t) = Kwy()wlt + 1)) .

The tracer displacement is at all times a Gaussian random variable, and it can therefore be
shown [18] that the mean tracer concentration density {T(x,t)> obeys an exact PDE of diffusive

type:

0X(T(x, y,t))

KT(x,p,1)p/0t = kACT(X,3,0) ) + Dy, () —— 5

(219)
<T(X,y,[ = 0)> = <T0(x>y)> .

The effect of the random fluctuations is to augment the diffusivity along the sweeping direction
x above its bare molecular value x by the time-dependent quantity:

D, (t) = wa(s) ds . (220)

At large times, the enhanced diffusivity D,, (1) must be nonnegative, but there may well be finite
intervals of time over which it is negative. Explicit examples may be found by defining the velocity
field w(t) through statistically homogenous solutions to a damped and stochastically driven
harmonic oscillator problem [18]:

d(dw (1)/dt) + 20dw (1) + wdw(t)dt = AdW (1), (221)

where wq > 0 describes the stiffness of the oscillator, o > 0 describes the damping, and dW(¢) is
white noise. For the underdamped range of parameters, w, > o, the correlation function has
oscillations:

R(1) = (A% /40xg)e ™ [cos(yt) + (a/oq)sin(oq]d])]

where w; = /wg — o®. The criterion for D,, (1) (220) to be always nonnegative may be shown [141]
to be exactly equivalent to the inequality w3 < Cyo?, where C; is a numerical constant which may
be computed to be approximately 27.197. Therefore, for sufficiently strong restoring forces on the
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oscillations driving the random sweeping (w3/a* > C;) and sufficiently small x, there are finite
intervals of time over which

K+ D, (1) <0,

and the PDE (219) for the mean passive scalar density is ill-posed.

This fact is not of great concern within the Random Sweeping Model itself, because its simplicity
permits the mean statistics {T(x, y,t))> to be unambiguously represented in closed form [18], and
there is no need to actually solve (219). But the potential for ill-posed behavior does raise practical
concerns for numerical simulations in more complex flows where no exact solution is available.
When the effective diffusivity becomes negative, approximate PDEs for the mean statistics cannot
be numerically integrated by ordinary means, and the numerical simulation of even the mean-
square displacement of a tracer faces severe difficulties [ 140].

An example with nontrivial spatial variations which exhibits ill-posed behavior for the mean
passive scalar density can be constructed for the Random Steady Shear (RSS) Model with constant,
NONZero Cross sweep:

w
vy = L(x)J '

The mean passive scalar density in such a flow can be shown to obey a time-dependent diffusion
equation of the same form as Eq. (219), except that the time-dependent diffusivity enhancement is
in the shearing direction y, and is expressed as

t
D(t) = f R(ws)ds ,
0

where R(x) is the correlation function of the Gaussian, homogenous, random shear flow v(x). For
a random shear flow v(x) generated as the homogenous solution of a stochastically damped and
driven harmonic oscillator (221) (but with spatial rather than temporal variations), it has been
similarly shown that for sufficiently strong restoring forces w$/a> > C; ~ 27.197 and sufficiently
small molecular diffusivity x, the PDE for the mean tracer density {T(x, y, t)) is ill-posed over some
finite interval of time [141]. In particular, negative diffusion over finite time intervals arises in the
degenerate limiting case, studied by Giiven and Molz [ 131], in which the random shear flow v(x) is
an undamped periodic oscillation with random phase and the molecular diffusion « is sufficiently
small.

3.5. Pair-distance function and fractal dimension of scalar interfaces

A common theme in the various shear flow examples which have been presented is that the
motion of a single tracer is determined to a great extent by the details of the large-scale features of
the velocity field. This is particularly true for random velocity fields with long-range correlations
characteristic of fully developed turbulence (such as the 2 < ¢ < 4 simple shear models), in which
the energy is concentrated at small wavenumbers. In practical situations, this means that the
motion of a tracer, and therefore the evolution of the ensemble-averaged mean passive scalar
concentration, in a turbulent environment depends strongly on the geometry and the details of the
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large-scale stirring. Therefore, there can be no single law describing the behavior of a tracer’s
position in an arbitrary turbulent system.

The situation can be quite different for the separation between a pair of tracers in a fully
developed turbulent flow with a wide inertial range. The rate of separation between a pair of tracers
is not governed by the typical velocity of the flow, but by the difference between the velocity at the
two tracer locations. Therefore, a turbulent eddy with large size relative to the separation between
the two tracers will sweep them both with roughly the same velocity, and contribute to their relative
motion only through its velocity gradient (primarily the strain component). Recall that in the
Kolmogorov picture, the root mean square velocity of a turbulent eddy of length scale L in
the inertial range scales as L'/3. Therefore, an inertial range eddy of size L large compared to the
separation / of a tracer pair will contribute to the absolute motion of either of them (or their center
of mass) in proportion to L'/3, but will contribute to their relative motion in proportion to
L'3(//L) ~ /L~?3. Consequently, large-scale eddies are seen to dominate the absolute motion of
a tracer, but to contribute little to their relative motion (separation). In other words, the process of
separation of a tracer pair can be expected to be insensitive to large-scale details so long as the
separation remains small compared to the system size.

By noting that inertial-range eddies on scales small compared to the distance between the
tracers contribute their full velocity to the relative tracer motion, we arrive at the follow-
ing heuristic principle: When the tracer pair separation lies within the inertial range of scales of
a fully developed turbulent flow, its evolution should be primarily governed by inertial-range
eddies of size comparable to the momentary separation. As we have discussed in Section 3.4.3, the
statistics of a turbulent velocity field well within the inertial range of scales is thought to have
a number of universal properties which are independent of many of the details of the physical
system. Combining the previous two statements, we see that the separation /(t) between a pair of
tracers may obey universal laws as it evolves through the inertial range of scales. The most famous
proposed universal relation of this type is Richardson’s law [252,253,284] </*(t)> ~ t3, which has
been observed in a wide variety of laboratory experiments [248,258,261,315] and numerical
simulations using synthetic turbulent velocity fields (see Section 6 of this review and
[86,109,291,351]). Like the Kolmogorov theory of turbulence, universal inertial-range theories for
turbulent diffusion in multidimensional velocity fields with realistic spatio-temporal structure are
based on extra physical assumptions which do not follow directly from the advection-diffusion
equation.

As we have seen in Sections 3.2, 3.3 and 3.4, many mechanisms and subtleties of turbulent
diffusion can be explored in a clear and unambiguous fashion in shear flows. Here, we will
mathematically investigate universal inertial-range aspects of turbulent diffusion in shear flows,
using the family of models with reasonably realistic spatio-temporal energy spectra introduced in
Paragraph 3.4.3.2. For simplicity in exposition, we will not consider any active cross-shear
transport processes, so the only decorrelation of the Lagrangian tracer motion is due to the
temporal fluctuations of the random shear flow itself. It is consequently a little more direct to work
here with the spectral temporal correlation function E(k t) defined earlier in Eq. (158) instead
of the spatio-temporal energy spectrum E(k, ). The function E(k t) describes the temporal cor-
relation structure of the shear modes of wavenumber k, and is related to the physical-space
correlation function R(x,t) and the spatio-temporal correlation function E(k,®) through the
Fourier transform relations (158).
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The representation of the RSTS-I Model (206) in terms of E(k, t) reads

Rix, 1) = r E( k|, t)e?™ = dk = 2rﬁ(k, t)cos(2rkx) dk | (222a)
E(k,t) = E(k)(t/(|K])) . (222b)
E(k) = Agk™ ' " *Mro(kLol (kL) , (222c¢)
(k)= Ak 7, (222d)

where ¢(u) is just the Fourier transform of ¢(m) in Eqgs. (206a), (206b) and (206c). We have collected
the various constant prefactors into the single coefficient Ag. The cutoff functions , and y along
with ¢ are smooth functions on the positive real axis with the assumed technical properties listed
under (200). The exponent H characterizing the inertial-range scaling exponent of the energy
spectrum is formally related to the infrared scaling exponent ¢ used in the RSTS Model in
Section 3.3 by H = (¢ — 2)/2. The appropriate parameter range for which a universal scaling range
arises in real spaceis 0 < H < 1,0r 2 < ¢ < 4. The value with H = 1/3 (and z = 2/3) corresponds to
Kolmogorov-type statistics. It is easily checked that the heuristic considerations suggesting
universal inertial-range behavior for pair separation formally apply throughout the range
0 < H < 1. By “universal inertial-range behavior” in the context of this family of mathematical
models for turbulence, we mean statistical behavior which depends only on parameters describing
the inertial range (Ag, ¢, and z), but not on viscous-scale or large-scale properties (Lo, Lk, Yo, ¥ o).
We also by no means imply that these laws are universal with respect to flow geometry; the
anisotropic geometry of the shear flow can of course lead to departures in the specific appearance of
certain laws from their formulation for statistically isotropic flows. For example, the mean-square
pair separation will be found in Paragraph 3.5.2.1 to grow in the inertial range according to
a power law with exponent different from that appearing in Richardson’s > law for isotropic
turbulence, even for Kolmogorov values of the exponents H = 1/3 and z = 2/3. We will return to
Richardson’s t* law later when we discuss an exactly solvable statistically isotropic mathematical
model (Paragraph 4.2.2.4) and numerical methods for accurately simulating tracer pair dispersion
over a wide inertial range in a synthetic statistically isotropic turbulent flow (Section 6.5).

Our present study of pair separation in the simple shear model begins in Section 3.5.1 with
a derivation of an exact solution for the PDF (probability distribution function) of the separation
between a pair of tracers in a shear flow with arbitrary spatio-temporal statistics, in the absence of
molecular diffusion (x = 0). This PDF of the separation will be called the pair-distance function,
a term introduced by Richardson in his pioneering work on relative diffusion [284]. We show that
the pair-distance function satisfies a linear PDE of diffusive type, and indicate an explicit example
in which the diffusion coefficient is negative over some finite time interval, leading to ill-posedness
[141]. We then specialize in Section 3.5.2 to the Random Spatio-Temporal Shear Models with
Inertial Range (RSTS-I) introduced in Section 3.4.3, and show that the pair-distance function has
an explicit, universal form on scales well within the inertial range.

We then subsequently utilize the formula for the pair-distance function to study the properties of
the boundary of a region marked by a passive scalar quantity as it evolves in an RSTS-I flow in the
absence of molecular diffusion k¥ = 0. Of particular natural and engineering interest [199,305,339]
is the turbulent wrinkling of the interface between the scalar-occupied and the scalar-free region.
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The notion of fractal dimension [215] provides a useful measure of the geometric convolution of
a surface with scale invariance, such as the scalar interface in the inertial range of scales. By
combining the explicit formula for the pair-distance function with a mathematical theorem of Orey
[259] concerning the fractal dimension of the graph of a Gaussian random process, we compute in
Section 3.5.3 the local fractal dimension of the scalar interface in the RSTS-I model within the
inertial range of scales. There is also a distinct global fractal dimension describing the roughness of
the passive scalar level set above some time-dependent length scale determined by the rate of
temporal decorrelations of the shear flow. We next study fully scale-invariant properties of the
pair-distance function which emerge after an isotropic renormalization to large space and time
scales within the inertial range. The fractal dimensions which emerge from the isotropically
renormalized passive scalar field are in quite good agreement with experimentally observed fractal
dimensions of interfaces in a variety of turbulent systems [305]. We conclude in Section 3.5.5 by
posing the open problem of including the effects of molecular diffusion x > 0 on the pair-distance
function and the fractal dimension of scalar interfaces in the RSTS-I Model. Unambiguous results
along these lines could provide useful insights concerning general mathematical and physical
theories for fractal dimensions of interfaces in turbulent flows [74,75,128,132,310].

3.5.1. Pair-distance function in shear flow

The pair-distance function is defined for our purposes to be the PDF for the separation between
a pair of tracers, given a certain initial separation. We will specialize the notation for convenience in
our study of pair dispersion in a two-dimensional shear flow with constant cross sweep:

w
“%%”:wa]' (223)

Here v(x,t) is a homogenous, Gaussian, mean zero random field with correlation function
o, o(x + Xt + 1)) = R(x,1)

and w is a deterministic constant (which may be zero). Within Section 3.5.1, we do not specify
a particular model for R(x, t).

Consider two tracers released at the points (x4, 0) and (x¢ + Xp, 0) in the random shear flow (223),
with no molecular diffusion (x = 0). Let Y, (t) and Y, + . (t) denote their y positions at time t. Then

0

we define the pair-distance function Q“(y|x,) as the probability density function satisfying

JW+Q“KMXO)dy==Pr0b{y < Yiawt) = Yo () < ys} (224)

V-

for all y_ < y.. In words, then, Q“(y|x,) gives the probability density that two tracers with initial
shear-transverse separation x, will have developed a relative shear-parallel displacement of y at
time t.

A few comments on this definition are in order. First, by statistical homogeneity, the statistics of
pair separation depends only on the relative position of the tracers, and are therefore independent
of xp. Furthermore, the constancy of the cross-shear velocity preserves the shear-transverse
separation x, of the tracers, so there is no need to separately account for the shear-transverse
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separation at later times in the pair-distance function. Since there is no variation of the flow along
the y direction, there is no loss in taking both tracers to start at y = 0; the PDF for pair separation
starting from arbitrary locations (xg, o) and (xo + Xo, Yo + Vo) is obtained straightforwardly from
the PDF Q“(y|x,) defined for y, = y, = 0. Finally, we note that Richardson’s original definition
[284] of the pair-distance function is more general in a literal sense, but equivalent in essence to the
simpler definition used here.

We will now proceed to give an exact formula for the pair-distance function in a general shear
flow with constant cross sweep (223). The relative shear-parallel separation is given by the explicit
formula (see Egs. (110a) and (110b))

t
Yi+w () — Yo () = f (v(xo + X0 + Ws,s) — v(xo + Ws,s))ds . (225)

0

This expression is an integral over a Gaussian random field, and thus a Gaussian random variable.
Since Q“(y|x,) is the probability density for the random variable (225), it is completely determined
by the mean and variance of the relative displacement. Since v has mean zero, it is easy to see that

Y rx() = Y (1)) =0 (226)

The variance of the shear-parallel separation can be computed as an integral of the velocity
correlation function:

Pr(t150) = (Y s et) — Y ot)?> = f ;£<(v(xo F X+ 175, — o + 175,9)
x {(v(xg + xo + Ws',8") — v(xo + Wws',5)))> dsds’ (227)

= ftjz[2R(W(s — 5,5 —5)—R(—x¢ + W(s —5),s —5)

0J0
— R(xog + W(s — §'),s — §')] dsds’ . (228)
Then the pair-distance function can then be expressed as the following Gaussian:

Q(t)(y|x0) — CXp[ - yz/(zaAzY(t|x0))] ] (229)
27T0'AZY([|X0)

It is instructive to note that Q“(y|x,) satisfies a diffusion PDE:

00“(ylxo) 920" (yIxo)
ot 2 ’

Oy (230)
Q(ylxo) = d(y) -

The initial condition comes from the fact that at time ¢ = 0, the tracers have a deterministically
zero displacement. The time-dependent diffusion coefficient D(x,t) is obtained by differentiating
Eq. (227):

D s(xo,1) = 3 007y(t]x0)/0t . (231)

= DA(XO: t)
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A simple way to derive the diffusion equation (230) is to compute the characteristic function of
Eq. (225), which is just the Fourier transform of the pair-distance function:

0O(k|xo) = {expmik(Y(x + X', 1) — Y(x',1))> = exp( — 2n2k262y(t|x0)) , (232)

and to note that it satisfies the Fourier transform of Eq. (230).

3.5.1.1. Possible ill-posedness of pair-distance PDE. While the pair-distance function has been
shown to always obey a fairly simple, time-dependent diffusion equation, the PDE (230) is not
necessarily well-posed. It is shown in [141] that for the case of a steady shear flow (v(x, t) = v(x) and
R(x,t) = R(x)), this PDE is well-posed for all time ¢ > 0 and initial separations x, if and only if one
of the following two conditions holds:

e there is no cross sweep w = 0, or
e the velocity correlation function R(x) is a nonincreasing function of x on 0 < x < 0.

If both of these conditions are violated, then the formal diffusion coefficient D ,(t|x,) is negative for
some values of x, and t, leading to an ill-posed problem for Q®“(y|x,).

Explicit examples of a random shear velocity fields giving rise to ill-posedness for the pair-
distance function may be found within the class of statistically homogenous solutions to a damped
and stochastically driven harmonic oscillator problem [141]:

d(do(x)/dx) + 2aduv(x) + kiv(x)dx = AdW(x),

where ko > 0 describes the stiffness of the oscillator, « > 0 describes the damping, 4 > 0 is the
driving amplitude, and dW(x) is white noise. We introduced this stochastic model before in
Section 3.4.4. For the underdamped range of parameters, k, > «, the correlation function has
oscillations:

R(x) = (A% /4akg)e ™M [cos(kyx) + (o/ky)sin(ky|x])] ,

with k; = /k§ — «®. Thus by the general fact quoted above from [141], the formal diffusion
coefficient D 4(x,,t) is negative over some range of values of x, and t whenever the oscillations
exceed the damping. Note that D ,(x, t) is just half the rate of the mean-square shear-parallel tracer
separation; its negativity implies time intervals over which the tracers are actually decreasing their
separation on average.

Of course, for the present model we have an exact expression (229) for the pair-distance function
so the ill-posedness of the PDE (230) does not thwart our analytical progress here. The potential for
ill-posed behavior of the relative tracer displacement, as explicitly demonstrated in our simple
model, however does raise practical concerns for numerical integration of tracer trajectories in
more complex flows where no exact solution is available [140].

3.5.2. Inertial range behavior of the pair-distance function in the simple shear model
We will now study the pair-distance function in detail when the random shear flow is an RSTS
flow with an inertial range and no cross sweep (w(t) = 0).
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Substituting the expression (222) for the spatio-temporal correlation function of this velocity
field into the general formula for the mean-square shear-parallel separation (227) with w = 0, we
have

24(t1x0) = f J IJOO 21— cos(znkxo))E(|k|)$<S — S/>dk dsds
0J0J - T(|k|)
— 42 J (1 = cos (2mkoxo) E(R)B(t/2(0) dk
0
— 42 J (1 = cos k) Agk=' Mok Loy . (kL) B(LA= ) dk (233)
0
We have defined
2 [ )
o) = = j (U — )’y du’ (234)
0

and used a change of variables to re-express the double time integral in the second equality above.
We collect here some basic properties of ® which will be useful in our later analysis of a3y(t|x,):

P0)=1, (235a)
lim &(u) ~ p(O)u~ ", (235b)
|D(u)] < Co/(1 + [ul), (235¢)

where C, is some finite positive constant. These results follow from the Fourier relation between
H(u) and $(m), and the assumed properties of ¢(@) stated near Eq. (156).

It is instructive at this point to compare and contrast the formulas we have developed for the
mean-square relative displacement a%y(t|x,) between a pair of tracers and the mean-square absolute
displacement o$(t) of a single tracer along the shear. We represent the latter using formula (159) for

the special case in which there is no cross-shear transport and E(k, t) is given by Eq. (222b):

o0

o3(t) = 2t2J Agk™ 172 o(kLo)W (kL) ®(tA; *k?) dk . (236)
0

The formulas for the absolute and relative tracer displacements differ in only two regards:
a multiplicative factor of 2, and the appearance of a factor (1 — cos2nkx,) in the integrand for
o2y(t|x,). The prefactor of 2 simply reflects the fact that the mean-square relative distance between
two tracers undergoing some independent statistical motion will simply be the sum of their
individual absolute mean-square displacements. There is, however, a definite coupling between the
motion of two tracers in our model due to the spatial correlations of the shear flow. The effects of
this coupling are completely contained in the factor (1 — cos27mkxy).

For k < 1/x,, this factor is small (O((kx,)?)), reflecting the fact that the motion of two tracers due
to a shear mode with wavenumber k is highly correlated when their cross-shear separation xq is
much less than the wavelength k~!. Their relative velocity is on the order of their cross-shear
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separation xo, multiplied by the gradient of the shear mode, which is proportional to k times the
root-mean-square velocity of the shear mode. The rate of relative mean-square separation due to
a shear mode of wavenumber k < 1/x, is thus depressed by a factor of (kx,)? from the absolute
mean-square displacement of either tracer. The exact formula (233) for a7y(t|x,) thereby explicitly
manifests the general principle that the low wavenumber modes contribute weakly to the process of
tracer separation on small scales (see our discussion at the beginning of Section 3.5).

For shear modes with high wavenumbers k > 1/x,, the spatial correlation factor 1 — cos 2nkx,
is generally of order unity. The effect of the cosine becomes negligible when integrated over
a sufficiently wide band of wavenumbers k, due to incoherent phase cancellation. Therefore, any
wide band of random shear modes with wavenumbers k > 1/x, contribute essentially independent-
ly to the motion of each tracer in a pair with cross-shear separation x.

We now proceed to study the inertial-range behavior of a3y(t|x,) for the parameter range
0 < H < 1. By this we mean that the (constant) shear-transverse separation satisfies Lx < xo < Lo;
the shear-parallel separation has no influence on the tracer dynamics in our shear flow model. We
may straightforwardly take the asymptotic inertial-range limit in Eq. (233), and the integral scale
and dissipation scale cutoffs disappear:

00

ohitixo) = lim a2y(tlx) = 44 (1 — cos (2mkxo)Agk ™1~ 2HP(t A7 k7) dk . (237)

Xo/Lg = 00,Xx¢/Lo—0 0

This is mathematically justified by the dominated convergence theorem after a rescaling of the
integration variable ¢ = kx,, owing to the boundedness of the function @ and the integrability of
the function (1 — cos2ng)q~ '~ *# over qe[0,0). Therefore, we have expressed the relative
mean-square displacement of tracers on scales within the inertial range purely in terms of inertial
range quantities; there is no dependence on either the integral or dissipation length scales. The
same is true for the full pair-distance function Q{"(y|x,) for inertial-range separations of x,, since it
is determined entirely by a7y 1(t]x0) (see (229)). The pair-distance function is therefore truly universal
in the inertial range of scales in the RSTS-I Model.

In contrast, we remark that the mean-square absolute displacement of a single tracer o3(t)
depends vitally on the factor o(kL,). Taking Ly — oo in Eq. (236) would give an infinite value for
o3(t), simply because the total energy of the shear flow would become infinite. Energy spectra with
inertial ranges (0 < H < 1) are therefore said to manifest an infrared divergence. A direct conse-
quence is that the motion of a single tracer in a turbulent flow is strongly sensitive to the large-scale
structure of the flow. The reason that the relative tracer displacement has a finite inertial-range
limit, notwithstanding the infrared divergent energy spectrum, is that low wavenumber shear
modes contribute quite weakly to the separation process due to their small gradients. Mathemat-
ically, this is manifested by the factor (1 — cos(2mkx,))in Eq. (233), which contributes a factor k? to
tame the infrared divergence k= !~ 2 at small k.

The ability to remove the Kolmogorov dissipation length cutoff y(kLg) from Eq. (233) is less
subtle; it is simply a consequence of the “ultraviolet convergence” of energy spectra with inertial
range.

The heuristic component of our above discussion concerning absolute and relative tracer motion
in a high Reynolds number shear flow can be generalized through similar scaling arguments to
isotropic turbulence. The exact mathematical formulas, however, are special to shear flows. These
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Table 10
Long-time asymptotics of mean-square relative tracer displacement along the shear within Inertial Range of Random
Spatio-Temporal Shear Model. Scaling coefficients are given by Eq. (238)

Parameter regime Asymptotic mean square Phase region
displacement lim, -, .63y 1(t|Xo)

z>0 2—z -
= 0<H< 2R x| 2+t R-1
>0 2 — -
o= “<H<I1 —R¥Jx | R-2
z+ H—1

permit us to examine various aspects pertaining to tracer dynamics within the inertial range of
scales in much more detail than is generally possible, as will be shown in what follows.

3.5.2.1. Evolution of relative separation between a fixed pair of tracers. The long-time asymptotics
of the mean-square shear-parallel tracer pair separation ¢3y(t) are described in Table 10, with
scaling coefficients

8 oo I —I(—H—z]2)
* _ . 1-2H-z 4], _ 7 2H+z+1/2
Ri=2 L (1 — cos (2nkxo))p(0) ApAck dk = 2z Fi e 0
(238a)
2 _ ©
gyt A J;H I)AEA?ZH)/ZJ U2 () du (238b)
0

These results are very similar to those found for the mean-square shear-parallel displacement of
a single tracer in an RSTS flow with no cross shear transport (Section 3.3.1), and the method of
derivation is very similar. One only needs to account for the extra factor (1 — cos2nkx,), and we
remark only on the changes this produces.

First of all, the integrand for the long time relative diffusivity (238a) in the linear growth regime
(R-1 in Fig. 17) is peaked at k ~ xg !, rather than at the lowest wavenumbers where energy is
concentrated. This reflects the idea discussed at the beginning of Section 3.5 that relative diffusion
is driven primarily by velocity fluctuations (eddies) with wavelength comparable to the current
tracer separation. This notion, however, is violated in the present model when the correlation time
diverges sufficiently rapidly at low wavenumber, in which case the long-time relative diffusion is
driven at a superlinear rate by these slow, low wavenumber shear modes (regime R-2 in Fig. 17).
Care is therefore required in analyzing this regime at long times and large but finite integral length
scales Lo; the limits t —» oo and Ly — oo do not commute. In our present discussion, we are always
assuming that L, is extremely large so that the limit L, — oo is appropriately taken first.

Note that when the temporal correlation times of the shear modes are chosen as the natural
eddy turnover times so that z = 1 — H (see Eq. (211a)), the relative diffusion is always linear and
driven primarily by modes of wavenumber k ~ xg!. This includes the Kolmogorov values
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Fig. 17. Phase diagram for long-time asymptotics of %(t) in Random Spatio-Temporal Shear Model with Inertial
Range, no cross shear transport. This phase diagram also applies to the local fractal dimension of level sets of T(x, y, t)
(see Paragraph 3.5.3.2).

H = 1/3, z = 2/3. These results for the Random Spatio-Temporal Shear Model contrast strongly
with Richardson’s law predicting a > growth of ¢%(t) for relative diffusion through the inertial
range of scales in isotropic turbulence. The shear geometry destroys a fundamental premise in the
similarity argument [252,253] behind Richardson’s law: the initial pair separation x, is never
forgotten because the shear turbulence does not act along the x direction. Therefore, the most
relevant turbulent eddies driving the separation of the tracer pair are those with wavelengths
comparable to the initial separation x,, rather than to the current separation scale.

3.5.3. Fractal dimension of scalar interfaces

In this subsection, we will apply the exact formulas for the pair-distance function which we
worked out in Sections 3.5.1 and 3.5.2 to provide a measure of smoothness of level sets of the
passive scalar density T(x,y,t). This is of practical importance in determining mixing rates.
Consider first two initially distinguishable fluids, such as a salty fluid and a freshwater fluid, a dyed
fluid and an undyed fluid, or a warm fluid and a cold fluid which are brought together to mix. If
effects such as buoyancy and chemical reactions between the fluids can be neglected, then the
evolution of the fluid mixture may be expressed in terms of a passive scalar field T(x, y,t) which
reflects the local concentration density of one fluid or the other. For example, in the above-
mentioned examples, T(x,y,t) could be chosen as salinity, dye concentration, and temperature,
respectively. After a suitable rescaling and translation of physical units, one may characterize the
initial state of the passive scalar field by T(x,y) =1 in the region occupied by the first fluid,
To(x,y) = 0in the region occupied by the second fluid, and T(x, y) = 1 at the initial interface. If we
neglect molecular diffusion for the moment, then the passive scalar concentration density is
unchanged along Lagrangian trajectories, so the fluid is characterized thereafter by mobile regions
where T(x,y,t)=1 and T(x,y,t) =0 separated by the level set T(x,y,t) =%+ demarcating the
evolving interface between the two fluids. The action of molecular diffusion will smooth the
variation of T(x, y,t) across the fluid interface, but it is readily seen that the level set T(x, y,t) = 3
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still provides a good representation for the location of the interface between the fluids where mixing
is occurring, particularly when the Péclet number is large so that the interface region is thin.

One major feature of turbulent diffusion is that it roughens interfaces on small scales both within
the inertial range and the viscous range [ 54,305]. This is in strong contrast to the smoothing nature
of molecular diffusion. The source of the difference is the interface structure created by spatial
correlations in turbulent velocity fields. Only when viewed on scales large compared to the largest
correlation length of the velocity field do these undulations blur out, and the mixing action of
turbulent diffusion appear to be smoothing. The reason that molecular diffusion is smoothing on
all scales is that its correlation length is strictly zero, so all scales are large enough for the mixing to
appear smoothing!

The turbulent wrinkling of the fluid interface permits the fluids to contact each other over
a greater surface area than if it were a flat plane as in laminar flow conditions. This increases the
flux of temperature, salinity, dye, etc., across the interface, and speeds the process of mixing.

Another context in which level sets of a scalar field are of great practical interest is in the progress
of diffusion flames in turbulent combustion [305,339]. A diffusion flame is characterized by the fact
that the fuel and the oxidant are supplied separately, and the flame appears at the boundary of the
fuel and oxidant zones where the necessary molecular mixing takes place. When the reaction rate is
large compared with the diffusion coefficients of the chemical species involved, the flame can be
idealized as an infinitesimally thin surface where all the reaction takes place. From the physical
equations governing the combustion process one can deduce that at the flame front the temper-
ature T(x, y,t) attains its maximum value corresponding to the adiabatic stoichiometric temper-
ature T, (for the algebraic details of the derivation consult [339]). Therefore the location of the
diffusion flame can be characterized by the level surface T(t, x,y) = T, under the approximation
that the flame front is infinitesimally thin. If the combustion is occurring in a turbulent environ-
ment, the flame surface will be wrinkled into a larger surface area, thereby increasing the speed at
which the flame burns through the fuel [339]. In combustion, the temperature field is not a passive
scalar field, but one might to a first approximation suppose that the wrinkling of the interface may
be governed by a similar process. Indeed, laboratory measurements indicate that diffusion flames
have a quantitatively similar small-scale geometry to that of passive scalar interfaces, provided that
certain conditions are met [305]. We mention here that the first author with Souganidis have
studied the enhanced flame speed in premixed turbulent combustion with the effects of nonlinear
reaction and diffusion, as well as small-scale turbulence [90,88,89,211-213]. In particular,
[212,213] contain a rigorous analysis of renormalized flame fronts in a steady shear flow with an
inertial range of scales.

In the above examples, the extent of mixing and burning enhancements relies sensitively on the
degree of wrinkling of the flame front. We now discuss one way of quantifying this wrinkling.

3.5.3.1. Elements of fractal theory. In a high Reynolds number flow, the small-scale turbulent
fluctuations have a self-similar statistical structure over a wide inertial range of scales. It is
reasonable to expect that the small-scale contortions of the scalar interface produced by these
inertial range eddies will also exhibit a self-similar structure over a subregion of the inertial range of
scales where molecular diffusion is formally negligible relative to advection. A useful framework for
describing objects with a statistical scaling invariance is fractal geometry [215]. The roughness of
such fractal objects can be quantitatively represented through the notion of fractal dimension. For
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an extensive discussion of theory and applications of fractal geometry, see [215]. Here we state only
the essentials for our purposes.

The intuitive notion of fractal dimension is a measure of how well a set fills up space. There are
several ways to define and compute fractal dimensions of an object 4; these yield identical results
under certain caveats [217,218]. A useful operational definition that can be computed efficiently in
practice [305] is that of local box-counting dimension d; g. One partitions the ambient space R? in
which the object resides into boxes of size J, and counts how many boxes N; intersect the object.
The local box-counting dimension of A is then defined as

dy g = lim log Ns/logd™ 1. (239)
0—0

This local box-counting dimension clearly coincides with the ordinary Euclidean dimension of any
smooth, rectifiable object. But it also assigns a useful geometric dimension to very rough curves,
such as the graph of Brownian motion W(t) versus time, which has dy g = 1.5 (see [215]). The
fractional value of this dimension indicates that the small-scale wrinkles in the Brownian graph
cause it to have space-filling properties intermediate between that of a curve and of a solid region in
a plane. Curves of arbitrary local box-counting fractal dimension from 1 to the dimension of the
embedding space can be constructed [215]; greater values indicate wilder local fluctuations.

When we speak of the fractal dimension of a physical entity like a front, we do not mean the
technical fractal dimension of the front, defined by the behavior on the smallest scales. We are
rather interested in the structure of the curve over some finite range of scales with both an upper
and lower cutoff, particularly ranges of self-similarity such as the inertial range. For these purposes,
the size of the boxes ¢ in the definition of the local box-counting dimension must be restricted to lie
within the range of desired scales. When the front possesses approximate self-similarity over
a substantial portion of this range, then a graph of log N; versus logd ~! will produce points lying
nearly along a straight line. A more robust and meaningful assessment of the fractal dimension of
the front on this range of scales is obtained in empirical measurements [305] through the slope of
the best-fit line, rather than through a literal implementation of Eq. (239).

In our mathematical analysis, we have computed the second-order statistics after having taken
the limit of zero Kolmogorov dissipation length and no molecular diffusion, so there is no lower
limit to the inertial range behavior of the passive scalar interface. We can therefore equate the
fractal dimension for the inertial range in our model with that computed from a 6 — 0 mathemat-
ical limit. To this end, we will appeal to a theorem of Orey [259].

If (x,f(x)) is the graph of a statistically homogenous Gaussian random field, and
X2 < (X + x) = f(0)*) < eolx]*” (240a)

for |x| < 1 and positive constants ¢y, ¢,, then for almost every realization, this graph has
(Hausdorff) fractal dimension

din=2—o. (240b)

The definition of the Hausdorff fractal dimension referred to in this theorem is somewhat technical,
and we refer the reader to [249] for a complete discussion. It suffices for our discussion to note that
the Hausdorff fractal dimension coincides with the more intuitive local box-counting dimension in
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standard situations [215]. There are caveats and counterexamples to this statement [218,332]
which we do not wish to dwell on here, since we see no reason why they should arise in our
application to passive scalar interfaces produced in a shear flow. We will therefore simply refer to
the Hausdorff dimension as the local fractal dimension dy. The adjective “local” is important,
however, since the scalar level set in the RSTS-I Model exhibits a crossover to a different
self-similar structure at large scales which is characterized by a different fractal dimension, as we
will explain in detail later.

The exponent o appearing in Eq. (240a) is just the Hurst exponent of the graph [215], and acts as
a Holder exponent for almost every realization of the random graph [1]. Smooth random curves
have Hurst exponent o = 1, and fractal dimension d; equal to their topological dimension of unity.
Rougher random curves have smaller Hurst exponents « and, according to Eq. (240b), larger values
of fractal dimension dj.

3.5.3.2. Local fractal dimension of passive scalar level sets. We now show how the local fractal
dimension of passive scalar level sets on the inertial range of scales may be exactly computed in the
RSTS-I model through the exact formula for the pair-distance function in the inertial range and
Orey’s theorem (240). We assume that the level set of T(x, y, t) of interest is initially a flat line lying
along y = 0. Because there is no molecular diffusion, the level set at any later time is simply given
by the image of the initial level set y = 0 under the (random) mapping of Lagrangian tracers
induced by the motion of the shear flow. (This follows mathematically from the method of
characteristics applied to the first order PDE which results from setting k = 0 in the advection-
diffusion PDE.) Therefore, the scalar level set of interest at time ¢ is described by the graph

(x, Y1),

where

is the y position at time ¢ of the tracer starting from (x, 0) at time zero.

Now, Y (t) is a statistically homogenous Gaussian random field in X, since it is just a time
integral over the statistically homogenous Gaussian random field v(x,?). In Section 3.5.2, we
computed that, within the inertial range of scales,

o0

Y s oll) — Y S(0)?> = a2y .(tlx) = 44 (1 — cos 2mkx)Agk 1 2Hd(t A k) dk . (241)

0

Since the passive scalar level set is the graph of a homogenous Gaussian random field, we can
compute its local fractal dimension from the small x asymptotics of this quantity, using Orey’s
theorem. The results are presented in Table 11. The phase diagram coincides with that for the
relative mean-square displacement o3y ((t|x,) (Fig. 17).

The small x asymptotics of the integral appearing in Eq. (241) are computed as follows. Within
Region R-2, one can simply replace (1 — cos 2nkx) by its small x limit 2n?k*x?, and appeal to the
dominated convergence theorem using the fact (235¢) that (1 + u)®(u) is a bounded function.
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Table 11
Local fractal dimension of scalar level sets within inertial range of scales in Random Spatio-Temporal Shear Model

Parameter regime Local fractal dimension d Phase region
>0 2 —

°= O<H<——° dL=2—H—% R-1
>0 2 —

o= cH<1 =1 R-2

Dominated convergence using this approach would fail in Region R-1, and one must instead
rescale integration variables g = k|x|, yielding

Y s ll) = Yol0))*) = 0y a(t]x)

= 4t2|x|2HJ (1 — cos(2rq)Agq ' ~*"d(tA; 'q*|x|"*)dq .
0

If z = 0, then this quantity is clearly proportional everywhere to |x|*¥, yielding a fractal dimension

dp=2—H=2—H —z/2. For z > 0, one must use the large-argument asymptotics (235b) of @.

To establish that the limiting value of the integral is obtained by replacing the @ factor in the

integrand by its asymptotic limit, we apply the dominated convergence theorem to the integral

multiplied by |x| ™%, using the bound (235c¢).

Note from Table 11 that an increase of the exponent z at fixed value of H results in a smoother
interface; we next explain the physical reason for this. We must first of all note that, for the purposes
of local smoothness, it is clearly the dynamics of the small scales (large wavenumbers) which play
the dominant role. The temporal decorrelation rate of the shear modes scales as A/(k) = 4.k~ 7 in
the RSTS-I Model, so that the temporal correlations of high wavenumbers are weaker as
z increases. That is, z —» oo implies very rapid decorrelation of high wavenumbers whereas z — 0
corresponds to a slow decorrelation. This is the opposite of the statement made in Section 3.3
concerning the relation of z to the low wavenumber dynamics. One physical implication of
Table 11, therefore, is that the passive scalar level sets become smoother as the temporal correla-
tions of the high wavenumber velocity fluctuations decay more rapidly.

To understand this, consider first the case of a steady shear flow. This can be incorporated in our
analysis by setting ¢(u) = 1, which renders the temporal decorrelation factor @ in Eq. (241) to be
simply equal to unity. It is then readily seen that

(Y art) = Y1) = G atlx) = 4t2|xl”’r(1 — cos (2nk)Agk ™' 2" dk
0

so that by Orey’s theorem, the scalar level sets would have a local fractal dimension d; =2 — H.
This also coincides with the fractal dimension resulting from slow decorrelation of the high
wavenumbers at a constant rate (z = 0). We see that the fractal structure of the velocity field is
directly impressed upon the scalar interface; the Hurst exponent of the interface is exactly the Hurst
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exponent H of the velocity field. Suppose now that z > 0 so that the rate of decorrelation increases
unboundedly at high wavenumbers. This means that after any finite time ¢, the velocity fluctuations
at sufficiently high wavenumber k > (A4./t)"/# will have passed through many correlation times. The
structure of the scalar interface viewed in the corresponding range of scales |x| < (A4./t)” '/ is
therefore the result of many roughly independent pushes in time. The temporal fluctuations in the
small-scale advection serve to at least partially wash out the influence of the fractal spatial structure
of the velocity field on the interface, leading to a smaller interface fractal dimension than in the
steady case. The rapid temporal fluctuations of the small-scale velocity components appear to
produce a self-averaging, smoothing effect. This is somewhat reminiscent of molecular diffusion,
which serves to smooth interfaces and has microscopically small spatio-temporal correlations. For
z>2 — 2H, the high wavenumber shear velocity modes fluctuate rapidly enough in time to
produce smooth passive scalar level sets.

3.5.3.3. Global fractal dimension of passive scalar level sets. Our above physical description of how
temporal correlations influence the roughening of the scalar interface by the turbulent shear flow
applies only in the time-dependent range of scales |x| < (4,/t)” '/~. Here the wrinkling of the scalar
interface has an anisotropically self-similar (or self-affine [216]) structure which coincides with the
long-time asymptotic reported in Table 10:

<(Yx+x’(t) - Yx’(t))2> = O'ij(le)

2K%|x|2H* 7 ifz>0,0<H<
M2 ooy 2oz 2 forkl<(ddn.
% z+H—-1)/z : >
Z+H_1KA|x|t if z>0, 7 <H<1

2—z

On the other hand, for |x| > (4,/t)"'/%, it can be shown directly by rescaling the integration variable
q = kx in Eq. (241) that

Y g lt) = Y1) = aly a(tlx) ~ KEECIXP for [x] > (A1) 17, (242a)
—I'(—H)
K* — op2H+1/2
h=2m TH+ D £ (242b)

which is identical to what a steady random shear velocity field would produce (¢(u) = 1). That is,
the scalar interface has a distinct anisotropically self-similar structure for |x| < (4./t)” /% and for
|x| > (4./t)” %, provided z > 0. The crossover length scale

L(t) = (A1)~ 1= (243)

describes the spatial scale below which the interface has settled statistically into its long-time
asymptotic structure and above which the interface has not yet substantially felt the effects of
temporal decorrelation of the shear flow.

The scalar level set can therefore be described as having two fractal dimensions: a local fractal
dimension d;, given in Table 11 for the structure on small scales |x| < L(t), and a global fractal
dimension

dg=2—H (244)
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(by formal analogy with Egs. (240a) and (240b)) on sufficiently large scales |x| > L.(t). The strict
computation of Hausdorff fractal dimension by Orey’s theorem (240) involving the x — 0 limit will
always focus on the small scales and produce the local fractal dimension. For the case where z = 0
(wavenumber-independent decorrelation time scale (k) = A,), there is no crossover between fractal
dimensions; the passive scalar level set is, for all times, exactly (anisotropically) self-similar with
a single fractal dimension dy, = dg =2 — H:

o0

Y o1 0(t) — Y A0)*) = oy ltlx) = 4t2|x|2HJ (1 — cos(2rk)Agk™'~*Hd(t/A,) dk .

0

3.5.3.4. Comparison of model fractal dimensions with experimental results. We pause now to relate
the fractal dimensions computed for the passive scalar level sets in our RSTS-I model to the local
box-counting fractal dimensions measured within the inertial range of scales in laboratory turbu-
lence. At the Kolmogorov point (H = 1/3, z = 2/3), the local fractal dimension is d; = 4/3 while the
global fractal dimension is dg = 5/3. These values agree extremely well with fractal dimensions
computed by Sreenivasan and coworkers using box-counting on two-dimensional section images
obtained in a variety of dyed turbulent flows using laser-induced fluorescence [272,305]. In
particular, they find a common fractal dimension of 1.36 + 0.05 for the interface between the dyed
turbulent and un-dyed quiescent region in jets, wakes, mixing layers, and boundary layers [271],
and a fractal dimension of 1.67 + 0.04 for level sets of the dye concentration within the interior of
the dyed turbulent region [75]. The interface fractal dimension from these experiments is very close
to the value 1.35 observed by Lovejoy to govern the boundary of cloud and rain areas over three
decades of scales [199].

We hasten to mention that the agreement between the experiments and the model predictions is
not direct. In particular, the experiments do not report a crossover of fractal dimensions within the
inertial-convective range for a single passive scalar level set; the different values reported corres-
pond to fractal dimensions in different parts of the flow. We only wish to point out that the
numerical fractal dimensions computed in the model do appear in the real world. The model may
be suggesting, though, that the reason for observing different fractal dimensions for different level
sets may have something to do with the temporal dynamics of the turbulent flow; we come back to
this point in Paragraph 3.5.5.2.

3.5.4. Fractal dimension of scalar interfaces after isotropic renormalization

We will now consider large-scale, long-time properties of the pair-distance function within the
inertial range of scales. We proceed via a renormalization process similar to that used for the mean
passive scalar density in Section 3.4.3, with the important distinction that the integral length scale
has already been removed to infinity, and need not be linked with the spatial rescaling. Recall that
the presence of an integral length scale is necessary for analysis of the mean passive scalar density to
prevent an infrared divergence of energy. The pair-distance function, however, filters the effects of
large-scale fluctuations so that the low-wavenumber cutoff can be removed from consideration
forthwith.

We therefore simply need to rescale the spatial arguments x, — xo/4, ¥ — y/4, and the time
variable t — t/p(/) in the pair-distance function in a suitably linked fashion so that a nontrivial
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limiting “fixed point”

0"(ylxo) = lim wa‘/M@ %) (245)

is achieved. Since the pair-distance function is a PDF for the spatial location of the tracer along the
shear direction y, we have also rescaled its amplitude by 4~ ! to preserve the law of total probability

f (ylxo)dy =1

throughout the renormalization.
We note that the inertial-range pair-distance function enjoys an exact scaling invariance

0(ylxo) = (B(A)~ leW(ﬁ x7> , (246a)
with

P = AZ;H (246b)

B = i H .

This may be directly checked from the explicit formula for the pair-distance function (see Eq. (229))
and

_ exp( — »*/(20%y.(t]X0)))
270y A(tlxo)

01" (vIxo)

o0

oiy.a(tlxo) = 4t2j (1 — cos (2mkxo)Agk ' ~*Hd(tA; 'k*) dk .
0
The scaling invariance (246) is anisotropic except when z + H = 1, whereas the renormalization
(245) involves an isotropic rescaling. In the case where H + z = 1, the rescaling (246b) may be used
for the renormalization, and the renormalized pair-distance function Q“(y|x,) will coincide with
O(ylxo). For the other cases, the renormalized pair-distance function will differ from the “bare”
pair-distance function Q{"(y|xo).
One key feature of the renormalized pair-distance function is that it will enjoy an isotropic
scaling invariance defined by the renormalization group leading to it

0N (ylxo) = ,11Q<t/p</1))<%

x—f)> forall A >0.
Y3

A crucial fact behind this statement is that the renormalization does not affect any other
fundamental length scales; the renormalized mean passive scalar density discussed in Paragraph
3.4.3.3 does not necessarily enjoy a similar scaling invariance because the integral length scale is
rescaled along with space [10,14,141].

The present renormalization of the pair-distance function is quite similar in spirit to the
renormalization group in critical phenomena [126,204]. In that context, the Hamiltonian for the
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Table 12
Properties of pair distance function and fractal dimension of level sets under isotropic renormalization within inertial
range of scales in Random Spatio-Temporal Shear Model

Parameter Temporal Renormalized Fractal Phase region
regime rescaling function p(4) mean-square dimension
relative displacement d
Gav(1]x0)
z>0 O<H<1—z J22H: 2K |xo| 2ot 2—-H—z2 R-
z>0 l1-z<H<0 '7H K |xo|*t? 2—H R-12
z>0 H=1-: - a3ya(t]xo) 2 — H —z/2 Boundary

microscopic physics is coarse-grained in a certain scale-invariant fashion to produce a Hamiltonian
purported to give a macroscopic picture of the physical system under consideration. In the
coarse-graining procedure, certain physical quantities need to be rescaled by some power law, and
one initially leaves the exponents unspecified. One discovers, however, that only for special values
of these critical exponents does the renormalization procedure tend toward a nontrivial macro-
scopic Hamiltonian. For these special values, the limiting Hamiltonian is itself scale-invariant and
fixed under successive application of the renormalization group. Such a Hamiltonian is thus
naturally called a fixed point (of the renormalization group flow). We can similarly view 0“(y|x,) as
a fixed point of the renormalization defined by Egs. (246a) and (246b).

3.5.4.1. Results of renormalization. In Table 12, we report the unique temporal rescaling power law
p(2) necessary for the isotropic renormalization to converge to a nontrivial fixed point, as well as
the properties of the resulting renormalized pair-distance function Q”(y|x). The Gaussian form of
the pair-distance function is preserved under the renormalization, so Q“(t|x) is completely charac-
terized in all cases by the renormalized mean-square relative displacement

Fyltlxo) = lim zzo-im(i

XO>
e o7 )
One may directly write the pair-distance function as

_exp(— V2 /(267x(t]x0)))

0“(ylxo)
’ 27 (1lx0)
or equivalently as the solution of a diffusion equation
30" (ylx0) _ = 020" (ylxo)
T = DA(XO’ t)T 5

0 (ylxo) = 8(y) -
with renormalized relative diffusion coefficient

~ laﬂiy(ﬂxo)

Do) =35 (247)
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A A

R-12

R-I1

0 H 1

Fig. 18. Phase diagram for renormalized pair distance function in Random Spatio-Temporal Shear Model with Inertial
Range, no cross shear transport.

The scaling laws for G3y(t|x,) have coefficients given by Egs. (238a) and (242b). In each case, the
renormalized pair-distance function self-consistently enjoys an isotropic scaling invariance corre-
sponding to the rescalings in the renormalization which produced it:

XO>
— | -
A

The renormalized behavior of the pair-distance function has some sharply different features on
either side of the phase boundary H + z = 1, drawn in Fig. 18. The formulas for the renormalized
relative mean-square displacement G5y(t|xo) and the fractal dimension d jump discontinuously
across the phase boundary. We now explain why this happens, then derive the results stated in
Table 12.

It is readily checked that Region R-I1 has the same properties as the long-time asymptotics of
Region R-1 in the phase diagram before renormalization presented in Fig. 17. The reason is that for
this range of parameters, the appropriate temporal rescaling function p(4) is such that
AL(t/p(A)) > o as 4 — 0, where L(t) is the crossover length defined in Eq. (243). Consequently,
the isotropic renormalization zooms in on the passive scalar level set structure below the crossover
length, where it has settled down to its long-time asymptotic statistics and is governed by the local
fractal dimension d; reported in Table 11. Note that Region R-I1 of Fig. 18 lies entirely within
Region R-1 of Fig. 17.

Region R-12, on the other hand, corresponds to temporal rescalings in which AL(t/p(4)) — 0, so
that the isotropic renormalization zooms in on the structure of the passive scalar set on scales
above the crossover. Here, the effects of temporal fluctuations of the velocity field are not felt; the
passive scalar level set is evolving as in a steady shear flow. The fractal dimension characterizing the
renormalized fixed point is given in Region R-12 by the global value dg = 2 — H; see the discussion
around Eq. (244).

0N (ylxo) = ,11Q<t/p</1))<%
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The discontinuity of the behavior of the renormalized fixed point across the phase boundary
H + z =1 is thereby shown to result from a jump between zooming in on the level set structure
above and below the crossover length L(t).

On the phase boundary H + z = 1 itself, the unrenormalized pair-distance function within the
inertial range Q{"(y|x,) obeys the exact isotropic scaling symmetry

Xo
!
for p(1) = 2*>72¥7% and therefore persists unchanged under the isotropic renormalization:
09(y|x0) = O(y]x,). The renormalized mean-square relative tracer displacement G3y(t|x,) and the
renormalized relative diffusion coefficient D 4(f|x,) remain equal to their bare values o7y 1(]x0) (237)
and 3(0c3y (t|x0))/(0t), which do not have a simple scaling form in x, and t.

Interestingly, the phase boundary H + z =1 for the renormalized pair-distance function is
exactly the locus of parameters for RSTS-I models with temporal correlations dictated by the
natural eddy turnover time scale (see 211a). In particular, the Kolmogorov point (H = 1/3, z = 2/3)
falls on the phase boundary. One interesting implication of this in the model is that the fractal
dimension of the level set on large scales within the inertial range is very sensitive to perturbations
of the exponents H and z from the exact Kolmogorov exponents, since the fractal dimension
d jumps discontinuously across the phase boundary. In particular, while the Kolmogorov point
itself is associated with a level set fractal dimension of d = 4/3, a small perturbation of H or z can
give rise to a fractal dimension of d = 5/3.

01 (ylxo) = 4~ 1fo/ﬂ“>><§

3.5.4.2. Renormalization computation. We first of all seek the scaling law p(4) for which

X0
A
is nontrivial, i.e., neither zero nor infinity. We will operate under the assumption that p(4) must be

a power law,

p(7) = It

with { > 0; we leave it to the reader to verify that there is in fact no other suitable scaling for the
renormalization. In the course of our computation, it will be seen that the scaling exponent ( is
uniquely determined by H and z. From the explicit formula (229) for the pair-distance function, we
see that our task is equivalent to finding the scaling law p(1) so that

=2 — 13 22 4

aay(t]xo) = lim 4 UAY,1<—

2)
-0 p(A)| A

is nontrivial. The renormalized pair distance function will then be simply

_ exp (— y*/(263y(t|x0)))

N (),
0ylxo) NEZ T

Q_(t) (y|x0) = lim /l_lQ}f/p(l))<X
) i
A—=0

(248)
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Now, by a rescaling of the integration variable in Eq. (237), we have the following expression for
the renormalized mean-square relative tracer displacement:

(ﬁy(tlxo) = lim 4AEp2()L)/122Ht2|xo|2HJ¢<izpl(ﬂu) ! Z> s (249a)
=0 Aqlxol
Jo(u) = j (I —cos (27‘[6]))6]71 72H(I>(uqz) dg . (249b)
0

We now try various choices of rescaling p(1) = /%, and see for which values of H and z a nontrivial
limit is self-consistently produced. We will find that only one choice of { will work for each (H, z). It
is helpful to separately consider three possible cases: { =z, { >z, and 0 < { < z.

{ =z: When { = z, the argument of J, in Eq. (249a) remains fixed as A — 0, and therefore
a nontrivial renormalized limit requires that the prefactors balance, ie., p(A) = A' 5. Since
p(A) = /¢ = J7 is assumed, self-consistency requires that z = 1 — H, which is exactly the phase
boundary in Fig. 18. Here, the renormalization leaves o3y (f|x,) fixed, which is not surprising
because the scaling invariance (246) which this quantity enjoys is isotropic for z =1 — H.

{ > z: For temporal rescalings with { > z, the argument of J, in (249a) diverges as 1 — 0. We
therefore require the large u asymptotics of J(u):

lim J5(u) ~ d)(O)u_lJ (1 — cos(2ng))g~ ' ~*H~2dgq
u— 0 0
2H+z+1/2 I'(— H —z/2)

T(H +(z + 1)2) POu" (250)

=%TC

which follows formally from the large argument asymptotics (235b) of &, provided that
H <1 —z/2 so that the integral appearing in the middle expression is finite. The dominated
convergence theorem in conjunction with Eq. (235¢) guarantees (250) rigorously in this case.
Therefore, for { > z,

_ ) oo —I'(— H —(z/2)
2 (¢ — lim 24,02~ 2H= 2Ly [2H 42 () 4 p2H T2+ 1/2
a4y(t|xo) ll_f’l(l) EA |0l $(0)A.m T[H+ (2 + 1)2) )

and the existence of a nontrivial limit requires that we choose { =2 — 2H — z. Self-consistency
with the assumption { > z means that this scaling can only work when H < 1 — z, which is just
Region R-I1 in Fig. 18. The other required condition in the computation, H < 1 — 3, is automati-
cally satisfied within Region R-I1, and therefore the renormalization developed here is indeed valid
for that regime of parameters.

{ < z: When { < z, the argument of J, in Eq. (249a) converges to zero, and we need instead the
small argument asymptotics:

. © L —I'(— H)
1 J — 1 _ 2 1 2Hd — 1_2H+(1/2) ,
lfé o(u) L (1 — cos(2rq))q q=3m THLY
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which follows from Eq. (235a) and the boundedness of @. The renormalized limit of the mean-
square relative tracer displacement then takes the form

=2 1 12—2H—2(42 2H_2H+(1/2) _F(_H)

ay(t1Xo) }11_{13 2Agh t7[xo| "1 TH+Y
A nontrivial limit requires that we choose { = 1 — H, and self-consistency with { < z means that
this renormalization is valid precisely for Region R-12.

Self-similarity and fractal dimension of renormalized passive scalar field. Having computed the
appropriate rescaling p(4) and renormalized mean-square shear-parallel displacement 3y(t|x,) for
each value of H and z, we obtain the renormalized pair distance function from Eq. (248). Its scaling
invariance under the isotropic rescaling defining the renormalization group can be directly
checked. The renormalization preserves the Gaussianity of the graph describing the level set of the
passive scalar field initially lying along y = 0, so the fractal dimension of this level set for the
renormalized passive scalar field may be obtained from Orey’s theorem. The exponent o to be used
in Eq. (240) is readily read off from the formulas for ¢3y(t|x,), which have pure power law scaling in
Xxo. This concludes the derivation of the results stated in Table 12.

3.5.5. Open problem: fractal dimension of scalar interfaces with small but nonvanishing
molecular diffusivity

The simple methodology used to compute the rich inertial-range behavior of the pair-distance
function and the passive scalar level set fractal dimensions in Section 3.5 has relied fundamentally
on the neglect of molecular diffusion. Its inclusion significantly complicates matters. Instead of
Eq. (225), we would have (for no cross sweep w = 0)

Yo awt) = Y () = ﬂ(v(xo + X 4 /26 Wils), 8) — v(x + </2Wils), 5)) ds + /26 W (1) ,

where (W.(t),W,(t)) is a Brownian motion. The appearance of Wy(s) in the argument of v(x,s)
destroys the Gaussianity, and thereby the resulting development of the pair-distance function
hinging on this property. Nonetheless, there are more sophisticated tools available for handling the
effects of molecular diffusion on a spatio-temporal random shear flow in a mathematically rigorous
fashion [10,14]. Furthermore, any moments of the pair distance function with diffusion can be
treated explicitly by following the procedure utilized in Section 3.2.

We pose as an open problem the mathematical examination of the properties of the pair-distance
function and the structure of passive scalar level sets within the inertial-convective range of scales
in the RSTS-I Model when molecular diffusion is present but weak compared to the large
scale turbulent advection (high but finite Péclet number). By inertial-convective range of scales,
we mean the portion of the inertial range over which the effects of molecular diffusion
are formally subdominant to turbulent diffusion, in the sense that x < 7y (x){(dv(x))*>, where
{(0v(x))*> ~ Ag|x|*" denotes the mean-square velocity fluctuation measured over a distance
x across the shear and 7, (x) ~ min(x?/k, 4.x7) is an approximate Lagrangian correlation time
associated to this scale. The inertial-convective range can be equivalently defined as the asymptotic
regime

Ly, Ly € x <L
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where Lg is a length scale above which molecular diffusion is formally subdominant to turbulent
advection (see Paragraph 4.3.3.1).

Since we are concerned with scales x > L4, the effects of molecular diffusion might naively be
assumed to be negligible. The limit of vanishing molecular diffusion, however, has a number of
singular features which require it to be studied carefully [74]. For example, without molecular
diffusion, a sharp interface between distinct fluids will forever remain sharp, while any molecular
diffusion, however small, will smooth the variation of the passive scalar field across the interface.
The thickness of the resulting front can be expected to be on the order of L4, which is very small
compared to the scales of interest, but the geometric structure along the front at all length scales
could be significantly affected by the fact that the passive scalar field has been smoothed across the
front. The fractal dimension of passive scalar level sets within the inertial-convective range of scales
may therefore well assume different values in the presence of molecular diffusion than those
computed in Section 3.5.3 for k = 0.

Experimental measurements [271,272] of the fractal dimensions of interfaces generally involve
flows such as wakes and jets and layers, wherein the large-scale shear in these flows is directed
along the coarse-grained interface. The passive scalar level set emanating from y = 0 which we
considered in Section 3.5.3 on the other hand gets hit head-on by the shear flow. To bring the
model closer to the experimental setup, it would be preferable to consider the fractal dimension of
a passive scalar level set evolving from x = 0. For k = 0, such a level set remains forever straight,
but for k > 0, the interaction of molecular diffusion and the shear will wrinkle it. An interesting
question is how the fractal dimensions of the level sets evolving from x = 0 and y = 0 compare to
each other when x > 0.

The inclusion of the effects of molecular diffusion into the RSTS-I Model would put it in
a position to interact with various physical and mathematical theories which have been put forth
concerning the fractal dimension of passive scalar level sets over the inertial-convective range of
scales. We briefly mention some of these now, along with some questions concerning them raised
by the RSTS-I Model as developed here.

3.5.5.1. Theories and bounds for fractal dimensions of passive scalar level sets. Several theories have
been put forward to explain either the observed fractal dimension of 1.36 + 0.05 ~ 4/3 for scalar
level sets at turbulent interfaces [271] or the dimension 1.67 + 0.04 ~ 5/3 for scalar level sets
immersed well within a turbulent fluid [75]. That the fractal dimension of the interface between
dyed and non-dyed region of a turbulent flow should be 4/3 (modulo intermittency corrections) has
been argued in several ways. One, offered independently by Sreenivasan et al. [235,310] and by
Gouldin [128]), proceeds from the experimental observation that the flux of dye across the
interface depends only on the large-scale parameters and not on molecular diffusivity, which
demands that the interface must increasingly contort itself to provide the surface area to maintain
this constant flux as the Péclet number is increased. Another approach, due to Hentschel and
Procaccia [132], analyzes Richardson’s pair-distance function in the limit of zero molecular
diffusion by positing a diffusion PDE for this quantity with relative diffusivity depending as
a power law on current tracer separation and elapsed time. If the exponents for the relative
diffusivity are chosen in accordance with Kolmogorov—-Obukhov completely self-similar theory,
then the fractal dimension of any level set as computed from the pair-distance function and the
assumption that Egs. (240a) and (240b) holds also for non-Gaussian graphs produces d = 4/3.
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More recently, Constantin et al. [75] have predicted an interface fractal dimension of
d=1+ H (interface), (251)

based on a certain rigorous mathematical bound they derived and some further assumptions
concerning the sharpness of this upper bound and the nature of turbulent velocity fluctuations near
the interface. The parameter H is, as usual, the Hurst exponent characterizing the inertial-range
spatial structure of the velocity field. For Kolmogorov turbulence, H = 1/3, and the theory (251)
predicts an interface fractal dimension of 4/3. The interface fractal dimension formula (251) also
follows from a direct generalization of the phenomenological arguments of [235,310]. There is
some interesting experimental data in [ 75] showing fairly good agreement with the prediction (251)
for various moderate Reynolds number experiments in which the inertial-range is not fully
developed but characterized in some effective sense by a Reynolds-number-dependent Hurst
exponent 0 < H(Re) < 1/3.

Mandelbrot [214,215] suggested a simple possible reason for why a passive scalar level set in
a fully turbulent region should have fractal dimension 5/3: almost every level set of a two-
dimensional self-similar (or more properly, self-affine) Gaussian fractal random field with Hurst
exponent o has fractal dimension 2 — a. Passive scalar fluctuations in the inertial-convective range
of scales within a statistically homogenous region of turbulence are thought to have Hurst
exponent H; = 1/3, both from similarity theory [76,254] and from experimental measurements
[308]; see Paragraph 4.3.4.1 for further discussion. If the passive scalar field were Gaussian, it
would then follow that their level sets would have fractal dimension 5/3. The passive scalar
fluctuations in the inertial-convective range of scales are however, known to be highly non-
Gaussian [309]. Constantin et al. [75], on the other hand, deduce from a rigorous estimate an
upper bound

d <43 + H) (within homogenous turbulence) (252)

for the fractal dimension of a passive scalar level set immersed in a homogenous turbulent flow with
velocity Hurst exponent H. If this upper bound is assumed to be sharp, then a fractal dimension of
5/3 is predicted for the Kolmogorov value H = 1/3. We note that, strictly speaking, the fractal
dimension upper bound (252) applies to a short time average of the level set, rather than an
instantaneous level set. A rigorous sufficient condition for Eq. (252) to be sharp was obtained in
[74]; unfortunately it is difficult to decide in practice whether this technical condition holds. We
emphasize that the rigorous mathematical theory of [74,75] includes the effects of small but
nonvanishing molecular diffusivity.

3.5.5.2. Questions raised by the RSTS-1 Model concerning theories for fractal dimension of scalar level
sets. It would be interesting to compare some of these theories with exact results from the RSTS-I
Model, once the effects of molecular diffusion were properly taken into account. As it stands, the
exact fractal dimensions deduced from the simplified model with ¥ = 0 conflict rather sharply with
the conclusions of some of these theories. For example, the model predicts that both local and
global fractal dimensions should decrease with the Hurst exponent of the velocity field, H, whereas
the above theories predict an increase for passive scalar level sets both at turbulent interfaces (251)
and within a region of homogenous turbulence (252). Moreover, one readily checks from Table 11
and Eq. (244) that the mathematical upper bound (252) for passive scalar level sets is violated by
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both local and global fractal dimension in the RSTS-I Model for sufficiently small values of H. We
emphasize that, in and of itself, this is no contradiction because the above mathematical and
physical theories all assume the presence of a small amount of molecular diffusion (except for
[132]). It does, however, motivate the computation of effects of molecular diffusion in the RSTS-I
Model to address questions such as: Do the inertial-convective range fractal dimensions change to
fall in line with the theoretical predictions and inequalities? If not, can the physical mechanism
creating the disagreement be identified? Might there be subtle issues concerning the time averaging
of level sets used in the derivation of the upper bound (252) in [75]? Is the technical condition from
[74] which establishes the sharpness of Eq. (252) satisfied in the RSTS-I Model?

One possible objection to the relevance of the RSTS-I Model to these theories is the strong
anisotropy of the model. Indeed, this prevents quantitative comparison with [132], which relies on
the isotropy of the turbulence in its analysis. But the other theories are formulated in a quite
general way which should apply to anisotropic situations. We have also noted above that
experimental measurements [271,272] are performed in settings with strong large-scale anisotropic
shear.

We recall finally our discussion in Section 3.5.3 in which we demonstrated the strong relevance
of the temporal correlation structure of the RSTS-I flow in determining the fractal dimension of
scalar level sets. First of all, the local fractal dimension depends on the value of z, with more rapid
decay of the correlation time at high wavenumber (z large) leading to smoother scalar level sets.
Secondly, the scalar level sets exhibit two regimes of different self-similarity which are determined
by the relative scales which have strongly or barely felt the effects of temporal fluctuations. Of the
above-mentioned theories, however, only [ 132] makes explicit reference to the temporal correla-
tion structure of the velocity field. The mathematical inequalities of [ 74,75] may depend implicitly
on the velocity temporal structure through their assumptions about the degree of (Holder)
smoothness of the passive scalar field and on their temporal averaging of scalar level sets. It would
be interesting to know whether the qualitative effects of temporal structure on the passive scalar
sets in the RSTS-1 Model persist when k > 0. If so, the following questions could be pursued: Do
the mathematical and physical theories apply for the RSTS-I Model as both Hurst exponent H and
temporal scaling exponent z are varied? If not, can they be modified to explicitly account for the
nature of the temporal correlations in the velocity field? Could the difference between the fractal
dimension of passive scalar interfaces and level sets in fully turbulent regions be due to a difference
in the local temporal structure of the turbulence?

4. Passive scalar statistics for turbulent diffusion in rapidly decorrelating velocity field models

In Section 3, we studied tracer transport in a velocity field model with a simplified shear flow
geometry. For such a flow, the nonlinearity of the trajectory equations simplifies to the point that
they may be integrated by quadrature, leading to an explicit statistical expression for the location
of a tracer particle at any moment of time. We could then proceed directly to analyze a rich variety
of behavior for the statistical motion of a tracer particle in response to various properties of the
environment.

In this section, we will consider a complementary simplification which again permits a tractable
analysis of the tracer trajectories. Rather than restricting the geometrical structure of the flow, we
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will prescribe a convenient statistical structure. Namely, the velocity field will be taken to be
a mean zero, homogenous, stationary Gaussian random field with no memory

v, HRv(x + 1t + 1)) = R(r)d(1)

where the tensor Z(r) describes the spatial correlation structure, and the Dirac delta function
describes the temporal correlation structure. For clarity, in this paper we shall call this the Rapid
Decorrelation in Time (RDT) model. It is also known in the literature as the “delta-correlated”
model, the “white-noise” model, or the “Kraichnan model” after one of its original proposers [179].
(Kazantsev [152] independently suggested such a model for a magnetohydrodynamic turbulent
flow.)

The key simplification afforded by the Rapid Decorrelation in Time model is that each of the
tracer particles in such a flow undergoes an effective Brownian motion. Unlike an ordinary Fickian
diffusion process, the Brownian motions of a collection of particles moving simultaneously in the
flow are coupled to one another. Through the standard relation between the mean of a passive
scalar field and the equations of motion for a single tracer particle (see, for example, [185,196], or
[244]), it follows that the mean {T(x, t)> obeys a closed diffusion PDE. That is, the moment closure
problem [227] is averted in the RDT model. One can go further and write down a closed equation
of diffusion type for the equal-time, second-order passive scalar correlation function

(Tx, )T, 1)) ,

a fundamental statistic reflecting the small-scale spatial structure of the passive scalar field. In fact,
as first shown by the first author [206], the equal-time correlation functions of all orders

(1 7wn0)

obey diffusion equations with variable coefficients. Hence, the statistical spatial structure of the
passive scalar field in the RDT model is represented precisely through the solutions to deterministic
PDEs. There is no need to handle random variables explicitly.

Overview of Section 4

RDT model setup: The diffusion equations for the mean passive scalar density and second-order
correlation function are presented in Section 4.1. The mean passive scalar density in the RDT
model obeys a standard constant-coefficient diffusion equation (255); the effect of the velocity field
is simply to boost the diffusivity constant. Therefore, we shall focus for the most part on the
second-order passive scalar correlation function. In the RDT model, it obeys a variable coefficient
diffusion PDE (256) which admits some explicit special solutions showing how the small-scale
fluctuations of the passive scalar field respond to the turbulent velocity field. To illuminate the
behavior of the passive scalar field fluctuations, we only consider statistically homogenous systems.
We furthermore restrict attention to fluctuations with length scales much smaller than the integral
length of the velocity field. The main physical aspects are most clearly seen in asymptotic regimes in
which the passive scalar statistics exhibit universal features independent of particular model details,
and we shall concentrate our attention on these regimes.

Evolution through the inertial range: In Section 4.2, we examine the evolution of the passive scalar
correlation function over time intervals during which the correlation length of the passive
scalar fluctuations lies within the inertial range of scales. In this asymptotic regime, the passive scalar



A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574 415

correlation function obeys some universal laws which depend only on the inertial-range scaling law
for the turbulent energy spectrum. We first consider, in Section 4.2.1, the rate of decay of the
passive scalar variance {(T(x,t))*> with time in a turbulent shear flow of the type discussed in
Section 3, but with a delta-correlated temporal structure. The passive scalar variance is an
analogue of the energy of the velocity field, and is just the value of the second-order correlation
function at coinciding points. For a turbulent flow with short-range spatial correlations, the
passive scalar variance decays according to a power law with an exponent equal to that describing
dissipation by molecular diffusion alone; only the decay rate is enhanced due to the turbulent
activity. On the other hand, in a turbulent flow with long-range spatial correlations, the passive
scalar variance decays anomalously at long times according to a more rapidly vanishing power law.
We obtain an exact expression for the evolution of the passive scalar variance by relating the
variable-coefficient diffusion equation satisfied by the passive scalar correlation function to an
associated quantum-mechanical Schrodinger equation. The potential function appearing in this
Schrodinger equation reflects the spatial correlations of the turbulent shear flow.

Next, in Section 4.2.2, we consider a statistically isotropic turbulent flow with long range
correlations, and develop a self-similar solution which describes the evolution of the passive scalar
correlation function through the inertial range of scales. From the form of this solution, we will
deduce the anomalous relative diffusion of a pair of tracers while they are separated by a distance
lying within the inertial range of scales. The mean-square distance between the particles grows
according to a superlinear power law, rigorously manifesting a version of Richardson’s law [284]
for the RDT model which reflects the acceleration of diffusion as the particles separate. We
illustrate this dispersion of a pair of tracer particles over several decades through a Monte Carlo
numerical simulation. The explicit self-similar solution indicates another interesting contrast
between the decay of passive scalar fluctuations under the influence of a turbulent flow and under
ordinary molecular diffusion. Whereas rough fluctuations are smoothed out by molecular diffu-
sion, the self-similar spatial correlations in a turbulent flow actually introduce a rough fractal
structure which spreads out in space even as the passive scalar field is decaying in amplitude.

Statistically stationary state of driven passive scalar: In Section 4.3, we turn to the statistics of
a passive scalar field which is advected by an RDT turbulent flow, dissipated by molecular
diffusion, and directly driven by a “pumping” field f(x, ) representing external agitation:

0T (x,1)
ot

+ v(x, 1) VT(x,t) = kAT(x,1t) + f(x,1) ,

Tx,t =0) = Toylx) .

In the RDT model, the pumping is represented as a mean zero, Gaussian, homogenous random
field with a delta-correlated temporal structure, and a spatial structure characterized by a single
large length scale L :

S, t)f(x + 1t + 1)) = D(r)o(7) . (253)

With pumping, the advection-diffusion equation has both driving and damping. The passive scalar
field may then be expected to settle down after a suitable period of time to a statistically stationary
state in which production of new fluctuations by the pumping is balanced by destruction via
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molecular dissipation. Sometimes we will refer to such a statistically stationary state as a “quasi-
equilibrium”, with the “quasi” prefix distinguishing the strongly damped and driven equilibrium
described here from ordinary thermal equilibrium.

For pumping of the form (253), the mean and correlation functions of the passive scalar function
still obey closed equations of diffusion type (with an inhomogeneity arising from the pumping)
(Section 4.3.1). The statistically stationary state is characterized by the steady solutions to these
equations. The mean of this state is zero by symmetry, but the correlation function of the passive
scalar field in quasi-equilibrium:

Pi(r) =T, )T(x + r, 1)),

will reflect the spatial structure of the passive scalar field set up by the input of fluctuations at large
scales and dissipation at small scales. The asterisks decorating the above expression indicate that
the statistics of the passive scalar field are to be taken as those of the quasi-equilibrium state, which
inherits statistical homogeneity from its environment. For the case in which the velocity and
pumping field is statistically isotropic, Kraichnan [179] showed how the correlation function of the
passive scalar field could be represented via quadrature in terms of the functions Z(x) and &(x)
characterizing the spatial correlations of the velocity and pumping fields (Section 4.3.2).

We shall be particularly interested in the small-scale spatial structure of the quasi-equilibrium
passive scalar field, which one might expect to display universal features independent of the
particulars of the large scale pumping or the large-scale structure of the velocity field. The
second-order statistics of the small scales do indeed exhibit universal behavior in the RDT model,
but we hasten to mention that there does appear to be some sensitivity to the large scale velocity
field in real turbulent flows [306,309]. Some striking features of the small-scale statistics are
brought out in the passive scalar spectrum E(k), which resolves the strength of the passive scalar
fluctuations as a function of their wavenumber k and parallels the energy spectrum for the velocity field.

Perhaps the most interesting feature of E;(k) is that it can support a variety of universal
self-similar scaling regimes at high wavenumbers. These are analogous to the Kolmogorov
k=3 inertial-range scaling of the energy spectrum of a turbulent velocity field at high Reynolds
number (see Paragraph 3.4.3.1). Theoretical predictions for three different scaling regimes in the
passive scalar spectrum E(k) have been proposed from a number of directions [28,29,76,120,254].
Like the Kolmogorov prediction, each of these theories predicts a universal scaling law for E(k)
within some range of wavenumbers, provided the physical conditions are such that the delimiting
wavenumbers are sufficiently widely separated. Though each theory has some experimental data
which purportedly support it, none are unequivocally confirmed and some are under active
controversy. Moreover, in one range of scales (the inertial-diffusive regime), two competing theories
predict different scaling laws, and experiments have not decided the issue definitively.

We will utilize the RDT model to investigate the nature of scaling regimes of the passive scalar
spectrum, with a view to making contact with the real-world issues when we can. First, in
Section 4.3.3, we report the rigorous existence of three universal scaling regimes in the passive
scalar spectrum in the RDT model, corresponding to those predicted for the real world. Two of
these scaling laws were computed by Kraichnan [179,183]. Then, in Section 4.3.4, we examine
whether straightforward adaptations of the approximate real-world theories to the RDT model
make the correct predictions. The theories based on Kolmogorov-type dimensional analysis
produce the correct scaling predictions for two of the regimes. In the inertial-diffusive regime,
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where naive dimensional analysis is insufficient to produce a unique prediction, we find that the
theory of Batchelor, Howells, and Townsend [29] carries over successfully to the RDT model, but
the theory of Gibson [121] does not.

Higher-order statistics: Finally, in Section 4.4, we survey some recent work concerning the higher
order quasi-equilibrium statistics of the passive scalar field in the RDT model. We focus particular
attention on the passive scalar structure functions

Sxr) =T + 1) — TE)Y

and the issue of whether they display anomalous scaling properties in the inertial-convective range.
By anomalous scaling is meant that the structure functions have a power law form

SE(r) oc r*

over a common interval of scales » much larger than the dissipation scales and much smaller than
the macroscopic system scale, but that the exponents have a nontrivial relation, i.e.

Ly #NEs .

This phenomenon is often called an instance of “small-scale intermittency” or “inertial range
intermittency”, as it reflects a tendency for the passive scalar fluctuations on these scales to burst to
large values from time to time with a much greater frequency than would arise from a Gaussian
random field.

We shall state some theories for the values of the exponents (,5 in the RDT model
[64,116,183,343], often with confliciting predictions. The predictions are compared to the results of
some recent numerical simulations in some simplified settings where accurate resolution is possible
and unambiguous anomalous scaling can be demonstrated [33,334].

In Section 5, we will utilize a variant of the RDT model to study large-scale intermittency of the
passive scalar field.

4.1. Definition of the rapid decorrelation in time (RDT) model and governing equations

First we restate in Section 4.1.1 the definition of the RDT model and indicate a sound
mathematical interpretation of the Gaussian, delta-correlated velocity field. Then, in Section 4.1.2
we develop the diffusion PDEs for the mean and second-order correlation function of the passive
scalar field, and remark on their structure. The equation for the second-order correlation function
will be studied through applications in Sections 4.2 and 4.3. We discuss in Section 4.1.3 the sense in
which the RDT model describes the limiting behavior of the passive scalar field in a velocity field
with short but finite correlation time relative to the time scales characterizing advection. While the
RDT model equations do in fact describe a particular short correlation time limit of a broad class
of velocity fields, we illustrate through a cautionary example that other limiting nontrivial passive
scalar dynamics can be realized. Finally, in Section 4.1.4, we define the particular form of the
velocity spatial correlation function we will use in applications.

4.1.1. Definition of model
The velocity field v(x,t) is formally defined in the Rapid Decorrelation in Time (RDT) model
as an incompressible, Gaussian, homogenous, stationary, random field with mean zero and
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second-order correlation function
v, H@v(x + 1t + 1)) = R(r)(7) . (254)

The tensor-valued function #£(r) describes the spatial structure of the velocity field; incompressibil-
ity implies V*Z%(r) = 0 (see [341], Section 22.4). One readily observes that the velocity field so
defined is not an ordinary random field, since the variance of such a field is infinite. This divergence of
the mean-square velocity is necessary for a nontrivial advection in a model with zero correlation time.

Random fields with delta correlations arise naturally in a variety of simplified physical models,
and they can be given a clear mathematical meaning as generalized, or distribution-valued, random
fields (see [118] or [341], Ch. 24,25). The complication in the current context is the appearance of
such a random field as a coefficient in the advection-diffusion PDE

0T (x,t)/0t + v(x, 1) VT(x,t) = kAT (x,1),
Tx,t =0) = Tyx) .

We can avoid the difficulty of making sense of the solution of a PDE with random, distribution-
valued coefficients by reformulating the mathematical problem in terms of the flow of the fluid.
That is, we can specify the mapping of the location of fluid elements from one time to another, and
not make explicit reference to the velocity field. The RDT velocity field induces a random Brownian
flow of the fluid, in which every fluid element undergoes a Brownian motion, but the motions of
different fluid elements are correlated with one another according to the spatial structure tensor
Ryr) [189]. A Brownian flow makes rigorous mathematical sense of a fluid flow with a Gaussian,
delta-correlated velocity field just as mathematical Brownian motion makes sense out of the
evolution of a particle with a Gaussian, delta-correlated velocity. Through the mathematical
framework of a Brownian flow, one can make rigorous sense of the advection of a passive scalar
field in the RDT velocity field and derive all the results in this section without having to deal
directly with the distribution-valued velocity field itself. We only wish to indicate that a rigorous
formalism is possible, though we will not dwell on it here. The reader may consult [185] or [349]
for the technical implementation of these ideas.

4.1.2. Closed equations for mean and correlation function of passive scalar field

Though the RDT velocity field model is limited in simulating physical reality through its lack of
inertia or memory effects, it has the virtue of having closed equations for the mean and correlation
functions of the passive scalar field. The usual turbulence moment closure problem [227] does not
arise in the RDT model. Thus, one has the opportunity for much more precise mathematical
analysis of the passive scalar field statistics than is generally possible. In particular, one can study
the advection of a passive scalar field in a velocity field with long-range spatial correlations and an
inertial range of self-similar behavior.

We can think of the Simple Shear Model and RDT Models as complementary simplified models
which permit a mathematical study of various aspects of turbulent diffusion in velocity fields. The
Simple Shear Model restricts the geometry of the flow, but permits an arbitrary specification of the
spatio-temporal statistics. The RDT Model assumes a special (and unphysical) temporal structure,
but permits a multi-dimensional flow geometry with an arbitrary specification of the spatial
statistics.
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We will present the PDEs for the mean and second-order correlation function of the passive
scalar field in turn. The fact that closed equations could be written down for these statistical
functions was first pointed out by Kraichnan [179] and Kazantsev [152] through formal argu-
ments. Since then, these equations have been derived in several contexts by various techniques,
some mathematical and rigorous [185,206,208,246,244,349] and some formal [95,117,164].

4.1.2.1. Mean passive scalar density. In the RDT model, the mean passive scalar field {T(x,?))
obeys an ordinary diffusion equation with enhanced coefficient:

KT, 0)y/0t = V- (kI + 120)V{T(x,1)) ,
(Tolx,t = 0)) = (Tox)) . (255)

Here .# denotes the identity matrix, and %(r) is the spatial structure tensor of the velocity field; see
Eq. (254). #240) is a nonnegative-definite tensor since <v(x’, )@v(x',1)> = Z0)5(t).

For a statistically isotropic velocity field, Z(0) will simply be a multiple of the identity, say
R(0) = Ro#, with Ry > 0, and one can simply say the scalar diffusion constant for the mean
passive scalar density is enhanced from k to k 4+ 3R,. The turbulent enhancement R, is simply
a measure of the strength of the velocity field, which may be formally thought of as the product of
the (very small) velocity correlation time and the (very large) single-point velocity variance.
(Smooth the delta function in the expression (254) over a very small time interval 7. to see this). This
is in agreement with what Taylor’s formula for the turbulent diffusivity would produce in the zero
correlation time limit (Section 3.1.3).

The reason that the mean passive scalar density obey a simple diffusion equation is that the
trajectory of a single tracer particle in the RDT model is given as a sum of two independent
Brownian motions: one with diffusivity x from molecular diffusion, and one with diffusivity
1R, from advection by the RDT velocity field. The superposition of these independent motions
produces an effective Brownian motion with diffusivity k + $R,. The equation for the mean passive
scalar density then follows from its relation to the statistics of a single tracer trajectory (see
Section 3.4).

None of these comments should lead the reader to conclude that the white noise velocity field
leads to trivial behavior for the passive scalar. It is only the mean passive scalar density (or
equivalently, the statistics of the motion of a single tracer) which has this simple effective behavior.
When we turn to statistics of the fluctuations, the situation is much more interesting.

4.1.2.2. Second-order passive scalar correlation function. Until now, we have focused for the most
part on the behavior of the mean concentration of the passive scalar, or equivalently, the motion of
a single tracer particle. (An exception was in our discussion of the pair-distance function and fractal
interfaces in Section 3.5.) We wish in this section to focus on the nature of the fluctuations of the
passive scalar field. This is particularly relevant when considering the transport of dangerous
quantities (pollutants or hazardous chemicals). In these cases one is more interested in the
probability of the passive scalar density exceeding some certain safety threshold, rather than simply
the (presumably) very low mean value. (See for example the environmental science books [78,265].)
Knowledge of the statistics of the fluctuations are important in general geophysical and engineer-
ing applications, as they give information about how rapidly a passive scalar becomes “well-mixed”
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in a turbulent fluid and about the rate of growth of a cloud of passive scalar released into
a turbulent environment, as we saw in Section 3.5.

From a fundamental physical viewpoint, the statistics of the fluctuations of the passive scalar
field reveal much more about the small-scale structure of the velocity field than the mean does. This
is particularly interesting in fully developed turbulence, which we shall be considering, in which the
turbulent velocity field has its energy distributed over a wide range of scales. The mean passive
scalar density is most sensitive to the large-scale fluctuations of the velocity field, in which most of
the energy resides (see Section 3.5). The effects of the small-scale velocity fluctuations are manifes-
ted primarily in the small-scale passive scalar fluctuations. This is particularly interesting in
physical turbulence theory, where the statistics of the velocity fluctuations on small scales are at
least approximately universal. That is, while the large-scale structure of a turbulent velocity field
depends strongly on the system configuration (pipe flow, jet flow, shear flow, boundary layer flow),
the small scales have several common features in these different settings. (See [309] for a recent
review.) One might expect the passive scalar fluctuations on small scales to be universal as well. It is
thus of interest to discover to what extent this is true, and, furthermore, to describe these universal
statistics of the passive scalar field.

A fundamental statistic of the passive scalar field from which one can determine some basic
properties about the spatial structure of the fluctuations is the (equal-time) second-order passive
scalar (PS) correlation function:

(T, )T, 1)) .

For simplicity, we shall assume that the passive scalar field is a statistically homogenous random
field with mean zero, so that in particular, the second-order PS correlation function depends only
on time and the relative displacement of the observation points x — x":

Py(r,t) =<Tx,)T(x + r,1)) .
We will discuss the evolution of the passive scalar variance,

Py(0,1) = {(T(x,1))*) ,

which gives the simplest measure of the amplitude of the passive scalar fluctuations, in an RDT
model with shear flow geometry in Section 4.2.1. Subsequently, we elaborate upon the spatial
structure of the passive scalar field revealed by the full second-order PS correlation function in an
isotropic RDT model. These analyses are possible due to the fact that in the RDT model, the PS
correlation function obeys a closed PDE, which we now present.

We shall assume that the passive scalar field is at all times a mean zero, statistically homogenous
random field; the self-consistency of this assumption is easily checked. Then the second-order
passive scalar correlation function P,(r,t) =<T(x + r,t)T(x,t)) obeys the following variable-
coefficient diffusion PDE:

Evolution of second-order passive scalar correlation function

6P2(r, [)
ot

Py(r,t = 0) = PY(r) . (256)

=V (2xI + Z(r)VPy(r,1)) ,
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The function P3(r) is just the correlation function of the initial data:
PY(r) = {To(x)Tolx + 1) .
The turbulent contribution to the diffusivity of P,(r,t) is given by the tensor
Dr) = R0) — HALr) + RLr) - (257)

We call this tensor Z(r) the velocity structure tensor. It is just (half) the correlation tensor of the
velocity differences at locations with relative spatial separation r:

L +rt + 1) —vx, 1)@ + 1t + 1) — v(x, 1)) = Z(r)d(7) , (258)

as may be checked by expansion of the binomial product and the definition (254) for the velocity
correlation tensor Z(r). It is readily seen that Z(r) is a nonnegative definite tensor for each r.

Connection with relative diffusivity. The appearance of the velocity structure tensor as the
enhanced turbulent diffusivity in Eq. (256) may be understood through the well-known connection
between the evolution of the second-order correlation function (of a statistically homogenous
random field) and the relative diffusion of a pair of tracer particles. This connection parallels that
between the mean passive scalar density and the absolute diffusion of a single tracer trajectory;
further discussion may be found, for example, in [ 164]. Here it suffices to observe that if the passive
scalar correlation function obeys a diffusion equation, as it does in the RDT model, then the
diffusion coefficient of the PDE corresponds exactly to the relative diffusivity of a pair of tracer
particles. That is, in the RDT model, if X*(¢) and X*)(¢) denote the random tracer trajectories
for particles starting at x'*) and x® at time 0, then under the current conditions of statistical
homogeneity:

33— XOOEI) ~ XD =28 + T, —x).

t=0

In particular, the rate of growth of the mean-square distance between a pair of tracers momentarily
separated at time 0 by displacement vector r = x) — x® is

Ld

33 X0 — X0

= 2dk + Tr ) . (259)

t=0

The first term arises from the independent Brownian motions which the tracers undergo due to
molecular diffusion. The second contribution to the relative diffusivity is proportional to the
mean-square velocity difference at two points displaced by r. Due to spatial correlations in the
velocity field, this mean-square velocity difference will start at zero for zero displacement, and
generally grow as the displacement is increased, and saturate at some constant value when the
displacement greatly exceed the correlation length of the velocity field. Turbulent diffusion is thus
more effective at separating tracers which are farther apart than those which are closer together.

The RDT model explicitly reflects Richardson’s hypothesis that the relative diffusivity should
depend only on the current separation of the particles [284]. Richardson deduced that this feature
can give rise to a strongly superlinear rate of growth of the mean-square separation of a pair of
tracers in a turbulent flow. We shall discuss this issue at more length in Section 4.2.2. Batchelor
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[27] suggests that the relative diffusivity should actually depend on the time since the tracer release
in real-world turbulent diffusion. As the RDT model velocity field has no memory, this consid-
eration does not arise here. The reader may refer to [132] for a nice unifying discussion of
Richardson’s and Batchelor’s ideas.

We have thus far indicated why the enhanced diffusion of the PS correlation function
P,(r,t) is given by Z(r), provided that P,(r,t) obeys a diffusion equation. The fact that P,(r,?)
obeys a (variable-coefficient) diffusion equation in the first place relies mathematically on the
fact that a pair of tracer particles in the RDT model undergo a coupled Brownian motion.
The coupling is due to spatial correlations in the flow, and is completely described by the tensor
Dr).

4.1.2.3. Dependence of passive scalar mean and correlation function on velocity field spatial struc-
ture. We mentioned above the general fact that the mean passive scalar density is sensitive
primarily to the large-scale features of the velocity field, and that the small-scale structure of the
velocity field is much more strongly reflected in the fluctuations of the passive scalar field. The RDT
model brings this out quite clearly.

The mean passive scalar density {T(x,t)> obeys an ordinary diffusion equation (255), with the
diffusivity enhanced by the nonnegative definite tensor #%,(0) associated to the absolute strength
(i.e., the single-point variance) of the velocity field. In turbulence, most of the energy is contained in
the largest scales of the velocity field, so #,(0) primarily depends upon the macroscopic features of
the velocity field. On the other hand, in a statistically homogenous setting, the second-order PS
correlation function P,(r,t) = {T(x,t)T(x + r,t)) evolves according to a variable coefficient diffu-
sion PDE. The diffusivity tensor is enhanced by the velocity structure tensor %(r), which describes
velocity differences separated by arbitrary distances r. Thus, the second-order statistics of a statist-
ically homogenous passive scalar field will be directly sensitive to the small-scale spatial structure
of the velocity field.

We will explore in Sections 4.2 and 4.3 how universal small-scale features of the velocity field are
transmitted to universal small-scale features of the passive scalar field in the RDT model.

4.1.3. Velocity field model with two distinct short correlation time limits

Before proceeding with the applications of the RDT model, we wish to remark upon the domain
of its validity. Certainly, the equations apply for the Gaussian delta-correlated velocity field (or its
mathematical interpretation as a Brownian flow). One might further ask, though, in what sense the
RDT model equations also furnish an asymptotic description of the statistics of a passive scalar
field advected by a velocity field with a finite but short correlation time relative to the advection
time scales. While the RDT model does describe a particular limit with short correlation time of
a large class of random velocity fields, we will present an example of a velocity field for which two
different short correlation time limits can be taken. The mean and correlation function of the
passive scalar field converge in one limit to solutions of the RDT model equations, and converge in
the other limit to solutions of spatially nonlocal pseudo-differential equations (Egs. (264) and
(265)). Thus, the possibility of writing closed diffusion equations for the passive scalar statistics is
not merely a consequence of the correlation time being very short relative to the advection time
scales.
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4.1.3.1. Central limit rescaling. We state first a positive way in which the RDT model describes
a certain short correlation time limit: If one is given a (generally non-Gaussian) random velocity
field v(x, t) satisfying suitable mixing and regularity conditions, then under the particular rescaling

vO(x, 1) = ¢~ V2(x, t/e) , (260)

the statistics of the passive scalar field advected by v(x, t) converge as ¢ — 0 to the solutions of the
RDT model equations [53,185]. Note that the particular rescaling in Eq. (260) is of a “central limit”
type, and is moreover mathematically equivalent to (but somehwat conceptually distinct from)
the Kubo rescaling discussed in Section 2.4.1. Over an order unity time interval, the advection
process formally becomes a sum of a large number N ~ O(¢~!) of roughly uncorrelated, mean
zero, identically distributed pushes with duration 6t ~ O(¢) and displacement magnitude
Ox| ~ |v@]6t ~ O(e!/?) ~ O(N ~1/?). We may say therefore that a “central limit theorem in the
environment” holds; that is, as ¢ — 0, the non-Gaussian velocity field v®(x, r) acts more and more
like a Gaussian, rapidly decorrelating velocity field as far as passive scalar advection is concerned.
The result that central limit scaling of a broad class of velocity fields gives rise to passive scalar
dynamics described by diffusion equations is in accord with the well-known fact that central limit
scaling of discrete random walks generally leads to continuum processes with diffusive behavior,
such as Brownian motion ([ 102], Section 14.6).

4.1.3.2. An explicit alternative short correlation time limit. The limit theorem stated above may
tempt one to conclude that the RDT model universally describes the advection of a passive scalar
field by a velocity field with very short correlation time. That is, one might suppose that the
specification that the RDT velocity field is Gaussian is gratuitous, since the equations of the RDT
model also describe the short correlation time limit of a large class of non-Gaussian models. In fact,
we now show by example that there exist limits in which the velocity correlation time scale is much
smaller than the advection time scale, but which do not give rise to the RDT model equations for
the passive scalar statistics.

For this purpose, we use a simple shear Poisson blob velocity field model, introduced by
Avellaneda and the first author in [14]. The velocity field is taken as a random two-dimensional
shear flow:

0
"5 = [v(x tJ ‘

The random field v(x, t) is defined as

x,0) =) P(x — &t — 1)

where (¢, 7,) denumerates a space-time Poisson process of unit intensity [151], and ¥ is some
smooth, compactly supported “blob” structure function with zero integral:

Jw JOC Y(x,t)dxdt =0. (261)

— o0 — o0



424 A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574

That is, the velocity field is a superposition of the blob functions distributed according to
a space-time Poisson process. It has mean zero and a finite correlation function:

R(x,t) = (X, tW(x' + x,t' + 1)) = J J | P(x,tP(xX + x,t' +1)dx'dt .

T 00 T 0

We now define two families of Poisson blob velocity field models generated from the given Poisson
blob velocity field under two different rescalings, each describing a different limit process in which
the correlation time becomes small. The family of velocity fields under central limit rescaling is
defined:

vl (e t) =) e PP — &0, (t — T))/e) (262)

where the intensity of the Poisson process (¢, 1) is taken as ¢~ !. It can be shown that this
definition is statistically equivalent to the rescaling (260).

The family of velocity field models generated under the fixed intensity rescaling of the original
Poisson blob model is defined:

vil(x, ) =Y e WP(x — & (t — T)/e) (263)

with the intensity of the Poisson process (&,,7,) fixed at unity and the amplitude of the blob
functions rescaled from the prototype ¥ more strongly than in the central limit rescaling.
At ¢ = 1, both families coincide with the unscaled Poisson blob velocity field:

U(X, t) = Z T(X - émt - Tn) B

where the Poisson process (&,, 7,) has unit intensity. As ¢ — 0, the second-order correlation function
of each rescaled family approaches the same delta-correlated form:

lim <o (x', )& (x' + x,t' + 1)) = lim WE(x, )R + x, 1 + 1)) = Ry(x)d(t) ,

=0 e—0

Ry(x) = Jw R(x,t)dt .

— 0
Moreover, both rescalings give rise to a limit in which the correlation time is O(e) and short
compared with the advection time scale oc 1/{(v*®(x, ))*>1/? ~ O(e!/?).

Now we define TE(x,y,1) and TE(x,y,t) to be the random passive scalar fields solving the
advection-diffusion equation with rescaled velocity fields v&(x,t) and v{(x,t), respectively. In
accordance with the above discussion, under central limit rescaling, the passive scalar statistics
converge to those governed by the RDT model. Thus, as ¢ — 0, the mean {T&)|(x,y,t)> and the
correlation function {TE(xX, )y, 0)TE (X' + x,)" + y,1)> converge to solutions of the diffusion
equations associated to an RDT model velocity field #(x,t) with correlation function
XL )X+ x, 1+ 1)) = Ry(x)(1).
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On the other hand, one can show [186] that the mean { T{)(x, y,t)> and correlation function
(T, Y, O)TE(X + x,) + y,t)) of the family generated by fixed intensity rescaling converge as
¢ — 0 to finite limits P, g(x, y,t) and P, g(x, y,t) which solve pseudo-differential equations:

0P m(x, y, t _ 0\ =
%y) = kAP ml(x,y, 1) + Ul,FI<a_y>P1,FI(x: 1),

Fl,FI(xa yat = 0) = <T0(x’ J’)> 5 (264)

and

ot ay
Py rx,y,t = 0) = {To(x',y)To(x" + x,¥" + ) . (265)

The pseudo-differential operators are specified by

oP t > °\p
0P, (X, . 1) = 24Py pix, y, 1) + U2,Fl<x: —>P1,F1(X, i,

Uirlk) = f (e™2mHO —1)d¢,

U2.Fl(xa k) — J (efznik(&‘_’(xﬁ—{)fll_/(é)) o 1) dé ,
with

o0

Y(x) = J Y(x,t)dt .
— o0

Since U gi(k) and U, gi(x, k) are, in general, transcendental functions of k, the mean and correlation

function of the limiting passive scalar field under the fixed intensity rescaling cannot be expressed

as solutions of PDEs. Their governing equations are intrinsically nonlocal.

The upshot is that under central limit rescaling, a central limit theorem “in the environment”
applies, and the trajectories of tracer particles begin to resemble a coupled Brownian motion as the
correlation time becomes short. But in the short correlation limit of the Poisson blob model which
produces a distinct limiting behavior, the tracer trajectories retain a Poissonian character and do
not converge to Brownian motions. The validity of the RDT model equations specifically requires
that the tracers diffuse according to Brownian motion processes with no Poissonian components.

Put another way, in the short correlation time limit under central limit rescaling (262), the
Poisson blob velocity field acts on the tracer trajectories like a Gaussian random, delta-correlated
velocity field, whereas under fixed intensity rescaling, it acts on the tracer trajectories like
a non-Gaussian delta-correlated velocity field and the RDT model equations do not apply. These
examples are due to the second author and further discussion may be found in [185,186].

4.1.4. Energy spectra with inertial range for RDT model
Thus far, we have discussed the RDT model in a general manner; for applications we must
specify the spatial correlation tensor %(x) appearing in the velocity correlation function:

v, HRv(x + 1t + 1)) = R(r)d(7) .
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As usual, we define the velocity correlation function through its spectrum. For simplicity and
continuity with our discussion in Section 3, we consider first the case where the RDT velocity field
is a simple two-dimensional shear flow

0
w0 = [v(x t)} ’

so that the velocity correlation function is simply described by a scalar function:
o(x, w(x" + x,t' + 1)) = R(x)o(t) . (266)

Then we write the spatial correlation function in terms of its spectral density:

Ry(x) = Jw ek F(|k|) dk = ijcos(2nkx)ﬁ(k) dk .

— 0

Please note that even though E(k) depends only on wavenumber, it is really the spatio-temporal
enerqy spectrum E(k, w) discussed in Section 3.3. It is simply independent of the frequency variable
w, as is characteristic of delta-correlated “white noise” processes.

We would like to simulate a fully developed turbulent flow as closely as possible with the RDT
model velocity field, but of course we must respect the short correlation time inherent in the model.
A natural way to produce such a model, given our discussion in Paragraph 4.1.3.1, is to start with
a velocity field model with a reasonable spatio-temporal energy spectrum E(k, w), and then pass to
a short correlation time limit through the central limit rescaling (260). Thus, we posit a spatio-
temporal energy spectrum corresponding to the Kolmogorov similarity hypotheses stated in
Paragraph 3.4.3.1, in which the energy spectrum has the inertial range form E(k) ~ Cx&**k ™3
and the correlation time of an inertial range velocity fluctuation of wavenumber k scales as
t(k) ~ £ 13k~ 2?3, The spatio-temporal energy spectrum is then constructed from these quantities
as follows (199):

Bk, o) = E(Rplork)eh)
Cii? k™3P yolk Lo (kL) Pl P23 13k 27)
= Cut Bk TR Bk o(KLoW . (KLx)

where L, is the integral length scale, Lk is the Kolmogorov dissipation length scale, Ck is the
Kolmogorov constant, s, and ,, are infrared and ultraviolet cutoffs, respectively, and ¢ is the
temporal structure function (j‘qu’)(w) dw = 1). Performing the central limit rescaling

vO(x, 1) = &~ Y20(x, t/e)
induces the following rescaling of the spatio-temporal energy spectrum:
E®k, w) = E(k, ew) .

Passing to the ¢ — 0 limit, we see that the RDT model velocity field induced by a central limit
rescaling of a Kolmogorov-type turbulent model is specified by the spatio-temporal energy
spectrum:

Erp(k) = Cxd(0)&**k™ ok Lol o(k L) -
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We note that in the RDT model, after central limit rescaling, the Kolmogorov spectrum formally
corresponds to the exponent 7/3.

As we did in Section 3, we imbed this particular spectrum in a more general family of models
with the same qualitative features:

E(k) = Ak ™'~ 2"yro(kLoW oo (kLx) , (267)

and we have dropped the “RDT” suffix. The parameter H < 1 describes the inertial-range scaling,
with H = 2/3 corresponding to the central limit rescaling of Kolmogorov velocity field, and A is
some prefactor of appropriate dimensions. We will be most interested in the case 0 < H < 1, which
describe velocity fields with long-range spatial-correlations typical of turbulence (2 < ¢ < 4 in the
parameterization of Section 3). If we imagine replacing the delta function in Eq. (266) by a smooth
approximation, then the parameter H would be exactly the Hurst exponent ([215], Section 27)
characterizing the fractal spatial structure of the velocity field in the inertial-range of scales (see
Eq. (269) and subsequent discussion). The Hurst exponent of a true Kolmogorov velocity field is
1/3; the reason the value H = 2/3 arises from a central limit of this velocity field is because
fluctuations decorrelate in time at a wavenumber-dependent rate.

One can specify similar turbulent spectra for velocity fields with multi-dimensional geometry
through the use of tensors, and the general remarks above persist without change. We shall in
particular construct a multi-dimensional velocity field with isotropic statistics in Paragraph 4.2.2.1.

4.2. Evolution of the passive scalar correlation function through an inertial range of scales

We now utilize the explicit PDE (256) for the second-order passive scalar correlation function in
the RDT model to explore the statistical evolution of passive scalar fluctuations. It is clear from the
diffusive form of the equation that, in general, the amplitude of the fluctuations in a freely evolving
passive scalar field will be damped, and the typical length scale of the fluctuations will increase due
to turbulent spreading. It is instructive to examine a situation in which a universal description is
possible. We thus consider a fully developed turbulent flow with well-developed inertial range, and
focus on a time interval during which the predominant length scale of the fluctuations lies within
the inertial range and is much larger than the length scale of the initial disturbance. In such an
asymptotic regime, one might plausibly expect that most of the details about the initial structure of
the PS correlation function are irrelevant, and that the dynamics are driven primarily by the
inertial-range turbulent fluctuations which have universal, self-similar properties. We will see that
this is indeed the case in the RDT model. The asymptotic regime just described is the same as that
for which we computed fractal dimensions of scalar interfaces in Section 3.5. Another theme we will
emphasize is the distinction between the action of turbulent diffusion and bare molecular diffusion
on the passive scalar field, particularly when the turbulent velocity field has very strong long-range
correlations (H > 0).

We first revisit turbulent diffusion in a shear flow, now with rapid decorrelation in time, and
derive formulas for the rate of dissipation of the passive scalar fluctuations as they evolve through
the inertial range of scales (Section 4.2.1). When the velocity field has long-range spatial correla-
tions typical of fully developed turbulence, the amplitude of the passive scalar fluctuations will
decay anomalously according to a power law with the exponent differing from that corresponding
to ordinary diffusion. The methodology involves the relation of solutions of the RDT model
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diffusion PDE to an associated quantum mechanics Schrodinger problem with potential related to
the spatial structure of the shear flow [206]. This strategy will play a central role in the derivation
of results concerning large-scale passive scalar intermittency in a closely related model to be
discussed in Section 5.

Next, in Section 4.2.2, we investigate more extensively the spreading of passive scalar fluctu-
ations through the inertial range of scales in an isotropic RDT model. A completely self-similar
solution for the second-order PS correlation function may be obtained in this asymptotic regime,
and from it we may deduce the rate of decay of the passive scalar variance, the rate at which the
length scales of the fluctuations grow with time, and the fractalizing (roughening) properties of
turbulent diffusion.

4.2.1. Anomalous decay of passive scalar fluctuations

We begin our study of passive scalar fluctuations in the RDT model with a two-dimensional
RDT shear flow with statistics described in Section 4.1.4. The RDT model equation (256) for the
second-order PS correlation function P,(x,y,t) = <{T(x,y,)T(x" + x,y" + y,t)) can then be ex-
pressed in terms of scalar functions:

OP5(x, y,1)/0t = 2kAP5(x, y,1) + Dy(x)0*P(x, y,1)/0y* ,

Py(x,y,t = 0) = P3(x,y) , (268)
with the turbulent diffusion coefficient given by

Dy(x) = Ry(0) — Ry(x) .

Note that this PDE is very similar to the PDE for the pair-distance function in a turbulent shear
flow which we derived in Section 3.5.1. Indeed, it is a general fact that the second order PS
correlation function and pair-distance function satisfy the same PDE (see for example [185] or
[196]). The PDE derived in Section 3.5.1 permitted nontrivial temporal correlations, while here we
have accounted for the presence of molecular diffusivity. Including both effects simultaneously is
a more challenging and interesting task, as we indicated at the end of Section 3.5.

Now, we describe the behavior of the passive scalar correlation function P,(x, y,t) as it evolves
through the inertial range of scales. For such a regime to exist, we must have that Ly < L, and that
the length scale L of the passive scalar correlation function satisfies Ly < L. < L. As we indicated
in Section 3.5.1, the Ly, — oo limit may be directly taken in Eq. (268) for all H < 1. Even though
the spatial correlation function of the velocity field Ry(x) for 0 < H < 1 approaches infinity in this
limit, these divergences cancel in the expression for Dy(x), and

Dy(x) = lim Dy(x) = ZAEJ (1 — cos(2mkx))k~* =2y (kLg) dk
Lo— o0 0
is finite.

Having taken the L, — oo limit, we then need to restrict our attention to time scales sufficiently
large so that the length scale of the PS correlation function is much larger than both Ly and its
initial length scale. We do this through a large-space, long-time rescaling chosen so that the
asymptotic evolution PS correlation function is faithfully and finitely expressed in terms of these
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rescaled variables. We call this rescaling an “inertial range renormalization”; in the language of the
renormalization group we are looking for rescalings leading to a nontrivial “fixed point”. A similar
renormalization was carried out for a spatio-temporal shear flow in Section 3.5.4, but we will not
enforce isotropy of the renormalization group here. The qualitative character of the renormaliz-
ation depends on whether H < 0 or H > 0. We shall consider each case in turn, first deriving the
PDE describing the inertial-range evolution of the PS correlation function and then computing the
rate of decay of the passive scalar variance {(T(x, y,1))*> = P5(0,0, t). Further details may be found
in the original work [206], and the statements presented here can be verified rigorously through the
Feynman-Kac representation developed in that paper.

4.2.1.1. Inertial range renormalization for H < 0. In the parameter regime with H < 0, the turbu-
lent velocity field does not have very strong long-range correlations, and the turbulent diffusion
coefficient Dy(x) approaches a finite limit as the spatial scale x becomes arbitrarily large:

lim Dy(x) = R(0) = 2 f Ak —2Hy, (kL) dk .

0

X0

Thus, the inertial-range evolution for the PS correlation function may be described by the standard
diffusive renormalization:

. Xyt
PY(x,y, 1) = 2 2P2<I’I’i_2> .
The limiting function P,(x, y, ) = lim,_ o P$)(x, y, t) (which may be viewed as a fixed point of the
renormalization) obeys a constant-coefficient diffusion PDE with enhanced diffusion coefficient
along the shearing direction:
6ISZ(Xa Y, t) 2K62P2(X’ Y, t) aZP?2(X, Vs t)

B =g+ e RO

Py(x, p,t = 0) = M30(x)d(y) ,

where M3 = [z=P9(x,y)dxdy. The renormalized PS correlation function P,(x,y,) thus assumes
a standard (but anisotropic) Gaussian form. In particular, the variance <{(T(x,y,t))*> of the
renormalized passive scalar field T(x, y, t) decays according to a power law with the same exponent
as it would under molecular diffusion alone:

AT (x,y,0)*) = P5(0,0,) = M5(4m)~'(2x + R(0) ™ *(2r)~ 12t 71

For the case H < 0 just discussed, the only role of the random velocity field in the decay of the
passive scalar variance is to decrease the coefficient through the term Ry(0).

4.2.1.2. Inertial range renormalization for H > 0. Turbulence typically has very long-range spatial
correlations, however, and corresponds to the class H > 0 which we now discuss. The standard
diffusive renormalization fails in this case to produce a finite limiting inertial-range behavior,
because the turbulent diffusion coefficient Dy(x) diverges as x — o0:

lim Dyx) = D!|x|*" . (269)

|x] = o0
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The numerical coefficient in Eq. (269) is given by

* - I'(— H)
DI =24 1 —cosRmk)k ' "2Hdk = — Apn?Ht12 —— —~ |
f (1 cos(2nk) R
where I'(-) is the Gamma function [195]. The power law growth of Dy(x) in Eq. (269) manifests the
property that, within the inertial range of scales, the turbulent separation of particles becomes
stronger and stronger as their relative distance increases.
To capture the behavior of the PS correlation function through the inertial range of scales, we
must renormalize according to the following prescription [206]:
P X t
PP(x,y,0) =272 HP2<I> %a }—2> . (270)
With Eq. (269), one then readily checks that the renormalized inertial-range limit P,(x, y,t) =
lim; . . P$(x, y,t) obeys the variable-coefficient diffusion PDE:

aﬁz(x, Y, t) - 2Kazp2(xa Vs t)

ot ox?

azpl(x7 Vs t)

+ D1|x|2H 5 ,
0y 271)

Py(x,y,t = 0) = M33(x)d(y) -

The inertial-range limit which we have just derived is completely self-similar in the terminology of
Barenblatt [25]. All length scales have disappeared in this asymptotic regime, and the only
remnant of the initial data is the total spatial integral of the initial PS correlation function, M9,
which is an exactly conserved quantity. A related fact is the invariance of the PDE (271) under the
rescalings defining the renormalization (270). Therefore, in the RDT model under discussion, the
second order PS correlation function is universal and scale-invariant within the inertial range of
scales, when the random velocity field has very long range correlations H > 0. We will examine
the self-similarity properties of the passive scalar correlation function in an isotropic version of the
RDT model in Section 4.2.2. Here, we shall simply examine the rate of decay of the variance of
the renormalized passive scalar field {T(x,y,t)*>, and show that it decays anomalously with
a power law ¢~ 17 H/2,

The fact that the turbulent flow is a shear flow along the y direction puts the PDE (271) for
P,(x,y,t) in a form well suited for a partial Fourier transform in the y variable [206]:

o0

I%Z(X’ k’ t) = J‘ eznikYPZ(x’ Y, t) dy .

The resulting PDE for Igz(x, k, t) takes the form of a quantum mechanical Schrodinger equation (in

imaginary time):

OP,(x, k, t) _ 2K62P2(X, k, 1) . 4n2D1k2|x|2H1§2(X k, t)

ot axz (272)
Py(x, k.t = 0) = M3S(x) .
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Since the effective potential function 4n*D'k?|x|*# grows sufficiently rapidly as |x| - oo, the
operator on the right-hand side has pure point spectrum [323], and the solution to Eq. (272) may
be represented as a superposition of orthonormal eigenfunctions corresponding to “bound states”
of the corresponding quantum mechanical system. This is in contrast with the situation for H < 0,
in which the effective potential would be a constant function, and the quantum mechanical
operator would correspond to a free particle and have purely continuous spectrum.

Define now {i/;(x)} to be the normalized eigenfunctions of a nondimensionalized Schrodinger
operator corresponding to the right-hand side of Eq. (272):

dzl//,( ) 4

+ XM x) = pap(x)

| werax=1.

We only need to account for the even real eigenfunctions due to the parity invariance of the
potential and the evenness of our initial data. The “energy” eigenvalues are p; < p, < 3 < ---,
and p; > 0 is guaranteed by the positivity of the potential. Through the rescaling:

!pj(x) — (ZRZDIkZ)l/(4 +AH) .~ 1/(4+ 4H)% ((2TEZDIk2)1/(2 +2H) .~ 1/(2+ ZH)x) ,
ﬂj — 2KH/(H+ 1)(2n2DIk2)1/(H+ I)Hj ,

the eigenfunction expansion of the solution to Eq. (272) reads

Pa(x, k,t) = Z e ”f’t//J(xf ¥ (x)3(x)dx = Z e~ (X)W 40) .

Now, the passive scalar variance is determined by this partial Fourier transform as follows:

UT(x, y,0)?> = P5(0,0,1) = J : P20, k, 1) dk .

We compute this quantity by expressing I_Sz(x, k,t) in terms of the parameter-free eigenfunctions
and eigenvalues y(x) and p;:

oo 0

UT(x,y, 1)) = JOO }_32(0’ k. 1) dk =J' Z (2n2D1k2)1/(2+2H)K—1/(2+2H)|%(O)2

—wj=1
% exp(_zKH/(H+1)(2n2D1k2)1/(H+ 1),ujt) dk = CHK—(H+1)/2(2E2D1)71/2t7(H+ 2)/2 ,

where the numerical constant:

Co = 20221 4 DI(H +2)2) Y 17 72 |y (0)12

j=1

In particular, we see that the passive scalar variance decays through the inertial range according to
an anomalous power law ¢~ #*2/2 for H > 0, whereas for H < 0, the passive scalar variance decays
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according to the ordinary diffusive power law ¢~ !. Note that the passive scalar variance decays
more rapidly at long times due to the presence of long-range correlations (H > 0), and that the
decay rate is self-consistent with the self-similar inertial range scaling (270) of the amplitude and
time argument of the PS correlation function. As we will see more clearly in Section 4.2.2, the faster
decay is due to the rapid dispersal of the passive scalar fluctuations by the energetic long-
wavelength fluctuations of the turbulent flow.

4.2.2. Self-similar spreading of passive scalar fluctuations

For the rest of Section 4, we will explore further issues concerning the passive scalar corre-
lation function within the context of an RDT model with statistical isotropy, i.e., no
preferred direction. This is a natural geometry for describing “generic” fully developed turbu-
lence, particularly since the small-scale fluctuations may be expected in many circumstances
to be insensitive to the large scale configuration. The assumption of statistical isotropy further-
more simplifies the mathematical analysis by reducing the dimensionality of the diffusion
PDE (256) for the PS correlation function. This affords us the possibility of describing the
second order passive scalar statistics in a rather explicit fashion. Here we give a complete
description of the PS correlation function during the same “inertial-range” phase of evolution just
considered for the shear RDT model, during which the length scale of the passive scalar fluctu-
ations lies within the inertial range of scales and is much larger than the length scale of the initial
disturbance.

We begin by defining the correlation function for the isotropic RDT velocity field through
a spatio-temporal energy spectrum with inertial-range scaling, and conduct an inertial-range
renormalization in the same manner as we did for the shear RDT model. The PDE describing the
renormalized PS correlation function is then exactly solved, and we read off from this solution
some properties concerning the evolution of passive scalar fluctuations and the separation of a pair
of particles on length scales within the inertial range.

4.2.2.1. Setup for isotropic RDT model. As the velocity field is now multi-dimensional (with d = 2
or 3 denoting the spatial dimension), its correlations must be described by a tensor rather than
a scalar function. The general relation between the correlation tensor and the scalar spatio-
temporal energy spectrum (k) describing the strength of the velocity fluctuations at various
wavenumbers k is given by (see [341], Sections 9 and 22):

X, )RQv(x +x,t + 1) = R(x)o(t) ,

2E(1k (273)
= I)A(d||1)|k|d- rdk-

Rx) = J ¥ XS —k®@K)
Rtl

The tensor factor .# — k®Kk, where .7 is the identity matrix and k = k/|k], is a projection which
enforces incompressibility. The constant A,_; is the area of the (d — 1)-dimensional sphere. We
take the same inertial-range form of the spatio-temporal energy spectrum as that which we have
been using for a shear geometry:

E(k) = Apk ™'~ o(kLo) (kL) -
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Because of statistical isotropy and incompressibility, the turbulent diffusion tensor Z(r) =
R(0) — Z(r) appearing in Eq. (256) may be expressed in terms of a scalar function of a single
variable ([341], pp. 380-383):

D(r) = Dy (r)f&F + D, (r(S — F®F) ,

("~ 'Dyy(r)y

Dsl(r) = (d _ 1)Vd_2 :

(274)
Dy (r) is half the mean-square longitudinal velocity difference, and Dy, (r) is half the mean-square
lateral velocity difference observed at two points separated by a distance r.

If we assume that the passive scalar statistics are initially statistically isotropic, then by symmetry
the passive scalar statistics remain statistically isotropic, and the PS correlation function may be
expressed for all time as a function of a single space variable r = |r| and a single time variable:

(T, )T (x + r,1)) = Py(rl, 1),
(To)Tolx + 1)y = Pi(Ir]) .

With Eq. (274), we can then write the PDE (256) for the second-order PS correlation function in the
following form:
Isotropic evolution of second-order passive scalar correlation function

Pty 1 0f,, OP,(r, 1)
o A1 a(” (2K + Dy (r)) or > ;
Py(r,t = 0) = PY(r) . (275)

4.2.2.2. Inertial-range renormalization of isotropic RDT model. Now we are in a position to analyze
the evolution of P,(r,t) through the inertial range of scales through a similar type of renormaliz-
ation procedure as in our earlier discussion of the shear RDT model. It is readily checked that for
H < 0, the renormalized PS correlation function obeys, as in the shear case, a constant coefficient
diffusion equation with the diffusion coefficient enhanced by the presence of the random velocity
field. The PS correlation function thus assumes a standard Gaussian shape and spreads and decays
according to ordinary diffusive laws.

We shall focus on the case of very long-range correlations H > 0, which exhibits more interesting
behavior and has qualitative similarities to real-world turbulence. By taking L., — oo and renor-
malizing the PS correlation function according to the law:

P, t) = A7 Py(r/2, 1/ 72~ 21,
we find formally that the inertial range limit P,(r,t) = lim,_,oP$"(r, t) obeys the PDE

0P, _ 1 (1) e 1OPAD)
ot A or ’

_ M9
PZ(T‘,t=O) =Adir2d,1
-1

S(r) . (276)
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We have used the fact that within the inertial range of scales, Dy (r) grows as a power law

lim Dy (r) = Dir?",
Lo/r— o0,r/Lg— o0
2I'(— H)I'(d/)2) i
I'(2+2H + d)/2)
The inertial-range limit for the isotropic RDT model is completely self-similar, just as for the shear

RDT model in Section 4.2.1. The only memory of the initial data is the spatial integral of the initial
PS correlation function

Di -

2H+2AE

M$ :f Ay 1PY(r)dr .
0

Rigorous verification of this complete self-similarity and of the convergence of the passive scalar
correlation function to the solution of Eq. (276) under the inertial-range renormalization is more
subtle than in the shear case; see [208] for some positive mathematical results and a discussion.

4.2.2.3. Exact solution of renormalized PDE. We now proceed with the development of an exact
solution for the renormalized PS correlation function P,(r, t), from which we will be able to deduce
a number of properties concerning the statistics of passive scalar fluctuations as they evolve
through the inertial range of scales.

The assumption of statistical isotropy has reduced the complexity of the PDE (276) for P(r, t) to
the point that it can be solved by dimensional analysis [24]. There are three independent
dimensions: length, time, and the passive scalar density. Five different parameters and variables
appear in the PDE defining P,(r, 1), so by general principles of dimensional analysis [24,25], we can
re-express the PDE in terms of 5 — 3 = 2 dimensionless variables. One natural way to choose these
dimensionless variables is to nondimensionalize the dependent quantity P, and one of the
independent variables (say r) with respect to the remaining variables and parameters (t, DY, and
MY$). Thus, we define the nondimensional quantities:

_ r
¢ = (DII‘t)l/(272H) >

P,

QH = Mg(D{t)—d/(2—2H) :

As dimensional analysis guarantees, the PDE (276) is equivalent to an ODE for the nondimen-
sionalized function Qy = Qy(&):

1 dQH(é) 1— 2H+ 1 dQH(é)
s s g = ¢ dd§<é B E ) (277)

22— 2H
This ODE is to be solved with the auxiliary condition

LwQH(@Ad_lé“ de=1, @78)
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which expresses the fact that the spatial integral of the correlation function P,(r, t) is conserved and
equal to its value M9 at time t = 0.

This ODE problem may be exactly solved by quadrature. After multiplying Eq. (277) through by
&471 it becomes a perfect derivative:

d <52H+d1 dQu(?) 5"QH(€)> o

KE @ Ta_om

Integrating once, we have

2H+d—1 dQH(g) édQH(g) _
G e e =G

and it is readily checked that the integration constant C must vanish for the integral in Eq. (278) to
be finite. The remaining first-order ODE is thus separable and easily integrated to give

g2-2H
Qu(é) = Cy eXP< - m) . (279)

The normalization constant Cy must be chosen so that Eq. (278) holds; this gives

I'd/2)

Cn =3 7 @ 2 P I 2H)

Re-expressing this result in the original dimensional variables through Eq. (277), we obtain the
following.
Exact solution for the renormalized passive scalar correlation function:

_ MS r
Pz(r,t) = (Dit)d/(Z,ZH)QH (Dit)l/(zsz) ’ (280)
with Qg given by Eq. (279) for H > 0.

4.2.2.4. Inertial-range properties of passive scalar fluctuations and relative diffusion of particle
pairs. With this exact solution, we can read off several features concerning the evolution of the
passive scalar fluctuations on length scales which lie within the inertial-range and are much larger
than the correlation length scale of the initial passive scalar field. First, we see that, as with the
shear RDT model in Section 4.2.1, the passive scalar variance decays anomalously for H > 0:

{T(x,y, t)2> ~ P,(0,1) ~ A1)

Under ordinary diffusive decay, the scaling exponent would be — d/2, corresponding to slower
decay of variance.

We now proceed to use the explicit form of the shape of the PS correlation function to infer
properties of relative tracer diffusion and the roughness of the passive scalar field.

Relative tracer diffusion. Below we will see that the length scale of the passive scalar fluctuations
grows with time in proportion to t*/~2%_Qur discussion of this property will be facilitated by the
general relation between the second order PS correlation function and the probability distribution
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for the relative separation of a pair of tracer particles ([196], Section 8.5). In the present case,
P,(r|,t) is proportional to the probability distribution over R? of the relative displacement r of
a pair of tracers at large times t for which the tracer separation distance p,.(t) is statistically
concentrated within the inertial range of scales and is much larger than the initial separation. The
constant of proportionality is M$, the integral of the initial PS correlation function.

The fact that the length scale of the correlation function scales as '/~ 2#) means precisely, then,
that the typical relative separation between a pair of tracers grows in time proportionally to
12721 a5 they evolve through the inertial range. In particular, the mean-square relative tracer
displacement may be computed as

el *P5(lx, £) dx = (Mg)lf r*(Aa— 11" Py, 1) dr = Cr(Dit) /"~

0

{preilt)y = (M3)” lf

R

with the numerical constant given by

d +2)/2 —2H))
I'(d/(2 — 2H))

Cr= (@ — 2mpa-m T

Under ordinary diffusion, the mean-square displacement grows linearly with time. The presence of
the rapidly decorrelating velocity field with very long-range spatial correlations (H > 0) causes
particles to separate within the inertial range at a more rapid rate. In fact, the exponent of the
power law of the relative separation becomes arbitrarily large as H — 1.

In 1926, Richardson [284] predicted a law of this type for real-world turbulent diffusion as
a consequence of the increase of relative diffusivity of a pair of tracers with separation distance.
Through a fitting of available data from observation of balloon motion, Richardson found the
relative diffusivity to scale as the 4/3 power of the separation distance and postulated a PDE of
a form similar to that which we have been discussing Eq. (276) with H = 2/3. Solving the equation,
Richardson deduced that the mean-square separation of a pair of tracers should grow as t°.
Richardson’s prediction has found a good amount of numerical and experimental confirmation, as
we shall later discuss in Section 6. Here, we can say that Richardson’s reasoning is exactly valid for
a Gaussian velocity field with rapid decorrelation in time. Furthermore, with the central limit
rescaling discussed above (267), the familiar Kolmogorov spectrum corresponds in the RDT model
exactly to the value H = 2/3!!

As a concrete illustration of this theoretical result, we present in Fig. 19 the results of a numerical
Monte Carlo simulation of the relative dispersion of a pair of tracers in a rapidly decorrelating,
isotropic velocity field with Hurst exponent H = 1/3. Through use of a multiwavelet method
[84,85], which will be discussed later in Section 6, the numerically synthesized random velocity
field supports a wide inertial range extending from scales 3 x 10~ 2 to 10°. For all times plotted, the
tracer separation lies well within the inertial range of the simulated velocity field.

In the upper plot, we see that the root-mean-square relative tracer displacement {p,q(t)*>>1/?
settles down to the predicted t** power law growth over two decades of spatial scales. We plot the
logarithmic derivative of the mean-square relative displacement d{p,.(t)*>/dInt as a function of
time in the lower part of the figure as a more stringent test of the apparent power law behavior. The
theoretically predicted scaling behavior corresponds to a constant logarithmic derivative of 3/2,
and indeed the numerically computed logarithmic derivative hovers quite closely to this value after
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o Do Lo Do SRR
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Fig. 19. Monte Carlo simulation of tracer pair dispersion through inertial range of isotropic, rapidly decorrelating
velocity field with H = 1/3. Upper graph: log-log plot of root-mean-square tracer separation as a function of time. Lower
graph: logarithmic derivative of the mean-square relative separation as a function of time.

an initial transient period. Besides producing a manifest realization of the inertial-range asymptotic
theory for relative tracer diffusion in the RDT model, these numerical results also demonstrate the
capacity of the underlying Monte Carlo method to generate accurate statistical scaling behavior
over several decades. This is not an easy task, as we shall discuss in Section 6.

Thus far, we have discussed only the variance of the relative displacement of a pair of tracers,
but our exact solution P,(r,f) in fact gives the full probability density function (PDF) for this



438 A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574

random quantity. The relative displacement between two tracers undergoing independent
Brownian motion is described by a Gaussian PDF. From Eq. (280), we see that when a pair of
tracers are separated within the inertial range of scales of an isotropic RDT velocity field with long
range correlations H > 0, their relative displacement has a PDF which has a broader-than-
Gaussian shape. That is, the PDF decays more slowly at large values than a Gaussian with the
same mean and variance does. The tangible manifestation of a random quantity with a broader-
than-Gaussian PDF is an unusually high probability for large fluctuations. The reason why the
relative tracer displacement should exhibit large fluctuations within the inertial range can be
understood from a positive feedback effect arising from the fact that turbulent diffusion is more
effective in separating particles the further apart they already are. If a random fluctuation causes
a pair of particles momentarily to be separated by a distance greater than average, then they will be
predisposed to be separated even more rapidly at later times.

Turbulent roughening of passive scalar field: We draw a final contrast between molecular
diffusion and turbulent diffusion from the isotropic RDT model through a consideration of the
smoothness of the passive scalar field. One measure of this smoothness, viewed on the inertial range
of scales, is given by the behavior of the structure function of the renormalized passive scalar field
T(x, 1)

Sy(lrl, ) = (T + 1, t) — T(x,1))*>

as r — 0. Noting that this quantity is nothing other than 2(P,(0,t) — P,(|r|, 1)), we have from the
exact solution (280) that

- 2CyM$ 22
B0 = e O T = 2mynle))

One now readily checks that there exist positive numerical constants C_, C, and r so that

r272H r2*2H

C_(Dit)‘d mme=am < (T + 0 — T 1)) < C H(DIp@2- 22

over the expanding region
0 <r <roDirt/c-20

The structure function of a smooth, isotropic random field vanishes as O(?) for small r, but we see
that the structure function of T(x, ) vanishes according to a slower power law as r — 0, indicating
a rough fractal structure of the passive scalar field in the inertial range of scales. Moreover, this
fractal structure spreads to larger length scales as time evolves. The formal fractal Hurst exponent
of this passive scalar field structure is 1 — H, but because the passive scalar field is non-Gaussian,
we cannot use Orey’s theorem (discussed in Paragraph 3.5.3.1) to say this exponent characterizes
the fractal structure of individual realizations.

Under ordinary molecular diffusion, sharp features are damped out and the passive scalar field
would appear smooth on any given length scale # after a sufficiently large time ~ /?/k. On the
other hand, turbulent diffusion by an isotropic, rapidly decorrelating velocity field creates a rough
fractal structure on the passive scalar field over an increasing band of scales within the inertial-
range even as the amplitude of the fluctuations decay. As we have discussed in Section 3.5 in the
context of scalar interfaces, the reason for this distinction is the long-range correlations of the
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turbulent velocity field. Through advection, the fractal inertial-range spatial structure of the
velocity field is impressed upon the passive scalar field. We note from our results of Section 3.5 that
the rapid decorrelation limit smooths out the passive scalar level sets on the inertial range of scales
in a shear flow. We see here, by contrast, that rough fractal structure persists throughout the
inertial range of scales of the passive scalar field in an isotropic turbulent flow, even when it
decorrelates rapidly in time.

4.3. Scaling regimes in spectrum of fluctuations of driven passive scalar field

In Section 4.2, we have discussed some physical characteristics of the diffusion and free decay of
passive scalar fluctuations advected by a turbulent RDT model velocity field. For large times
during which the length scale of the fluctuations passed through the inertial range of scales, we were
able to describe a number of universal properties of the passive scalar field. Another situation in
which one may hope to observe universal features in the passive scalar field is in a damped and
driven statistically stationary state analogous to that of a fully developed turbulent velocity field.
That is, we envision some external mechanisms stirring the fluid and agitating the passive scalar
field at some large length scales. This directly creates large wavelength (small wavenumber)
fluctuations in the velocity and passive scalar field, which then break up into smaller scale (higher
wavenumber) fluctuations through nonlinear interactions. Sufficiently small fluctuations are dam-
ped out by viscosity and molecular diffusion. One can generally expect that if the driving is applied
in a statistically steady fashion, that the turbulent system will achieve a statistically stationary state
in which the input of energy at large scales is balanced by dissipation at very small scales, and the
statistics of the velocity and passive scalar field settle down to a time-independent form. For
conciseness, we will often refer to such a statistically stationary state as “quasi-equilibrium”, with
the “quasi-” prefix differentiating the present strongly damped and driven statistical equilibrium
from a thermal equilibrium system weakly coupled to its surroundings.

We recall that for the velocity field, Kolmogorov formulated the well-known hypotheses that (see
Paragraph 3.4.3.1 and [169,196]):

1. the statistics of the velocity fluctuations and wavenumbers much greater than those characteriz-
ing the driving should be independent of the large scales, and that

2. if the system is driven sufficiently strongly (Reynolds number is high enough) so that there is
a wide separation between the scale of the driving L, and the scale of dissipation Ly, then the
dynamics of the velocity field well within the intervening inertial-range of scales is completely
self-similar and independent of both the large scales and viscosity. From this follows the famous
k=33 prediction for the energy spectrum in the inertial range of wavenumbers Lg ' < k < Lg *.

These hypotheses have been largely confirmed with important provisos; see [309] for a recent
review of theoretical and experimental developments. Here we shall only be concerned with these
basic concepts, particularly as they apply to the structure of the passive scalar field in the
statistically stationary, damped and driven state described above.

The passive scalar field responds directly to the turbulent fluctuations in the velocity field. As the
statistics of the velocity field are believed to be universal to some degree on scales well below the
scale L, at which the turbulence is driven, it is natural to suppose that the passive scalar
fluctuations should also be universal at small scales. Furthermore, one might expect there to exist
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self-similar scaling regimes for the spectrum of passive scalar fluctuations just as the energy
spectrum of the velocity field exhibits the Kolmogorov k~3/3 scaling in the inertial range. Indeed
various theories have been formulated predicting a variety of passive scalar spectral scaling regimes
over certain asymptotic ranges of wavenumbers [28,29,76,120,254]. None of the theoretical
predictions for the scaling regimes of the velocity or passive scalar spectra makes use of the exact
PDE:s describing the physics. Mathematically understanding the statistics of the velocity field as
a solution to the Navier-Stokes equations with random initial data is extremely difficult due to the
nonlinearity. Even solving for the passive scalar statistics advected by a random velocity field with
finite correlation time is a challenging problem.

The RDT model, however, provides us an opportunity to study directly the connection between
the exact advection—diffusion PDE and the scaling regimes of the passive scalar spectrum, as first
observed by Kraichnan [179,183]. If the random external driving of the passive scalar field is
Gaussian and delta-correlated in time, then exact, closed evolution equations can still be written
for the mean passive scalar density and correlation function of the passive scalar field (Sec-
tion 4.3.1). The statistics of the passive scalar field in quasi-equilibrium are given as steady
solutions of these equations. In a statistically isotropic environment, the quasi-equilibrium sec-
ond-order PS correlation function may be represented by an explicit quadrature formula in terms
of the spatial structure of the turbulent velocity field and driving (Section 4.3.2). The passive scalar
spectrum is then expressed as a Fourier transform of this explicit formula. Through asymptotic
analysis of these exact formulas, three different scaling regimes in the passive scalar spectrum can
be rigorously shown to exist in the RDT model under suitable conditions (Section 4.3.3). These
scaling regimes correspond qualitatively to those predicted for a realistic turbulent system, and we
shall use the exact results of the RDT model to comment upon some of the approximate real-world
theories, particularly those under current controversy (Section 4.3.4).

4.3.1. RDT model with driving

4.3.1.1. Model of large-scale driving force. To establish a statistically stationary state of the passive
scalar field, we introduce an external driving, or “pumping”, field f(x, t) as a source/sink term in the
advection—diffusion equation:

0T (x,1)/0t + v(x,t)- VT (x,t) = kAT(x,1) + f(x,1) ,
Tx,t =0) = Toyx) .

For the RDT model, we shall assume that the pumping fieldis a mean zero, Gaussian, random,
homogenous, stationary, random field which is delta-correlated in time:

et f(x + rt+ 1)) = D(r)d(r), (281)

where @(r) is the (scalar) spatial correlation function of the pumping field.

This is admittedly quite artificial from a physical perspective. First of all, it is rather difficult to
envision a system in which an external agency is directly introducing heat or concentration
fluctuations homogenously throughout the bulk of the fluid. One would more naturally suppose
that the external sources and sinks are confined to the boundary or some localized region. The
rapidly decorrelating temporal structure is also inappropriate for a macroscale driving; it is
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assumed in order to achieve closed equations for the passive scalar statistics. Nonetheless, we have
the freedom to choose the spatial structure ®(r) to correspond to pumping on a large length scale
L, in which case the RDT model pumping field at least provides a cartoon for the generation of
large-scale passive scalar fluctuations due to external driving.

Specifically, we define the pumping correlation function through its spectrum E /(k), which plays
the analogous role of the energy spectrum for the random velocity field:

we-r Es(K])
(p(r) — J‘ eka rfi_ dk ,
o Aa-alKTT

We choose for the pumping spectrum E, (k) a smooth form which is maximized at wavenumber
k= L;", vanishes for k <3L; ', and decays rapidly for k> L;!. Note that we are assuming
isotropic pumping statistics.

4.3.1.2. RDT model equations with pumping. The assumption of a delta-correlated pumping

preserves the closure properties of the RDT model for a freely advected passive scalar field.

Eq. (255) for the mean passive scalar density < T(x, t)» is unchanged because the pumping has mean

zero. Thus, we may and do self-consistently assume the passive scalar field has mean zero for all

time. The diffusion equation (256) for the second-order PS correlation function is modified only

through the addition of an inhomogeneous term @(r) representing the effects of the pumping.
Evolution of second-order correlation function for driven passive scalar

aP2(r7 t)
ot

Pa(r,t = 0) = P(r) .

= V- (kI + D(H)VP,(r,1) + B(r)
(282)

With the driving included in this way in the RDT model, we can search for solutions corresponding
to a quasi-equilibrium state for the passive scalar field, in which the statistics of the passive scalar
field are time-independent. In particular, the quasi-equilibrium second-order PS correlation
function P3(r) = (T(x,t)T(x + r,t)), is a steady solution of Eq. (282). The asterisks decorating
ensemble averages and statistical functions indicate that the statistics are those corresponding to
quasi-equilibrium. Because of the dissipation provided by molecular diffusivity, all solutions with
sufficient spatial decay will approach a unique statistically stationary state at long times.

We note here an important relation implied by Eq. (282) for the quasi-equilibrium passive scalar
dissipation rate 7 = 2k{(VT(x,1))*>,. This is just the rate at which the passive scalar variance
{(T(x,1))*> would decay in the absence of external driving, as is readily checked (not just for the
RDT model) by multiplying the undriven advection—diffusion equation by T'(x,t) and averaging. In
a statistically stationary state, the passive scalar dissipation rate is exactly balanced by the rate at
which passive scalar fluctuations are introduced into the system by the external driving. For the
RDT model, this can be quantified:

71=20),

as follows by realizing that y = — 2kAP¥(r).—=o and evaluating the steady form of Eq. (282) at
r=0.
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4.3.1.3. Alternative driving through linear background passive scalar profile. Before proceeding with
our analysis of the model we have just set up, we pause to mention that another way to introduce
driving into the advection-diffusion equation is to impose a linear background profile on the
passive scalar field through the initial data [156,277]: To(x) = ¢g-x. This linear profile will persist
in time and the turbulence will interact with it to perpetually drive fluctuations of the passive
scalar field about this background profile, eventually leading to a nontrivial statistically stationary
state of the passive scalar field. A background linear profile with a mean gradient for the
passive scalar field is rather natural for stratified fluids in a geophysical setting, and can be readily
arranged in the laboratory [127,145]. It is not difficult to show [185] that all the results that we
will derive here for the passive scalar spectrum of the statistically stationary state of the passive
scalar field driven by external pumping of the form (281) carry over to the case where passive scalar
fluctuations are driven instead by turbulent interaction with a background linear passive scalar
profile. One need only equate L, = L, and the passive scalar dissipation rate j in the formulas
with g?R,, where the constant R, is a measure of the strength of the turbulent fluctuations:
Ry = (1/d)TrRy(0).

4.3.2. Exact quadrature solution for quasi-equilibrium passive scalar correlation function

Now, the model we have adopted has isotropic pumping and velocity statistics, so by symmetry
and uniqueness of solutions, the quasi-equilibrium passive scalar field must also be statistically
isotropic. Hence, the quasi-equilibrium second-order PS correlation function is radial
P3(r) = P3(|r]), and Eq. (282) simplifies to a one-dimensional ODE:

e oy ) - . (283)

dr
The boundary conditions that go with this second-order differential equation on the positive real
axis re [0, 00) are:

e Pi(r) is continuous and finite near r = 0, reflecting finite variance of the passive scalar fluctu-
ations,

e P, (r) decays to zero as r —» oo since the passive scalar field is uncorrelated at large enough
distances.

Eq. (283) can be solved exactly by quadrature, with the integration constants determined by the
boundary conditions:
Exact solution for quasi-equilibrium passive scalar correlation function

© v’ //d—l(p(ru) dru
iy = | paen for dr . 284
Z(V) J’r r 2K 4 D”(r/) r ( )

This formula was derived by Kraichnan [ 183]. Its importance is that it gives an exact formula for
the passive scalar correlation function in terms of the velocity and pumping correlation functions,
and that it was deduced in a precise fashion from the advection—diffusion equation. One could
proceed to study the properties of this PS correlation function [183,185], but we will concentrate
our attention on a related function, the passive scalar spectrum, which reveals the small-scale
structure of the passive scalar field in a clearer fashion.
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4.3.3. Passive scalar spectral scaling regimes in RDT model

The (radial) passive scalar (PS) spectrum Er(k) is defined to be the spectral resolution of the
variance of the passive scalar field {(T(x,1))*>, with respect to wavenumber magnitude k ([320],
pp. 280-281). That is, E(k) measures the strength of the fluctuations of wavenumber k, and
fo’ Ex(k)dk = {(T(x,1))*). Its relation to the passive scalar field is essentially the same as that of
the energyspectrum to the velocity field. Not only is the PS spectrum an object with appealing
theoretical meaning, but it is closely related to what experimentalists actually measure when
observing a signal from a turbulent system. (In most experiments, measurements are taken only
along a single line, and thus a “one-dimensional passive scalar spectrum” is recorded. This is closely
related to the radial passive scalar spectrum discussed when the turbulence is statistically isotropic.
(See ([320], Ch. 8) for further discussion.)

The radial PS spectrum E (k) can be computed from the Fourier transform of the passive scalar
correlation function

P3(k) = J e~ 2mkxpX¥(x)dx . (285)
Rd

For the statistically isotropic case of interest in this section, P¥(k) = P¥(|k|) and the PS spectrum
can be simply expressed:

Eq(k) = Ag— k"= P5(K) . (286)

Through Egs. (284)—(286), we have an exact integral formula for the PS spectrum E(k), which we
can analyze for our specific choice of velocity and pumping statistics.

We will in particular look for universal scaling regimes analogous to the Kolmogorov
k=37 inertial-range law for the energy spectrum of the velocity field. Recall that this self-similar
region fell within an asymptotic regime intermediate to the fundamental wavenumbers Ly ! at
which energy is fed into the fluid, and Lg ! above which energy is strongly dissipated by viscosity.
By general intermediate asymptotic principles [25], we can also anticipate self-simliar scaling
regimes in the PS spectrum at wavenumbers well-separated from the fundamental wavenumbers
characterizing the passive scalar field.

To proceed, we shall first identify in Paragraph 4.3.3.1 the fundamental length scales (and
associated wavenumbers) characterizing the quasi-equilibrium passive scalar field. Next, in Para-
graphs 4.3.3.2 and 4.3.3.3, we report three possible PS spectrum scaling regimes which rigorously
arise in the RDT model when certain fundamental length scales are sufficiently widely separated.
We will compare the exact self-similar scaling forms of the RDT model PS spectrum with the
predictions of approximate theories for real-world turbulent systems in Section 4.3.4.

4.3.3.1. Fundamental length scales and wavenumbers. There are four natural length scales which
partially characterize the passive scalar field, both in the RDT model and in the real world. Two
length scales are inherited from the advecting turbulent velocity field: the integral length scale L, at
which the fluid is driven, and the Kolmogorov dissipation length scale Lx below which velocity
fluctuations are strongly damped by viscosity. Next, we have the correlation length L, of the
pumping field, which sets the (large) length scale at which passive scalar fluctuations are externally
introduced. Finally, it is natural to identify a passive scalar dissipation length scale L4, analogous
to the Kolmogorov dissipation scale of the velocity field, at which convection and diffusion effects
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are in balance. Below such a scale, diffusive effects rapidly damp passive scalar fluctuations, and
above L, the passive scalar dynamics are convection-dominated and molecular diffusion effects are
formally negligible.

To see how this scale should be determined in the RDT model, recall from Eq. (259) that the
relative diffusion rate of two particles separated by distance |r| is 2x + Tr Z(r). The contribution
from the turbulent diffusion, Tr Z(r), is proportional to the mean-square fluid velocity difference
between the particles, and generally grows as a function of |r|. (By isotropy Tr Z(r) is independent
of the orientation of r.) It thus becomes appropriate to define L4 as the length scale at which relative
turbulent diffusion and molecular diffusion are in balance: 2k = Tr Z(L4é), where é is a unit vector.

Let us now discuss how the various length scales are typically ordered. In general, turbulent
systems, L, and L, are large length scales characteristic of the macroscopic system size, whereas the
Kolmogorov velocity dissipation length Lgx and the passive scalar dissipation length L, are
considerably smaller:

Li,La < Lo, Ly .

The disparity between the length scales is often several orders of magnitude. Now, we will be
considering the passive scalar structure on scales small compared with the scale of the driving, so
the ordering of L, and L; will not concern us. The relation between the velocity and passive scalar
dissipation lengths is more interesting.

The relative magnitude of these dissipation length scales is set by the Schmidt number Sc of the
fluid, which is the ratio of the kinematic viscosity v of the fluid to the molecular diffusivity x of the
passive scalar:

Sc =v/k . (287)

This ratio is called the Prandtl number Pr when the passive scalar field corresponds to weak
temperature fluctuations, but we will generally use the term “Schmidt number”. Note that the
Schmidt number measures the relative effectiveness of microscopic fluid momentum transport
relative to microscopic passive scalar transport.

A common situation for transport of light particles or heat in ordinary fluids like air (Pr &~ 0.7)
is for the Schmidt number to be order unity. In this case, Ly ~ Lx because the efficiency of
microscopic momentum and passive scalar transport are comparable, and the length scales at
which the microscopic effects become relevant are about the same. Another fairly prevalent
situation is that of high Schmidt number, for which the passive tracer is diffused much less
effectively than the momentum of the fluid. The transport of heavy dyes or complex fluorocarbons
with large molecular weights as utilized in contemporary laser-induced flourescence measurements
(Sc ~ 10%) provide important practical examples. In these situations, Ly < Lk because one must go
to much smaller scales than Lk to feel the relatively feeble influence of molecular diffusion. The
third possibility of low Schmidt number exists in some exotic cases like electron plasmas
(Pr ~ 10~ 1) and thermal fluctuations in liquid mercury (Pr & 0.02). The regime L4 > Ly occurs at
low Schmidt number, because the molecular diffusion becomes relevant at a larger length scale
than viscosity.

To each of the four physical length scales just discussed, we naturally associate their correspond-
ing wavenumber for the purpose of discussing the PS spectrum Ep(k): ko = L ', kx = Lg ', ke =
LiY and kg = Lt
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4.3.3.2. Passive scalar spectral scaling regimes. Subject to the natural ordering of the length scales
discussed above, three natural intermediate asymptotic regimes where one may expect self-similar
scaling of the passive scalar spectrum are suggested. These regimes, which we now enumerate, have
meaning in both the real world and the RDT model.

e inertial-convective regime:
ko, ke < k < ky, kq - (288)

This is present in the case of a wide separation between the system macroscale and dissipation
microscales (high Reynolds number and high Péclet number). Passive scalar fluctuations on this
range are driven by inertial-range turbulent eddies, and molecular diffusion plays a subdominant
role.

® viscous-convective (high Schmidt number) regime:

ko, ke, kx <k < kq - (289)

This is present when Sc > 1, and there is no strict need for a high Reynolds number or an
extended inertial range. Fluctuations of the passive scalar on these scales are too fine to be driven
directly by the active scales of turbulence; they are rather produced by straining by velocity field
gradients. Molecular diffusion is ostensibly unimportant in the dynamics of the passive scalar in
this range of scales since k < k.

e inertial-diffusive (low Schmidt number) regime:

koy ke, ka < k < ky . (290)

This is present when Sc < 1 and Re > 1. Molecular diffusion now transports the passive scalar
more effectively than the turbulence, but the passive scalar field is still suffering deformations
from the inertial-range eddies of the turbulent velocity field.

The convention in the above discussion is that a regime is called inertial or viscous according to
whether the wavenumber k is on the inertial ky < k < kg or viscous k > kg range of scales, and is
called convective or diffusive according to whether the dynamics are formally convection-domin-
ated k < kg or diffusion dominated k > kq. There is of course also a viscous-diffusive regime
k > kg, kg, ko, ke but the PS spectrum falls off very rapidly at these very high wavenumbers and does
not exhibit scaling.

In the RDT model, the form of the passive scalar spectrum in each of the three above-mentioned
asymptotic regimes may be rigorously computed, and is presented in Table 13. In each case,
a scaling law emerges, with the prefactor consisting of the fundamental physical parameters:

e The passive scalar dissipation rate, 7.

e The parameter Ay describing the amplitude of the inertial-range turbulent eddies (recall
E(k) ~ Agk™ 72" for ko < k < k).

e The small-scale strain rate y which describes the dynamics of the passive scalar field in the viscous
range of scales r < Lg (or k > kg). The relative turbulent diffusion of tracers separated by such
a small distance comes primarily through straining by gradients of inertial-range eddies. The
definition for the strain rate which we adopt here is

7 = (d/dDInd|X V() — X 202172,
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where X(r) and X®(r) denote the locations of two tracers separated by a distance
IX () — X@(1)] < Lg, and the effects of molecular diffusion are omitted in this computation. In
the RDT model, y is related to the energy spectrum through

y~1 = 16dn? j E(k)k? dk .

0
The dimensionless numerical constants appearing in the formulas have the values:

2H?
Cic = WB(d/Z,l + H)B(d/2,1 — H),

Cyve=(d+2)d, Cp=1/8dn>

where B(-,-) denotes the special beta functions [195].

The scaling forms for the inertial-convective and viscous-convective regime were formally
computed by Kraichnan [179,183]. Rigorous derivations for all scaling regimes may be found in
[185].

4.3.3.3. Complete self-similarity of passive scalar spectral scaling regimes. One immediate observa-
tion from the exact scaling laws presented in Table 13 is that they are all completely self-similar in
the terminology of Barenblatt [25]. That is, in each asymptotic regime of wavenumbers presented
above, the PS spectrum depends only on physical parameters which are obviously relevant for that
range of scales. There is no dependence on physical parameters associated to remote length scales,
and no “anomalous scaling” of the PS spectrum. (See Section 4.4 for further discussion on this
topic.)

In all the regimes, the PS spectrum depends on the passive scalar dissipation rate j. This quantity
measures the flux of passive scalar “energy” which is injected at low wavenumbersand travels up to
high wavenumbers where it is dissipated. j simply sets the amplitude of the PS spectrum. In
addition to j, the PS spectrum in the inertial-convective regime depends only on the local
wavenumber k and the parameter Ay which measures the strength of the inertial-range eddies. This
is exactly the set of parameters which one would expect to appear in the inertial-convective

Table 13
Universal scaling regimes for passive scalar spectrum in RDT model

Asymptotic regime Ex(k)

Inertial-convective CicjfAp k=3
kf’ kO < k < kKa kd

Viscous-convective Cveiy ™ 'k™!
ke, ko, kx < k < ky

Inertial-diffusive CipAgjx 2k =328
kf’ kOa kd < k < kK
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asymptotics of the PS spectrum, where the inertial-range eddies play a dominant role, and
molecular diffusivity is negligible. Similarly, the viscous-convective form of the PS spectrum
depends only on j, k, and y, the strain rate characterizing the advective effects of the velocity field in
the viscous range of scales. Finally, the inertial-diffusive regime depends on four parameters
7, k, Ag, and k, because the inertial-range eddies are the predominant cause of distortions on this
range of scales, and molecular diffusivity is playing a strong role. Thus, the passive scalar spectrum
in each of the ranges reported depends only on the parameters which one would naively expect.

It turns out, therefore, that the kind of reasoning which Kolmogorov used to formulate his
k=33 inertial-range scaling prediction works correctly in the RDT model when applied to the
inertial-convective and viscous-convective range of scales. One simply hypothesizes which para-
meters should be naturally relevant in each of these ranges of wavenumbers, applies dimensional
analysis, and finds that only a unique scaling combination of these parameters is dimensionally
self-consistent. One would thereby arrive at the scaling laws presented in Table 13, except of course
that the numerical constants Cjc and Cyc would not be determined by this approach. Obukhov
[254] and Corrsin [76] independently formulated such a similarity theory for the inertial-
convective regime in a real-world turbulent system. The inertial-diffusive regime, on the other
hand, involves too many parameters which have a priori relevance so that dimensional analysis
alone will not produce a unique scaling prediction.

4.3.4. Connections to theory and experiments concerning real-world scaling regimes

We wish now to use the exact results for the scaling regimes of the passive scalar spectrum in the
RDT model as a point of reference for discussing some physical theories formulated for analogous
scaling regimes in the real world. Recall that we could impose a fairly realistic spatial structure on
the turbulent RDT model; the primary deficiency in the model is the lack of memory in the velocity
field. Thus, we can anticipate qualitative similarities in the PS spectral scaling regimes in the real
world and the RDT model, but there will of course be quantitative discrepancies due to the
different temporal structures. We will probe the ideas behind the physical theories for the real world
to see if they can be successfully adapted to the RDT model.

We now briefly discuss each of the passive scalar scaling regimes in turn. We present the main
theoretical predictions for the real-world PS spectrum, and summarize their experimental status.
Then we indicate whether these theories can be adapted to the RDT model, and if so, whether they
predict the correct scaling law. Details can be found in [185].

4.3.4.1. Inertial-convective regime. The prediction for the inertial-convective regime of the passive
scalar spectrum in the real world is based on Kolmogorov-type dimensional analysis, and was
formulated independently by Obukhov [254] and Corrsin [76]. It reads

En(k) ~ Cocje ~1Pk™37  for ko, ke < k < kg, kq ,

where ¢ is the energy dissipation rate and the other parameters have the same physical meaning as
in the RDT model. Coc is supposed to be a universal numerical constant, called the
Obukhov-Corrsin constant.

A number of experiments over the last three decades have reported a decade or two of
k=33 scaling behavior in flows with sufficiently large Reynolds numbers, with fairly consistent
values of the reported Obukhov-Corrsin constant near 0.4. A recent review of the data for the
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inertial-convective regime from experiments may be found in [308]. In this paper, it is pointed out
that the Reynolds number (based on the Taylor microscale) required to see a k™~ >/ scaling region is
approximately 50 in isotropic flows, but about 1000 for anisotropic flows. Experiments conducted
in anisotropic settings which report departures from k>3 scaling in the inertial-convective range
[81,145,242] may simply have too low a Reynolds number to manifest the universal Obuk-
hov-Corrsin behavior.

There are still some unexplained mysteries, however. The k~°/3 law seems to be more robust
than it should be. In particular, it sometimes arises in flows for which the inertial-convective scales
are not locally isotropic [113,236,306]. Moreover, the k>3 scaling in the PS spectrum can extend
over a range larger than that for which the velocity field exhibits inertial-range k= >/ scaling.
Indeed, a k53 scaling in the PS spectrum is reported in some cases where the Reynolds number is
insufficient for the velocity field to have any k™3 inertial range at all! [145,309] Although the
prediction of the Obukhov—Corrsin similarity theory appears to be well borne out by experiments,
the reason behind the k>3 scaling is not satisfactorily understood.

The Obukhov-Corrsin inertial-convective scaling prediction has a good deal of formal similarity
to that of the RDT model:

E9(k) ~ Cief Ay 'k =3 for ko, ke < k < ki, kg -

The strength of the inertial range eddies is measured by the energy dissipation rate ¢ in the real
world and by A in the RDT model (see Section 4.1.4). The dimensional analysis reasoning behind
the Obukhov-Corrsin prediction works perfectly in the RDT model. Consequently, a number of
other simple heuristic considerations (based on spectral flux considerations, for example) will also
automatically predict the correct inertial-convective scaling form in the RDT model, provided they
only involve the inertial-range form of the turbulent energy spectrum and the passive scalar
dissipation rate!

4.3.4.2. Viscous-convective (high Schmidt number) regime. The PS spectrum was predicted by
Batchelor [28] to have the following viscous-convective scaling form in a real turbulent system:

EB(k) ~ 7/vk for ky <k < kq. (291)

He argued, based on empirical considerations, that it would be sufficient to consider the passive
scalar dynamics on this range of scales in a steady uniform strain flow, and deduced Eq. (291) where
7 is the maximum strain rate. Kraichnan [179] investigated the effect of fluctuations in the velocity
field through consideration of his Rapid Decorrelation in Time model, arriving at the same
prediction as Batchelor, up to a numerical multiplicative constant (see Table 13). Chertkov et al.
[65] generalize the prediction of a k! law to finite correlation times as well by reducing the
problem to that of the stretching of lines by a spatially uniform straining field in the presence of
weak molecular diffusion. We see thus that there exists strong theoretical support for
a k~! viscous-convective scaling of the PS spectrum. Note that the scaling law (291) could also be
predicted (up to numerical constant) through an accounting of the obviously relevant parameters
and simple dimensional analysis, in a fashion entirely parallel to the Obukhov-Corrsin theory for
the inertial-convective regime.

Until recently, the k™! scaling prediction also enjoyed experimental confirmation for a number
of passive physical quantities in various turbulent systems [123,129,251,271]. Some of these
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findings [123,129,251] were later criticized [113,242], however, and some recent high Schmidt
number experiments [171,242,338] fail to find k! spectral scaling despite their ability to resolve
the viscous-convective scales. The viscous-convective k™! scaling law is thus under current
controversy.

4.3.4.3. Inertial-diffusive (low Schmidt number) regime. As we mentioned before, in the inertial-
diffusive regime there are too many “obviously relevant” parameters to predict a unique scaling law
by an assumption of complete self-similarity, as was possible in the other regimes previously
discussed. There is in fact a controversy over the scaling exponent in the inertial-diffusive range.
Batchelor et al. (BHT) [29] argue through an approximate consideration of the passive scalar
dynamics in Fourier space, that the passive scalar spectrum (for a turbulent velocity field with
realistic temporal correlations) has the following inertial-diffusive scaling form:

EB¥T(k) = (Cx/16dn*)7e 2Pk =3k =173 for kg < k < kg , (292)

where Cy is the Kolmogorov constant (E(k) ~ Cxé?*k™>"3 for ko < k < k). A competing theory
by Gibson [121], which argues that the small-scale strain rate is important for the inertial-diffusive
range dynamics, arrives instead at a prediction of a different scaling in a subrange of the
inertial-diffusive regime:

E(];Y(k) ~ CG}ZK:_Ik_3 fOI‘ kd < k < kB ,

Cg is a numerical constant undetermined by the theory, and kg is the “Batchelor wavenumber”,
defined as the inverse of the length scale Ly at which the molecular diffusion time balances the
straining of the velocity field.

Measurements of temperature fluctuations in mercury (Pr ~ 0.02) [73,290], and numerical
simulations [56] are consistent with a k™2 spectrum for k4 < k < k. Furthermore, [56,73] also
show evidence for a k~!7/® range over kg < k < k. The spectra of both theories decay rapidly and
are difficult to measure confidently, however, especially since sufficiently low Schmidt or Prandtl
numbers are difficult to achieve experimentally [136,137,196]. Indeed the reported scaling regimes
extend over less than a decade. Moreover, it has been pointed out in [22] that apparent but false
k=3 scaling regimes can result from noisy physical-space observations when the true spectral
scaling is steeper (such as k~1'7/3). Finally, the experimental data are too scant to check the
predicted dependence of the coefficient of the inertial-diffusive scaling laws on various physical
parameters.

In [185], the arguments of the BHT and Gibson theories are examined by the second author in
the context of the RDT model. Both the BHT and Gibson theories have versions which appear to
be sensibly applicable to the RDT model insofar as the theoretical arguments are concerned. The
BHT arguments lead to the correct inertial-diffusive asymptotics for the RDT model:

Eq(k) = CipAgjr =2k =721 for ke, ko, kg < k < kg ,
CID = 1/8dﬂ:2 .

Indeed, the BHT real-world prediction has a strong formal similarity with the exact RDT model
result, recalling that Ay in the RDT model plays a similar role as Cxé*/? in the real world. On the
other hand, the adapted version of Gibson’s theory fails in the RDT model. The dynamics of the
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passive scalar in the inertial-diffusive range of scales does not seem to be signficantly influenced by
straining in the RDT model.

This is by no means an invalidation of Gibson’s ideas or prediction in a real world setting. Rather
it gives us an opportunity to illuminate some ingredients which are essential in the Gibson theory.
The straining mechanism envisioned by Gibson has at least a crude analogue in the RDT model,
but perhaps the fact that the RDT velocity field is Gaussian and delta-correlated makes the strain
ineffective in influencing the inertial-diffusive range passive scalar dynamics. Indeed, numerical
simulations [122] indicate that sustained compression events and anomalously long-range strain-
ing correlations appear to be necessary for the straining to have a strong effect on these scales. The
outcome of the RDT model calculation might then be viewed as an analytical complement to these
numerical findings.

Even allowing for this source of discrepancy, there is an assumption made in Gibson’s theory
which is surprising in light of the exact results of the RDT model. From the premise that straining
plays an important role in the passive scalar dynamics in the inertial-diffusive range, Gibson
formulates a pair of similarity hypotheses which leads to a prediction for the PS spectrum in
a subrange of the inertial-diffusive spectrum which involves fewer parameters than the exact scaling
form for the RDT model in this range. Given that the RDT model is a simplification of real world
turbulence, this is a puzzling outcome, especially since Gibson’s prediction comes not from explicit
computation, but from soft self-similarity arguments. Indeed, there seems to be a gap in the logical
arguments leading up to the k2 prediction. A full discussion may be found in [185].

4.4. Higher-order small-scale statistics of passive scalar field

It is a remarkable feature of the RDT model that closed linear PDEs can be written not only for
the mean passive scalar density and second-order correlation function, but for all higher-order
correlation functions

Py({x 1 1) = <ﬁ T, z)>

j=1

as well. That this could be done in principle was pointed out in [244,246]. The first explicit use of
these equations for the study of higher-order statistics of passive scalar fluctuations within the
inertial range of scales of a turbulent flow was accomplished by the first author [206] for the case of
a freely decaying passive scalar field in a turbulent shear flow. The one-point statistics of the
decaying passive scalar (without pumping) were shown to be broader than Gaussian in this setting,
and the multipoint statistics within the inertial range were demonstrated to be non-Gaussian.

4.4.1. Anomalous scaling of turbulence structure functions
Kraichnan [183] subsequently proposed that the passive scalar structure functions in quasi-
equilibrium
Si(r) = ATx + rt) — Tx, )", (293)
should exhibit anomalous scaling within the inertial-convective range of scales in the RDT model.
By anomalous scaling in this context is meant that

Sx(r)ocr™ for Lg,Lg <r < Lo, Lg ,
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where the exponents {y are not equal to the values which would be predicted by a complete
self-similarity hypothesis [24,25]. A manifestation of anomalous scaling which is observed in
experimental inertial-range measurements of both temperature and velocity in high Reynolds
number flows with fully developed turbulence [5,309] is that {,y # N{,.

As we now explain, the violation of the scaling relation {,y = N{, implies that the small-scale
passive scalar fluctuations both manifest strong non-Gaussianity (“intermittency”) and depart
strongly from Kolmogorov’s and Obukhov’s original completely self-simliar theory. Using real-
world parameters for the moment, the only dimensionally consistent inertial-range asymptotic
form of Sy(r) which depends purely on the scalar dissipation rate j, the separation distance r, and
the energy dissipation rate £ is

S;}(r) ~ CN}ZN/Zg 7N/67'N/3 for LK5 Ld <K<r< Lo, Lf 5 (294)

with dimensionless universal constants Cy. The asymptotics (294) correspond to the normal scaling
relation {,y = N{,. For normal scaling to be violated, some additional parameter must be involved
in the inertial-convective range statistics. This extra parameter is expected to be a physical length
scale L, which permits the following dimensionally consistent inertial-range anomalous scaling law
for the passive scalar structure functions:

Sx(r) ~ CN;ZN/ZEN“rN/?’(%) for Ly, Ly €r < Lo, Ls (295)

where ay = (y — N/3 and the {Cy}§-, are a sequence of dimensionless, universal constants.
Natural candidates for the length scale L entering the asymptotics are the integral length scale Ly,
the pumping length scale L;, the passive scalar dissipation length scale Ly, and the Kolmogorov
dissipation length scale Lg; more exotic possibilities are mentioned in [64]. The current conven-
tional wisdom, based on experimental observations and numerical simulations at various Reynolds
numbers, is that L = L (and L = L, for velocity structure functions, but L, and L; are typically of
the same order.) Holder inequalities ([288], Section 6.2) imply in this case that o,y <0, or
equivalently, {,y < N{,. We remark that, at least in principle, there could be several length scales
appearing as anomalous scaling factors [201]. The inertial-range form (295) is said to be incom-
pletely self-similar in the terminology of Barenblatt [24,25], in that the length scale parameter
L enters into the asymptotics, but only through a power law, even though it is not an “obviously
relevant” parameter in the asymptotic regime of interest. Indeed, the inertial-convective range of
values of r is, by definition, far removed from any physical length scale (L, Lk, Lq, etc.).

One implication of Eq. (295) with L = L is that the temperature fluctuations becoming increas-
ingly intermittent (broader-than-Gaussian) on smaller length scales throughout the inertial range
since the flatness factors

(T +r) = T )™ _ i) Cox (1
(Tl + 70— T 0D (S50)° (€L

diverge as r/L; is made small (since {,y < N{,), whereas they assume constant values (2N)!/2VN! for
Gaussian random fields. The physical mechanism generally believed to underlie this small-scale
intermittency in both the velocity and passive scalar fields is a spatially nonuniform transfer of
energy or passive scalar variance from large to small scales, producing intricately interlaced regions

Cz.\'_Ngz
> fOI‘ LK) Ld <Lr < Lo, Lf
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of strong and weak turbulent dissipation. A variety of phenomenological cascade models encoding
variations of this notion have been proposed to predict the manner in which {y should vary as
a function of the order of the moment N; see the references in [309]. None of these models is,
however, directly connected to the Navier-Stokes equations or advection—diffusion equation.
Indeed, it is still unknown how to derive analytically the inertial-convective scaling laws for the
second-order structure function of the passive scalar and velocity fields from the primitive
equations, and the higher-order statistics provide an even greater challenge.

The fact that the RDT Model permits closed PDEs to be written for passive scalar correlation
functions to all order, however, gives hope that perhaps anomalous inertial-range scaling could be
mathematically derived from the basic equations in this model. The second-order structure
function can be written as an explicit quadrature using Eq. (284) and the simple relation

S3(r) = 2(P3(0) — P3(r))

obtained by binomial expansion of the definition of Eq. (293). A direct asymptotic analysis [183]
produces the rigorous inertial-convective range scaling formula:

2

~ MZ(D{‘)_ 1]"2 -2 for Ld:« LK Lr< Lo, Lf , (296)

S5(r)
which is completely self-similar because it only involves the obviously relevant parameters j, D,
and r (see Paragraph 4.3.3.3). The challenge raised in [183,206] is to compute the higher-order
structure functions from the basic RDT model equations and to unambiguously demonstrate an
anomalous scaling formula such as

r

Ly=N(2—-2H)
S5nI) ~ CongN(Dp) =NV~ 2H)<z>

= CZNZN(Di)_NLN(Z_ZH)_CNVCZN for Ld: LK Lr< Lo, Lf 5 (297)

where the length scale L appearing in the anomalous correction is to be identified and Cy is
a universal sequence of constants. Of course, the truth could be even more complicated than
Eq. (297) through, say, the anomalous appearance of multiple length scales, a nonuniversal
dependence of Cy on details of the pumping, or a dependence of Sx(r) on r/L which does not reduce
to a power law in the inertial-convective range. The problem of anomalous scaling in the RDT
model has been since attacked through a wide variety of means, some of which we will briefly
summarize in Sections 4.4.2 and 4.4.3. There is some controversy regarding these computations,
since different groups proceeding from different assumptions predict conflicting values of the
anomalous scaling exponents. A clearcut demonstration of anomalous scaling proceeding directly
from the basic governing equations without additional assumptions has thus far only been
accomplished in further simplified versions of the RDT Model. We briefly discuss this work in
Section 4.4.5, after reporting the results of some numerical simulations in Section 4.4.4.

4.4.2. Exact equations for scalar structure functions in RDT model

We now describe three basic mathematically exact representations for the passive scalar
structure functions Sy(r) which have been used as the basis of quantitative investigations of
anomalous scaling.
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4.4.2.1. Representation through solution of the closed PDE. The first proceeds by expressing Sx(r) via
binomial expansion of Eq. (293) as a sum of Nth-order quasi-equilibrium PS correlation functions

N
P = ([1 T )
j=1 *
with spatial arguments {x"}Y_, evaluated at either x or x + r. These quasi-equilibrium PS
correlation functions in turn obey a recursively solvable, linear system of elliptic PDEs:

MyPYx D, x™) = — ) (™ — x™)/L)PF - (X} mn) (298)

1<m<n<N

where PJ =1, P*; = 0 and the elliptic operators My have the form

N

My=kY 4= ¥ Vi@ —xp)V;) . (299)

The subscripts on the differential operators indicate the label of the observation point x” on which
they act. The velocity structure tensor & (r) was defined in Eq. (257), and we assume it to have the
same wide inertial-range structure as defined in Paragraph 4.2.2.1. The PDE (298) is accompanied
by some large-scale boundary condition or decay condition to render the problem well-posed. Of
course, we really want to identify Py with the long-time asymptotic solution of the evolution
equation obtained by adding a 0/0t operator to the left-hand side of Eq. (298). Various mathemat-
ical [185,206,208,244,246,349] and formal [95,117,164,198,295] derivations of Eq. (298) and special
cases thereof have been offered.

Though the equations are explicit, this description of the PS structure functions involves
a number of subtleties and technical difficulties in any practical computation with N > 2. First of
all, the fundamental PDE (298) is of very high dimension. The symmetries implied by the statistical
homogeneity and isotropy of all the random fields help only somewhat [64]. The structure of the
differential operator My also poses analytical difficulties; the components of the variable coefficient
tensor Z(x¥ — x")) vary from zero when the observation points coincide (x" = x"") to large
quantities of order D} L3" when the observations points are well separated (Jx¥) — x| > L,). The
expression of the structure function in terms of the correlation function has the unfortunate feature
of weights of mixed sign; for example,

S3(r) = 2P¥(x,x,x,x) — 8PF(x + r,x,x,x) + 6P} (x + r,.x + r,x,x) . (300)

This means that one must be cautious about assuming that dominant contributions to Py are
dominant contributions to the structure function S3(r); there are cancellations possible. Deducing
the inertial-convective asymptotics of Sx(r) also involves some technical delicacy. Because we are
concerned with r > Lg4, one may wish to remove molecular diffusion from consideration, but note
that the structure function involves evaluation of the multipoint correlation functions Py in regions
where points coalesce and the molecular diffusion operators dominate some of the turbulent
diffusion operators. It has been rigorously shown [92,93] that Eq. (298) does have a k — 0 limit
which behaves regularly in the space of mean-square integrable functions (L?). Since the structure
function involves evaluation of Py at special points, however, this regularity result does not rule out
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singular or subtle behavior of S¥(r) in the x — 0 limit. To our knowledge, there are not any other
rigorous results concerning the properties of solutions to the PDE (298).

4.4.2.2. Single radial variable representation. Since Sy(r) is a function of a single variable, it is
natural to want to work with equations of one variable rather than the delicate many-dimensional
PDEs described above. This is in fact the approach adopted in Kraichnan’s paper [183], in which
he deduces a relatively simple equation for S3y(r):

1 d ds¥
,,11—15(”“Dn(r) f{:(r)> = kJon(r) (301a)
where
Tan(r) = 2NKS T2~ HET(#)) . (301b)

In this last expression,
0T =Tx+r) — T(x)
(for any choice of x, by spatial homogeneity), and
H(0T(r) = 2{A6Tm)0T(r)> (301c)

is defined as the expected value of 24,(0T(r)), conditioned upon a given value of the scalar
increment 0T(r). (The function H(6T(r)) is akin to, but more complicated than, the conditional
dissipation rate [ 268] which will be discussed in Paragraph 5.4.1.1.) The differential equation (301)
for the structure function can be deduced from Eq. (298), but a more direct route proceeds through
the Fokker-Planck equation for the probability density function (PDF) for the passive scalar
increment 0T(r) [184]. The main drawback to the one-dimensional representation (301) of the
structure functions is that it is not fully closed; J,5(r) cannot be expressed in terms of S5y(r) in any
known exact way.

4.4.2.3. Representation through Lagrangian trajectories. Finally, the passive scalar structure func-
tions Siy(r) may be expressed in terms of the statistical trajectories of 2N tracers initially
distributed at two points separated by a distance r. Indeed, for any velocity field model, the passive
scalar correlation function Py({x"},) of any order N may be precisely related to the joint statistics
of the Lagrangian trajectories of N tracers starting from {x"}Y_; and moving simultaneously
through the random flow [36,62,115,185]. The simplification afforded by the RDT model is that
the tracer trajectories obey (coupled) stochastic differential equations with deterministic coeffi-
cients [108,185]. The advantage to this Lagrangian approach is that one must analyze a finite
system of stochastic ordinary differential equations rather than a PDE. On the other hand, one
must explicitly deal with random processes and study the parametric dependence of the tracer
trajectory statistics on the initial separation distance r. Some authors [23,62] set up their
Lagrangian framework in terms of functional integrals instead of stochastic differential equations.

4.4.3. Calculation of anomalous scaling exponents in RDT model
A large number of theoretical approaches, based on additional assumptions or formal approxi-
mations, have been proposed which permit a tractable computation yielding quantitative
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predictions for the anomalous scaling exponents of the PS structure functions in the RDT model.
Unfortunately, the results produced from some of the approximate methods disagree with one
another. We shall now briefly summarize some of the main lines of this theoretical research.

4.4.3.1. Closure by linear ansatz for H(0T(r)). Kraichnan [183] put forth a simple closure proposal
for Eq. (301) which is equivalent [184] to assuming that H(6T(r)) is a linear function of 6T (r)
(multiplied by a uniquely determined function of ). This implies that J,x(r) is proportional to
NS3y(r) times a function of r which is independent of N. If S5y(r) has an inertial-convective scaling
law of the form (297), it then follows that the scaling exponents must satisfy the following
anomalous law:

Con = 3o/ ANE, + (@~ G~ 3d ~ Co). (302

Note that the exponent {, is proportional to \/N for large N, rather than a linear function of N as
in the case of normal scaling. Fairhall et al. [95] supported Kraichnan’s closure hypothesis through
the formal derivation of “fusion rules” [202] for how a scaling exponent characterizing the
inertial-convective range scaling properties of the multipoint correlation function P3y({x"}) is
related to its local behavior when two or more of the spatial arguments are made to coalesce. These
authors also argued that L = L; was the only length scale which could self-consistently enter the
anomalous scaling formula (297). Other analytical support for the anomalous scaling law (302),
proceeding from deeper assumptions about nice behavior of certain statistical functions, was given
in [184].

4.4.3.2. Perturbative analyses. A series of later works by various groups attacked the computation
of the scaling exponents through various perturbation expansions in the PDE (298). Leading order
anomalous deviations of the exponents {,y from normal scaling were calculated in the asymptotic
limits of small Hurst exponent [35,116,275] H — 0, large dimensionality [63,64] d — oo, and large
Hurst exponent [278] H — 2. We note that the large d expansion is motivated by the representa-
tion of the differential operator My for large d in terms of N(N — 1)/2 distances between its various
arguments, which takes the form of a sum of a relatively simple differential operator of order d* and
a more complicated differential operator of order d. A common theme of these perturbative
calculations is that they seek “zero-mode” solutions Zy({x"'}) of My, by which is meant that MyZy
approximately vanishes when the observation points {x}I_, all have separations within the
inertial-convective range of scales, and is some unspecified but regular function otherwise. The idea
is that a particular solution with normal scaling can be subtracted from P to cancel (to leading
order) the inhomogeneity on the right-hand side of Eq. (298) when the separations between the
observation points all fall within the inertial-convective range. Each zero mode for a given order
N is then assumed to have inertial-range scaling characterized by a single exponent, which is
computed by perturbation about some limit in which the homogenous solutions of My can be
explicitly constructed. An argument based on either crude matching or continuity with the
unperturbed limit [64,116] is then made to show that a certain zero mode provides the dominant
contribution to the structure function Sy and determines its inertial-convective scaling exponent
{y. The general conclusion is that there is anomalous scaling for the passive scalar structure
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function of the form (297), with the length scale L = L;. The Kolmogorov dissipation length Ly is set
equal to zero from the start in all these works, and anomalies with respect to the scalar dissipation
length scale Ly are thought not to occur based on rough matching arguments to small scales
indicating sufficiently regular behavior of P¥ as L4 is made small relative to the largest separation
between the observation points, even when some points coalesce [64]. The results from the
perturbation theories are mutually consistent with each other in their domains of overlap, but
contradict the law (302) for the scaling exponents deduced from the hypothesis of the linearity of H(dr).

These perturbation theory analyses of zero modes have recently been interpreted in terms of the
statistics of Lagrangian tracer trajectories by Bernard et al. [36] as well as Gat and Zeitak [115].
The zero modes are associated to statistical “shape” configurations of a finite number of Lagran-
gian tracers which relax slowly in time to their asymptotic shapes [36,115]. A large dimension
d - oo perturbation analysis carried out directly on the stochastic equations of motion for the
Lagrangian tracers [115] recovers the same results as the d - oo perturbation theory based on
zero modes of the PDE’s for the PS correlation functions [63,64].

We finally mention a perturbative approach for H — 0 pursued within a renormalization group
framework by Adzhemyan et al. [2], which recovers the results of the anomalous scaling predic-
tions from the perturbative zero mode analyses in [35,116,275].

4.4.3.3. Theories predicting constant asymptote of anomalous scaling exponent. A distinct theory,
motivated by studiesof the randomly driven Burgers equation [267], has been offered by Yakhot
[343]. This work puts forth an approximate closure for the Fokker-Planck PDE for the probabil-
ity density function (PDF) for the scalar increment 6T(r), and seeks a solution for this PDF with
a scale-invariant form over the region

L4, Lg < |r| < Lo, 0T (r)| < {T?x)>">.

The resulting prediction is that the passive scalar structure functions S%y(r) exhibit normal scaling
({5 = N&y) up to some value N, after which the scaling exponents remain approximately
constant, asymptoting to a finite value limy_, ,{,5 = {. This prediction does not agree with either
Eq. (302) or the results of the perturbation theories. The discrepancy with the latter is attributed in
[343] to assumptions in that work which are not uniformly valid over all H and d and which
require modification in the asymptotic regimes considered by the perturbation theories.

The conclusion in [343] that the structure function scaling exponents {, should asymptote to
a constant for large N is supported for 3 < H < 1 by asymptotic “instanton” calculations of
Chertkov [62] and Balkovsky and Lebedev [23], though all three papers disagree as to the value of
this constant and other quantitative details. The instanton procedure, put forth in a general
turbulence context in [96], seeks to describe the tails of the PDF (and thereby the high-order
moments) of statistical quantities such as 0T(r) through a functional path-integral formalism
inspired by the mathematical theory of quantum mechanics. A similar quantum mechanical
analogy had previously been exploited by the first author in [206] to analyze higher-order passive
scalar correlation functions in a random shear flow. The high-order moments in the instanton
formalism are governed by a sort of semi-classical limit in which the dominant contributions to the
functional integral are determined by saddle points in function space of a certain action functional
I(6T). These saddle points correspond in the quantum mechanical analogy to classical trajectories
and are sometimes referred to as instantons; in turbulence applications, the instantons represent
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certain motions of Lagrangian fluid elements. The identification of the instanton formally indicates
the physical process responsible for the shape of the tails of the PDF of 6 T(r) and the intermittency
in structure functions of very large order. Completely different physical processes, however, may
play the dominant role in producing intermittency of passive scalar structure functions of acces-
sibly low order [61]. The saddle-point equations are generally much too difficult to solve in
general, and one typically proceeds by constructing special approximate instanton solutions,
arguing by some auxiliary means which of these should be the dominant contribution, and
assessing whether fluctuations about the instanton solutions are relevant [62,96]. Another ap-
proach is to seek to solve the instanton equations in some perturbative limit, such as large
dimension d - oo [23].

4.4.3.4. Discussion of approximate theoretical approaches. All of the above analytical arguments for
anomalous scaling of the passive scalar structure functions involve a number of assumptions of
varying degrees of plausibility which are difficult to verify with full confidence. Anomalous scaling
is an inherently subtle subject, and may well involve the violation of certain “reasonable” beliefs.
Indeed, some of the above theories produce conflicting predictions for the anomalous scaling
exponents, and it is still unclear which of the theories’ plausible assumptions fail and why. Some
possibilities are suggested in [114]. The situation would clearly be clarified by some unambiguous
results involving no assumptions subject to dispute.

4.4.4. Empirical assessment of theoretical predictions concerning anomalous scaling

The usual means of testing physical theories are difficult to apply to the issue of anomalous
scaling in the RDT model. As we have indicated in Paragraph 4.4.2.1, the fundamental equations
(298) for the high-order passive scalar correlation functions in the RDT model are very difficult to
quantitatively analyze in a mathematically rigorous fashion, and we are not aware of any such
work which bears directly on the anomalous scaling of the scalar structure functions S3(r).
Comparison with experiments is not really feasible, since the RDT model velocity field has
unphysical temporal correlations, though we note that Ching et al. [69,70] found some support for
the hypothesis [95,183,184] that H(6T(r)) is a linear function of 6 T(r) in a real turbulent wake. An
accurate numerical solution of the closed PDEs (298) for N > 2 is too expensive for modern
machines both due to the high-dimensionality and the wide range of scales which must be resolved.
(Gat et al. [114] and Pumir [276] solve numerically for the scaling exponent characterizing the
zero modes of Eq. (298) for N = 3, and find good agreement with the H — 0 and H — 1 perturba-
tion theories. While this work is instructive, it still involves the introduction of additional
assumptions and does not directly compute the PS structure functions.)

Direct numerical simulation (DNS) of the passive scalar advection—diffusion equation with
a rapidly decorrelating velocity field is difficult even in d = 2 dimensions due to the need to handle
the rapid temporal fluctuations, resolve a wide range of spatial scales, and to collect statistics with
sufficient quality to compute the higher order scalar structure functions S#(r) accurately as r varies
throughout the wide inertial-convective range [61,340,334]. Some DNS studies have been conduc-
ted by Kraichnan et al. [61,184] and Fairhall et al. [94], in which a two-dimensional velocity field is
constructed by rapidly sweeping a superposition of two steady random velocity fields past each
other. The spatial structure of the steady component fields is generated by a hierarchical version
of the Fourier method which is discussed in Section 6.2.2. The DNS studies [61,94,184] show
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qualitative agreement with the predictions of Kraichnan’s linear closure ansatz for structure
functions up through order 10 and Hurst exponents ranging from 0.3 to 0.75, but there are some
statistically significant quantitative discrepancies. The function H(6T(r)) obtained from this data
is indeed approximately linear for |6T(r)|=(S%(r))!/?, but manifests a noticable bump for
|0T(r)| <(S%(r))*/* [184]. This particular finding is in qualitative agreement with one prediction of
Yakhot’s anomalous scaling theory [343], and could indicate a possible departure from the more
general fusion rules formulated for the RDT model [95,202] as well as Kraichnan’s linear closure
hypothesis. The scaling exponents, even of the fourth-order structure function, are shown in [61] to
be very sensitive to slight changes in H(6T(r)) from a linear form. Unfortunately, some of the
asymptotic regimes studied by perturbation theories are not amenable to DNS studies: the d — oo
and N — oo limits are inaccessible for obvious reasons [61], and the quality of scaling within the
inertial-convective range is seriously degraded as H — 0 because the diffusion length L4 invades the
inertial range [33,340].

A more efficient means of numerically computing the passive scalar structure functions in the
RDT model, realized and developed by Frisch et al. [ 108] (and independently proposed in [115]), is
the Monte Carlo numerical simulation of the tracer trajectories (see Section 6). The passive scalar
structure functions S5y(r) can be numerically computed at any value r by a Monte Carlo simulation
of 2N particles, starting from N + 1 different initial clusterings at two locations separated by
a distance r. The computational advantage of this trajectory-based approach is that one need only
track a finite system of stochastic differential equations with deterministic coefficients rather than
resolve a PDE on a full spatial grid. One ostensible drawback is the need to repeat the simulations
to compute S3y(r) for each new value of r. Frisch et al. [108] however circumvent this expense by
noting that the inertial-convective scaling exponent {,y of the structure function (297) can be
obtained by observing the scaling with respect to the length scale L breaking complete self-
similarity, which is widely believed to be the pumping length scale L;. The other main concern, in
common all Monte Carlo simulations, is the need to simulate a large number of independent
realizations so that good statistics can be obtained [ 115]. The fourth-order structure function was
computed in [108] by simulating millions of tracer trajectories in d = 3 dimensions, with the Hurst
exponent of the velocity field ranging from H = 0.1 up to values very near H = 1. The method was
validated by comparison of the simulated second-order structure function against the exactly
known result (see Section 4.3.2). The numerically computed scaling exponents of the fourth order
structure function depart strongly from the prediction (302) of Kraichnan’s linear closure ansatz.
(The disagreement is not as bad for values H ~ 1 which were previously computed by direct
numerical simulations of the advection—diffusion equation [94,184].) The numerical result from
Monte Carlo simulations for the fourth-order structure function with H = 0.1 is roughly consistent
with the prediction of the H — 0 theory, but this limit could not be resolved numerically.

4.4.5. Anomalous scaling in further simplified versions of RDT model

In an effort to obtain clear and unambiguous results regarding several controversial issues
regarding anomalous scaling in the RDT model, some researchers have studied related models
which are simpler to analyze. Vergassola and Mazzino [334] realized that a one-dimensional
version of the RDT model could be sensibly formulated, provided that the incompressibility
condition on the velocity field is removed. The velocity field is chosen to be delta-correlated in time
with an inertial-scaling range just like the RDT shear flow in Section 4.1.4, except that the velocity
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is directed along the x-axis rather than transverse to it. One may worry that the removal of
incompressibility may fundamentally change the character of the model, but the rapid fluctuations
of the velocity field help to mitigate compressibility effects. Indeed, it may be shown by a quadra-
ture computation that the second-order passive scalar structure function S¥(r) scales in the 1-D
RDT model as >~ 2 in the inertial-convective range of scales, just as in the incompressible RDT
model. The one-dimensional advection-diffusion equation with a rapidly decorrelating velocity
field was numerically simulated by [334] for H = 4 using a pseudo-spectral code, producing clean
scaling behavior for S¥(r), S¥(r), and S¥(r) over one to two decades of scales. The scaling exponents
obtained from the slope of log-log plots exhibited anomaly ({,5 # N{5). The values of these scaling
exponents were found moreover to agree well at H = 4 with a Padé approximation constructed
from the small Hurst exponent expansion technique in [35,116] adapted to the 1-D compressible
analogue of Eq. (298).

Vergassola [333] also considered an RDT model version of the kinematic dynamo equations for
the magnetic field, and showed that the second-order structure function in this model already
possesses an anomalous scaling exponent {, in the sense that it is not related to H by standard
dimensional analysis considerations (as it is in Eq. (296)). He derived an exact expression {, as
a function of H, and showed that it was consistent in the H — 0 limit with a prediction based on
a small Hurst exponent expansion [35,116] for the scaling exponent of the zero modes of a closed
equation for the correlation function analogous to Eq. (298). These results provide some support
for the anomalous scaling predictions based on expansions of the Hurst exponent [35,116,278], but
the reason for the disagreement with the competing theory [95,183,184] based on the linearity of
H(6T(r)) remains to be clarified [114].

We finally make mention of an RDT “shell model” of Benzi et al. [ 33,340] in which Fourier space
is discretized into geometrically distributed shells, and the nonlinear advective interaction between
velocity and passive scalar Fourier shell modes is truncated to nearest neighbors. The Fourier
components of the passive scalar correlation functions then satisfy band-diagonal systems of
ordinary differential equations with respect to time. The equations for the second- and fourth-order
correlation functions can be solved numerically, with the result that the second order structure
function S%(r) scales normally in the inertial-convective range with exponent {, = 2 — H whereas
the fourth order structure function S¥(r) scales anomalously [ 3407]. Direct Monte Carlo simulations
of the advection-diffusion equations in the RDT shell model confirm these conclusions [340].
Stability analysis of the equations for the PS correlation functions shows that the effects of
molecular diffusion and large-scale pumping have negligible effects in the RDT shell model on the
scaling properties of the passive scalar correlation function deep within the inertial-convective
range [33]. This is in agreement with the conventional wisdom for the continuous RDT model
[64,95]. However, the insensitivity to molecular diffusion in the RDT shell model is not uniform in
the H — 0 limit, because the scalar dissipation length scale L4 strongly invades the inertial range [33].

4.4.6. Other applications of RDT model to higher-order scalar statistics

The simplification of the temporal structure in the RDT model permit a number of other issues
concerning the small-scale structure of the passive scalar field to be examined quantitatively. We
refer the reader to the papers [164,292,295] wherein statistical properties of the gradient and level
set contours of the passive scalar field are studied in an RDT velocity field without an inertial
range.
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5. Elementary models for scalar intermittency

Small-scale intermittency, of the type just discussed in Section 4.4, has been a recognized feature
of turbulence since 1962, when Kolmogorov [170] and Obukhov [255] modified the original 1941
turbulence theory to account for its effects. The small-scale intermittency in both the velocity and
advected scalar fields in a turbulent flow is typically associated with the patchiness and irregularity
of regions of strong vorticity and scalar gradients [72,309]. Statistics which involve evaluation of
the turbulent field at two closely spaced points are sensitive to small-scale intermittency, and can
exhibit anomalous scaling with respect to Reynolds number or separation distance between the
observation points.

Single-point recordings, on the other hand, measure the total fluctuation coming from all scales,
and are dominated by contributions from the large scale fluctuations because they have the larger
amplitude. They are therefore insensitive to small-scale intermittency. It was long thought that, at
sufficiently high Reynolds number, the single-point measurements of the velocity field and of the
passive scalar field in homogenous turbulence ought to exhibit the Gaussian statistics typical of
noisy processes with many degrees of freedom. Indeed, nearly Gaussian behavior for these
quantities was observed in several experiments [106,311,316,324,326] dating back to 1947.

An intriguing development came in the late 1980s with the report that single-point temperature
measurements in a Rayleigh-Benard convection cell experiment at the University of Chicago
exhibited large fluctuations with greater frequency than what would arise from a Gaussian
distribution [55,135]. More precisely, the single-point probability density function (PDF) p+(p) for
the temperature T, defined by

b

Prob{a < T < b} = j pr(p)dp

a

was found to decay only exponentially ~ Cye~ /! for large values of p, and not like a Gaussian
~ Cie~ %", Broad tails in the single-point PDF indicate unusual activity occurring at the
large scales, such as large random coherent structures amidst the turbulent “noise”. This
property of large fluctuations in the single-point statistics of a turbulent flow occurring with
a significantly super-Gaussian probability is therefore often referred to as large-scale intermittency.
To understand how this might come about, recall that in a Rayleigh-Benard convection cell, the
lower face of a cube of fluid is maintained at a temperature hotter than that of the upper face, while
the side walls are insulated. When the applied temperature differential is significantly strong, the
temperature profile becomes unstable to a large-scale convection rolling pattern, with hot fluid
rising on one side of the cell and cold fluid descending on the other [293]. Superposed on this mean
circulation are turbulent fluctuations, and one may envision the large-scale intermittency of the
measured temperature as coming from the occasional passage of ascending (descending) plumes of
hot (cold) fluid past the probe [135]. Another striking feature about the temperature PDF
measured in this experiment beyond its exponential tails is its universality with respect to Rayleigh
number (a nondimensionalized measure of the vigor of buoyant convection relative to dissipative
processes).

These findings stimulated theoretical inquiry into whether the departure of the temperature from
Gaussian behavior was due to the complex flow and velocity-temperature interactions in the
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convection cell, or whether it might arise more generally. Pumir et al. [277] analyzed a phenom-
enological turbulent mixing model, and predicted that exponential tails should be observed in the
PDF of a passive scalar advected by a moderate Reynolds number flow when a constant mean
scalar gradient is imposed by the boundary conditions. That is, neither buoyancy nor a wide
inertial range ought to be necessary for the appearance of large-scale scalar intermittency. Sinai
and Yakhot [298] considered the general evolution of a freely decaying passive scalar in a statist-
ically stationary velocity field (with no mean scalar gradient imposed). Through a closure approxi-
mation, they predicted that the scalar PDF would develop broad, algebraic tails (pr(p) ~ C1p ~* for
large p) in the long time limit.

These theoretical developments in turn prompted experimental investigation of the statistics of
temperature fluctuations small enough in magnitude to be considered passive. Gollub and
coworkers [127,191] conducted an experiment directly suggested in [277]. A weak temperature
differential was applied to opposite sides of a desktop cell in which the fluid was stirred by
a oscillating grid. For Reynolds numbers ~ 103, the temperature displays broad exponential tails
in its PDF, while the turbulent velocity field has a short inertial range and a Gaussian PDF.
Meanwhile, Jayesh and Warhaft [146,147] studied the PDF of the temperature and velocity in
a wind tunnel with grid-generated turbulence. A mean temperature gradient is impressed on the
flow only at the inlet, and the velocity and temperature fluctuations decay freely in the tunnel.
Despite the differences from the setup of Gollub et al., similar results were found: at comparable
Reynolds number, the velocity PDF quickly relaxes to a Gaussian form, while the temperature
PDF exhibits broad exponential tails far downstream of the grid. The temperature PDF in both
experiments, however, reverts to a Gaussian form if the Reynolds number does not exceed some
moderate value. Jayesh and Warhaft also observed Gaussian behavior for the temperature when
a mean temperature gradient is not impressed on the flow.

Large eddy [237,238] and direct numerical simulations [91,111,153,155], which were pursued
even earlier and in a different spirit than the above-mentioned laboratory experiments, also
indicate a similar variety of both Gaussian and non-Gaussian behavior for turbulently advected
active and passive scalars. We shall quickly review some of the main results from physical and
numerical experiments in Section 5.1.

In order to investigate some of the issues regarding large-scale passive scalar intermittency raised
by the above-mentioned laboratory and numerical experiments, the first author designed a turbu-
lent diffusion model for which the single-point passive scalar PDF could be computed exactly
[207]. The velocity field in this Random Uniform Jet model was taken as a superposition of two
parallel uniform shear flows, one with deterministic variation in time modelling a mean flow, and
the other with random and rapid fluctuations modelling the effects of moderate Reynolds number
turbulence. Beyond the specification of the form of the velocity field, no further assumptions are
introduced; the advection—diffusion equation can be analyzed in its exact form. Though the model
velocity field is relatively simple, the single-point statistics of the advected passive scalar field
display a rich behavior. For example, the scalar PDF approaches a Gaussian or non-Gaussian
form at long times, depending on the dynamics of the mean shear flow. The long-time limiting
shape of the scalar PDF is universal in a restricted sense: it depends on three parameters involving
only the large-scale features of the initial data and one parameter involving both the flow
parameters and the large-scale features of initial data. We will present the Random Uniform Jet
model in Section 5.2, and point to some qualitative connections between its findings and the results
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of numerical and laboratory experiments. This discussion draws from the original paper [207] and
subsequent elaborations by McLaughlin and the first author [233] and by Resnick [282].

Further issues concerning passive scalar intermittency were studied by Bronski and McLaughlin
[51]in a variation of the Random Uniform Jet model in which the random shear flow is taken to be
periodic, rather than uniform, in space. While this Random, Spatially Periodic Shear model is
not exactly solvable in the same sense as the original Random Uniform Jet model, the passive
scalar PDF can still be analyzed in the long-time limit through precise asymptotic expansions.
The results of these direct computations can be compared with the predictions of homogenization
theory (see Section 2), which applies rigorously in a certain long-time asymptotic limit in which
the initial data is simultaneously rescaled to larger scales. As we shall discuss in Section 5.3,
the scalar PDF in the Random, Spatially Periodic Shear model displays substantial qualitative
differences from the homogenized description when evaluated at large but finite times with the
initial data varying on a large but fixed length scale [51]. This is the appropriate limit procedure
for studying the long-time characteristics of a particular system, and its departures from homo-
genization theory indicate some subtleties about the nature of the limit process involved in
the latter.

We conclude in Section 5.4 with a brief discussion of some other recent theoretical studies which
shed light on other aspects of large-scale passive scalar intermittency beyond those present in the
exactly solvable simple models described above. Most of this work is based upon phenomenologi-
cal or formal approximations, in contrast to the exact analysis of the basic advection—diffusion
equation presented in Sections 5.2 and 5.3.

5.1. Empirical observations

As we have mentioned in the introduction, the PDF of a turbulently advected scalar has been
empirically found to have exponential tails in some circumstances and to be Gaussian in others. It
would be interesting to establish criteria classifying the ingredients and parameter ranges asso-
ciated with large-scale scalar intermittency, but much more investigation appears necessary. (See
[147] for the suggestion of such a criterion, which however does not appear to explain the results of
[238] and [316].) The physical experiments and direct and large eddy numerical simulations do at
least suggest, though, that the shape of the scalar PDF depends on the following features and
parameters:

whether the turbulence is driven or freely decaying [153,238],

whether buoyancy effects are important [55,135,155,238],

the presence of a mean scalar gradient [147],

the presence of a mean shear flow (compare [147,316]),

Reynolds number [147,191],

the relative magnitude of the integral length scale of the velocity field and the correlation length
of the passive scalar field [191,311],

7. the time at which the scalar is measured when it is freely decaying.

SAINA I

With regard to the last point, the scalar PDF in some freely decaying turbulent systems exhibits
strong skewness [311] or broad tails [91] for a while, but slowly relaxes to a Gaussian distribution
after a long time.
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We are not aware of any positive experimental results concerning the universality of the scalar
PDF other than those reported in the Chicago convection experiments [55], but there does not
seem to have been much systematic investigation in this direction.

5.2. An exactly solvable model displaying scalar intermittency

We shall now introduce a simplified turbulent diffusion model in which the scalar PDF can be
exactly analyzed without the need for any further ad hoc approximations or assumptions. Within
the model, we will be able to characterize precisely the conditions under which the scalar PDF
displays Gaussian or non-Gaussian features, and touch on the issues 4, 6 and 7 listed in Section 5.1.
We can also describe the extent to which the limiting shape of the PDF in the long-time limit is
universal.

5.2.1. Random uniform jetmodel
For our mathematical investigation of passive scalar intermittency, we consider velocity field
models from a class of three-dimensional jet flows:

0
vx, ) =0(x,y,2,t) = | Yu(t)z + 7OV (x) | . (303)
0

Here, V(x) is a deterministic spatial profile, y(¢) is a deterministic function of time, and v(t) is
a stationary, Gaussian random function of time with mean zero and correlation function:

et + 7)) = R(7) .

The velocity field is directed only in the single direction y, and is composed of a deterministic shear
flow y(t)z and a random shear flow y,(f)V (x) varying in transverse directions. The deterministic
component y,,(t)z is supposed to model a mean shearing motion which responds to some regular,
external forcing. The random component V (x)y.(t) represents a spatially coherent motion with
random temporal fluctuations, qualitatively modelling an excited instability in the fluid flow. The
class of models (303) thereby mimics some features of a flow with a moderate Reynolds number not
far above the onset of the turbulent activity. To model a high-Reynolds number jet flow, we could
superpose a further shear velocity field with random spatio-temporal fluctuations over a wide
inertial range of scales (as in Section 3). The empirical evidence suggests, however, that the issue of
passive scalar intermittency is already interesting for moderate Reynolds number flows [147,191].
We will consider the evolution of passive scalar initial data of the form

TO(X7 Vs Z) = TO(xa y) + TO(X: y) 5

where T(x, y) is a deterministic mean profile and T'o(x, y) is a mean zero, homogenous, Gaussian
random field of fluctuations about this profile, with correlation function

P3(x,y) = CTo(x', ) Tolx' + X,y + ) = f eI PY(n, k) dn dk . (304)

R
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If the mean profile is nontrivial, it will be assumed to have a finite nonzero integral:
M, = J To(x,y)dxdy #0 . (305)
RZ

If random fluctuations are present in the initial data, their spectrum 138(11, k) will be assumed to have
the following low-wavenumber asymptotics:

lim  P3n, k) ~ K| (1K), (306)
n—0,k—0
where ¢(n, k) is a smooth function with ¢(0,0) finite and positive. The restriction that the initial
data vary only in the x and y directions eases the complexity of the formulas; all the qualitative
features we shall discuss carry over to case in which the initial data also varies in the z direction
[207,233].
We will presently consider a uniform profile for the random shear (V (x) = x), and prescribe the
random temporal fluctuations y,(t) to be either

® a white noise process, with correlation function
R(t) = A¢d(7) , (307)

or
e a superposition of Ornstein-Uhlenbeck processes, with correlation function

M
R(t)= ), Aje 7. (308)
j=1

The {z;}}-, are the correlation time scales of the Ornstein-Uhlenbeck processes, while 4, and
{A;}}=1 determine the amplitude of the associated shear flows. The white noise process may be
thought of as a certain rapid decorrelation limit of the Ornstein-Uhlenbeck process (t; — ¢7; and
Aj—> e 1A with ¢ > 0).

The passive scalar field will evolve freely in the statistically stationary turbulent velocity just
defined, and no mean scalar gradient nor boundary conditions are imposed. The advec-
tion—-diffusion model we have just defined will be called the Random Uniform Jet model:

oT t orT !
0T(x.y.2.1) | (Jlt)z + yr(t)x)M =kdT(x,y,2,1),
2 5 (309)

T(x,y,2,t =0) = To(x,y) + To(x,) .

The assumptions made concerning the spatial profile of the shear and the temporal dynamics
permit the single-point statistics < T™(x, y,t)> of the passive scalar field to be expressed by explicit
quadrature formulas. Later, in Section 5.3, we shall consider a periodic spatial profile V(x) for the
random shear.

We present the large-scale scalar intermittency properties of the Random Uniform Jet model in
Section 5.2.2 and qualitatively relate them to the empirical observations. The derivation of these
results, in which the passive scalar correlation functions are represented through the solutions of
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quantum-mechanical Schrodinger equations, will be sketched in Section 5.2.3. In the present case,
these Schrodinger equations describe precisely the motion of a system of particles subject to
a harmonic oscillator potential, and may be solved in fully explicit form through Mehler’s formula
[296]. This methodology was developed by the first author [207] and extended together with
McLaughlin [233] for the white noise temporal structure of the random shear. Resnick [282]
generalized the analysis to handle the Ornstein—-Uhlenbeck temporal stucture.

5.2.2. Exact results for models and relation to physical themes
Despite the relative simplicity of the Random Uniform Jet model (309), the PDF p$-=9(-) for
the single-point passive scalar statistics:
b

Prob{a < T(x,y,z,t) < b} = f P =p)dp

a

displays a variety of interesting features. First, the scalar PDF has a

e broader-than-Gaussian distribution at all finite times 0 <t < oo and spatial locations, when the
initial data is a mean zero, Gaussian, homogenous random field.

In the long-time limit, the scalar PDF will become concentrated at zero because of dissipative
processes, but it will converge to a nontrivial shape (independent of spatial location (x, y, z)) which
exhibits the following features:

® broader-than-Gaussian tails when the mean shear flow y,(t)z is weak or absent,

® a Gaussian distribution when the mean shear flow y,,(t)z is sufficiently persistent,

® dependence on the relative magnitude of initial velocity and passive scalar length scales (as
measured by the parameter « in Eq. (306)), with the PDF becoming more Gaussian as the
long-range correlations in the initial data become stronger,

e permanent skewness with memory of the sign of the integral of the mean initial scalar profile, M,

® a phase transition with respect to the parameter oo when the initial data has both deterministic and
random components,

e dependence on molecular diffusivity at the phase transition value o = 3/4,

e universality with respect to small-scale features of initial data,

e universality with respect to the random temporal correlation structure of the velocity field, whether
it be a white noise process or a superposition of Ornstein—Uhlenbeck processes.

The fact that our exactly solvable model produces scalar intermittency with this wide range of
features makes it an attractive candidate for testing approximate closure schemes [269]. We shall
now elaborate upon the above results for the model, and connect them with the experimental and
numerical findings presented in Section 5.1.

5.2.2.1. Finite-time intermittency. Suppose that the initial data is purely a mean zero, homogenous,
Gaussian random field To(x, y) = To(x, y). Then, when y,(t) is white noise in time, one can show
through explicit formulas that the scalar PDF p§=(-) is broader-than-Gaussian at all finite
positive times [207]. That is, the flatness factor

AT, p,z, )
AT (x,y,2,1))*)?

F(x,y,z,t) =
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strictly exceeds the Gaussian value of 3 for all (x, y,z)e R® and 0 < t < oo . A similar result can be
rigorously deduced through the analysis of quantum mechanical analogies (see Section 5.2.3) when
the shear flow profile V' (x) is periodic in space (Section 5.3 and [51]) or contains a more general
spatio-temporal randomness [206].

Fefferman [101] pointed out that broader-than-Gaussian scalar PDFs should in fact arise at
finite times for quite general models with random advection and molecular diffusion, when the
initial data is a mean zero, homogenous, Gaussian random field. His argument sharpens some
related observations of Kimura and Kraichnan [162]. Observe first that since the advection-
diffusion equation is linear:

0T (x,t)/0t + v(x, 1) VT(x,t) = kAT (x,1t),
T(x,t =0) = Tox),

we may represent its solution as the integral of the initial data against a Green’s function p®(x, x'):

T(x,t) = J pP(x,x)To(x')dx’ .

The Green’s function appearing here is random because it depends on the random velocity field v.
Consider now a solution of the advection-diffusion equation which is conditioned upon a particu-
lar realization of the velocity field v chosen from the statistical ensemble. This conditioned passive
scalar field, which we denote T(x,t|v), is expressible as the integral of the initial data against
a deterministic Green’s function, since the velocity field is fixed at a given realization. Being
a deterministic linear functional of the mean zero, Gaussian random field Ty(x), the conditioned
passive scalar field T(x,t|v) must also be a mean zero, Gaussian random field. The original,
unconditioned passive scalar field T(x,t) can therefore be described as a random mixture of the
mean zero, Gaussian random fields T(x, t|v).

We now show that this implies that T'(x, t) must have a broader-than-Gaussian single point PDF
at all space-time points, unless the conditional passive scalar variance

o7(x,t;0) = {T(x, 1) >o

is independent of the particular realization of the velocity field v which is held fixed in the average
over the initial data. Recall our convention that the suffix “0” on the expectation brackets indicate
an averaging only over the statistics of the initial data, while a suffix “v” will indicate an average
only over the velocity statistics. (We assume these are statistically independent.)

Note first that {T(x,t)) = {{T(x,t[v)>o>, = 0>, = 0. The flatness factor of the passive scalar
field may then be written:

AT 1) =T, ) (THx 1)) LT )00
AT, ) = <Tx,1)3)>*  (T(x1))?  LKTxtv))o)s

Because T(x,t|v) is a Gaussian random field for each fixed realization of v, we have

F(x,t) =

(T, t0))0 = 3{(T(x, t0))*>§ = 3(a7(x, ;v))* .
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Therefore,

_ (R ),

RGN
But by the simplest moment inequality

(o3 so)D,

(otletyo)p? = 7

with equality holding only when the functional of the random velocity field, o#%(x, t; v), has zero
variance, i.e., behaves deterministically. We have shown that the passive scalar field will have
a broader-than-Gaussian distribution at all space-time points (x,t) for which ¢#(x, t;v) has some
nontrivial dependence on v.

Therefore, the question of finite-time intermittency reduces to the question of whether the
conditional variance of the passive scalar field at a certain location depends on the particular
realization of the velocity field. If the velocity field were deterministic or absent, then there
tautologically would be only one realization of the velocity field, and the passive scalar field must
be exactly Gaussian at all times. On the other hand, if the passive scalar field were advected by an
arbitrary incompressible random velocity field with no molecular diffusion, then the passive scalar
field is simply advected along characteristics. Consequently, in every realization of the velocity
field, the single-point scalar PDF will everywhere be identical to that of the homogenous, Gaussian
random initial data T(x). Hence, as was also shown by Kimura and Kraichnan [162], the passive
scalar field arising from homogenous, Gaussian random initial conditions will remain Gaussian
unless both random advection and molecular diffusion are active.

While these transport mechanisms in isolation always preserve Gaussianity of the initial,
homogenous, random passive scalar field, their interaction generically will produce intermittent
passive scalar fields at all finite times. Consider, for example, the Random Uniform Jet Model, in
which the random component of the velocity field is the stochastic process 7y,(t) multiplying
a uniform shear flow spatial structure. Scalar intermittency will arise provided that the conditional
variance of the passive scalar field o3(x, t;v) depends on the particular realization of 7,(t). This is
clearly true: the shear flow interacts with the molecular diffusion to produce enhanced diffusion
[31,258], and in each realization of the random shear, the mean-square displacement of a tracer
along the shear is

F(x,1)

D.(t]y,) = 2KJ‘tfyr(s)min(s, SYyds)dsds”, (310)
0Jo

as follows from computations similar to those described in Section 2.3.1. The greater the resulting
transport, the more rapidly the passive scalar fluctuations will average out and their variance
decrease.

In general, velocity fields with regions of stronger strains and shears give rise to more effective
diffusion of the passive scalar field and consequently faster dissipation of the passive scalar variance
than those with gentler gradients. Thus, in a generic random velocity field model in which the
realizations of the statistical ensemble have different shearing and straining behavior, one can
expect broader-than-Gaussian scalar PDF’s at all finite space-time locations (x, t), when the initial
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passive scalar field is a mean zero, homogenous, Gaussian random field. The assumption of
statistical homogeneity is, in fact, inessential.

Note that the argument just presented does not suggest that the scalar PDF should generally
remain broader-than-Gaussian in the long-time limit. The passive scalar variance o#(x,t) =
(o} (x,1;v)), = {(T*x, 1)) will decay to zero as t — o0, so one must consider instead the normalized
conditional variance:

Zix, 1;0) = o7(x, ;0)/07(x, 1) .

By the same arguments as above, the scalar PDF approaches a broader-than-Gaussian shape in
the long-time limit when 2%*(x;v) = lim,, ,X%(x,t; v) is a nontrivial functional of the random
velocity field, and will asymptotically become Gaussian when X%*(x; v) is almost surely a determin-
istic constant (which must be unity). Intuitively, we might associate relaxation to a Gaussian
distribution (X%*(x) = 1) with flows in which the passive scalar field has a “self-averaging property,”
so that the long-time properties of the passive scalar field are the same in each individual
realization of the velocity field. But it is not clear how to decide which case holds for a general,
given nontrivial model.

For the Random Uniform Jet Model, we can actually compute the moments of the scalar PDF
through explicit formulas, and thereby directly characterize when the scalar PDF is Gaussian or
broader-than-Gaussian in the long-time limit.

5.2.2.2. Gaussianity and non-Gaussianity of the asymptotic scalar PDF. As we have just discussed,
the single-point passive scalar PDF p§-=9(-) is broader-than-Gaussian at finite times in the
Random Uniform Jet Model. The question of whether this PDF relaxes to a Gaussian in the
long-time limit is determined [207] through the long-time behavior of the following function
related to the temporal structure of the deterministic mean shear flow vy,(t)z:

I1.,(t) = Kf(fym(s/) ds’) i ds .

e If t~21,(t) is bounded in time, then as t — oo, the passive scalar PDF p#¥=9(-) converges to
a broader-than-Gaussian shape which is completely independent of the mean shear flow,

e If t72I,(t)> oo as t — oo, then the passive scalar PDF p§=9(-) approaches a Gaussian
distribution in the long-time limit.

(If neither of these cases hold, then the passive scalar PDF never settles down to a limit, but forever
oscillates in response to variations in the mean shear flow y,,()z.)

In particular, in the absence of the mean shear flow (y,(t) = 0), the passive scalar PDF in our
model converges to a broader-than-Gaussian limiting form in the long-time limit. The addition of
a uniform mean shear flow y(t)z with y,(t) a periodic function of time will not influence this
limiting distribution. On the other hand, the addition of a steady mean shear flow (y,(f) a nonzero
constant) will cause the passive scalar PDF to relax to a Gaussian form. More generally, the
asymptotic scalar PDF will be Gaussian or not according to whether or not the mean shear flow is
sufficiently persistent, as measured by whether ¢t~ 21 ,,(t) diverges or stays bounded. Large values of
I.,,(t) correspond to temporal dynamics y,,(t) of the mean shear flow which tend sufficiently strongly
toward one direction or the other.



A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574 469

It can be readily checked that the above conclusions hold without change if the mean shear flow
were to be given instead by y.,(¢)x, with its gradient directed parallel to that of the random shear
flow y.(t)x.

One might understand why a persistent mean shear flow is associated with Gaussianity of the
limiting passive scalar PDF through a “self-averaging effect”. From Section 3, we know that
molecular diffusion interacts with shear flows to produce enhanced diffusion of the passive scalar
field along the direction of the shear. As discussed above, the interaction of the molecular diffusion
with the random shear flow y(t)x is a source of scalar intermittency due to the variability of the
resulting shear-enhanced diffusion and dissipation. On the other hand, the interaction of the
molecular diffusion with a deterministic shear flow will lead to a rapid diffusion along the shearing
direction which will tend to average out the passive scalar fluctuations over space in a regular,
nonrandom fashion. By a central limit argument, one can expect that this averaging effect will tend
to restore Gaussianity to the passive scalar statistics.

This intuition is reflected by the exact criterion concerning I,(t) described above. This quantity
can be rewritten in a form

t ('t

I.(t) =« J f Ym(t — s)min(s, 8" )ym(t — s’)dsds’ (311)
0J0

which has a good deal of similarity with the formula for the mean-square tracer displacement along

a time-dependent, deterministic uniform shear flow (cf. (310)):

t [°t

0 .m(t) = ZKJ J Ym(s)min(s, s")ym(s) dsds’ .
0J0

The mean-square displacement along a randomly fluctuating shear flow y,(t)x with white noise

correlations can also be calculated by similar means:

t ('t

oy.(1) = 2KJ J min(s, ') Ym(S)ym(s)> dsds” = kt? ,
0J0

and a quadratic expression in ¢t also results upon averaging the formula (311) for I,(¢t) with y.(¢)

replacing y,,(¢). Therefore, the criterion for whether the asymptotic scalar PDF is Gaussian or not is

related in some sense to whether the mean or random shear diffuse the passive scalar field more

effectively.

The “Gaussianizing” property of the mean shear revealed in the Random Uniform Jet model
might be responsible for the different properties of the temperature observed in wind tunnel
experiments by Jayesh and Warhaft [147] and by Tavoularis and Corrsin [316]. In both experi-
ments, a mean temperature gradient is impressed on the fluid at the inlet, after which it freely
decays. Jayesh and Warhaft generate turbulence by passing a uniform flow through a grid, whereas
Tavoularis and Corrsin introduce a nearly uniform mean shear flow into the tunnel, where
turbulence develops due to flow instabilities. In the former experiment, broad tails in the temper-
ature PDF persist far downstream. In the latter, the temperature PDF is very well approximated by
a Gaussian, even though the Reynolds number is higher. A satisfactory investigation of this point
would of course require a comparison between two experiments in which all conditions are held
fixed, other than the presence of the mean shear.
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5.2.2.3. Properties of the non-Gaussian asymptotic PDF. From now on, we shall focus on the
characterization of the broader-than-Gaussian shape of the scalar PDF which arises in the
long-time limit when t ~2I,(t) is bounded. Its asymptotic shape will not depend on the mean shear
flow, nor does it depend on whether the random shear is fluctuating in time according to a white
noise or Ornstein-Uhlenbeck process. Rather, it depends only on some large-scale features of the
initial passive scalar data T(x,y). That is, one can define universality classes of the initial data,
dependingonly on a few large-scale parameters, so that all initial data belonging to a particular
universality class will approach a common broader-than-Gaussian PDF in the long-time limit.

First, we will first separately consider the cases of purely random initial data and purely
deterministic initial data. Subsequently, we will examine the long-time form of the scalar PDF
when the initial data has both deterministic and random components. Finally, we describe the
universality properties of the long-time scalar PDF shape in a little more detail.

Purely random initial data. If the initial data is a mean zero, homogenous, Gaussian random field
To(x,y) = To(x, ), then by linearity of the advection—diffusion equation, the scalar PDF will have
a symmetric form with mean zero at all times. The simplest characterization of the shape of the
long-time asymptotic scalar PDF is thus the (first) flatness factor:

(T vz 1)
* == —
B = lm ez 5

A Gaussian PDF has a flatness of 3, while the flatness of the asymptotic scalar PDF in the Random
Uniform Jet model is given by the explicit formula [233]:

L (i o o
J e  (sinhy/(kM)? + (k)?)1/2

|k(1)| —a+1/2 (lk(2)|)7a+ 1/2
L@z (sinh|k™V))/2(sinh|k?])1/2

dHUdH”

F¥ =3 (312)

dHwam

The parameter o appearing here describes the low-wavenumber behavior of the spectrum of the
initial passive scalar fluctuations:

PY(x,y) = {To(x, ) Tolx' + x5 + y)> = f PS(n, kydn dk ,
RZ

lim f’g(r], k) ~ |k|*zx¢(’,” k) >

n—=0,k—=0
where ¢(n, k) is a smooth function with ¢(0,0) finite and positive.
One can rigorously show through calculus inequalities [207,233] that the asymptotic flatness
F¥ is greater than 3, and that the asymptotic scalar PDF is therefore strictly broader-than-

Gaussian. In Table 14, we report some numerical computed values of F.
The value « = 0 is the most natural, since it corresponds to initial data for which

O<J PY(x,y)dxdy < oo .
R2
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Table 14
Flatness of asymptotic scalar PDF in Random Uniform Jet Model (from [233])

o F¥

— 8.0 265.02

—40 22.84

—1.5 6.01

—038 4.46
0.0 3.44
0.4 3.16
0.8 3.02

This condition is satisfied for the typical case in which the initial data is predominantly positively
correlated, with finite integral length scale. As we see from the table, the flatness for this class of
“ordinary” initial data is 3.44, which indicates a scalar PDF which is slightly broader than
a Gaussian shape but not as broad as an exponential distribution (F = 6).

Varying the parameter « corresponds, in a sense, to varying the ratio between the (initial) length
scale of the passive scalar field and the length scale of the velocity field. Now, the length scale of the
velocity field in the Random Uniform Jet model is strictly infinite, so one cannot literally define
such a length scale ratio. But the parameter o does describe the strength of the large-wavelength
(low-wavenumber) fluctuations in the initial data. Clearly, as o increases, the initial data is
becoming more strongly correlated over larger length scales. In particular, for 0 <o < 1, the
integral length scale of the initial data is infinite, and one can relate this range of parameter values
to situations in which the velocity and passive scalar field have comparable length scales. We see
from Table 14 that as the long-range correlations of the passive scalar initial data strengthen
(o —> 1), the flatness factor approaches the Gaussian value of 3. On the other hand, for negative
values of «, the long-wavelength fluctuations of the passive scalar field are depleted, and the passive
scalar field is initially correlated on much smaller length scales than the integral length scale of
the velocity field. The flatness factor diverges rapidly as o decreases. Indeed, if the spectrum of
passive scalar fluctuations vanishes in a neighborhood of the origin (formally, « = o0 ), the flatness
factor is infinite: the asymptotic scalar PDF has algebraic tails [207,233].

The qualitative paradigm we infer from the previous paragraph is that the passive scalar PDF
relaxes at long times to an approximately Gaussian distribution when the length scale of the
passive scalar field is comparable or greater than that of the velocity field, but that strong scalar
intermittency will persist if the passive scalar field is correlated on a much smaller length scale than
that of the turbulent velocity field.

From an intuitive standpoint, one can imagine that a turbulent velocity field will be able to
effectively mix up a passive scalar field with larger-scale variations and produce a diffusive
averaging over a wide area after a sufficient amount of time. A central limit argument suggests that
the passive scalar statistics ought to then become Gaussian (see also [162]). On the other hand,
when the passive scalar variations occur on scales smaller than that of the velocity field, the mixing
is less efficient because the energetic large scales of the flow will mostly drag passive scalar
structures around rather than chop them up. The passive scalar field will instead be distorted
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through irregular small-scale straining and shearing processes, which are likely to produce or at
least preserve intermittent features. This is the situation in Rayleigh-Benard convection cells,
where thin plumes of hot fluid rise and cold fluid fall through a relatively regular circulation
pattern. In the “hard turbulence” regime, the temperature is found to be intermittent in the central
region through which these plumes pass [55,135,155,293]. Temperature is of course not a passive
scalar in these convection cells, but buoyancy plays no role in the intuitive argument.

Purely deterministic initial data. We now describe some characteristics of the asymptotic scalar
PDF which arises from purely deterministic initial data To(x, y) = To(x,y). We assume that the
total mass of the initial data is nonzero and finite:

M, EJ To(x,y)dxdy #0 .
RZ

In this setting, the single-point PDFs p§-=" will vary with spatial location and will not necessarily
be broader-than-Gaussian at finite times. In the Random Uniform Jet model [233], however, the
passive scalar PDF at each point approaches a common and universal broader-than-Gaussian
shape with flatness F* ~ 3.52. Moreover, the scalar PDF will exhibit a persistent asymmetry,
which we may characterize by its skewness:

Stz 1) = STy, 2,0 = KT, 3,2, 00
Sl = <(T(X, Y,z t) - <T(X, Y.z, [)>)2>3/2 ’

In the long-time limit, the skewness everywhere approaches a common value [233]:

lim S(x, y,z,t) = S*sgn M, ,

t—
where §* ~ 0.76. Thus, the passive scalar PDF will forever remember the sign of the mass of the
initial data, and will not converge to a symmetric shape.

Persistent skewness of temperature was observed in wind tunnel experiments by Sreenivasan and
others [311]. The turbulence is generated by a grid, and temperature fluctuations are introduced by
heating wires on the same grid, or another screen downstream. The temperature showed significant
skewness relatively far downstream of the heated grid, relaxing to an approximately symmetric
distribution only after 40-100 thermal mesh sizes.

Initial data with deterministic and random components. We shall finally discuss the asymptotic
shape of the scalar PDF in the long-time limit when the initial data To(x, y) = To(x, y) + To(x, y)is
a superposition of a mean profile To(x,y) with random fluctuations To(x,y) with the same
properties as above. As the advection—diffusion PDE is linear, the passive scalar field arising from
this combined initial data will be a simple sum of the individual contributions. Because these
summands are statistically correlated, the PDF p§=9(-) of the total passive scalar field will,
however, not be related to the individual PDFs in such a simple fashion.

Through explicit computations [233], we find that the long-time limit of the passive scalar PDF
approaches at every point a common shape, which depends on the parameter «. Its skewness and
flatness are as follows:

e If —3 <o < 1, the asymptotic skewness S* is zero, and the asymptotic flatness is F* = F¥, just
as in the case of purely random initial data.
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e If & < — 3, the asymptotic skewness S* = §*sgn M, and the asymptotic flatness F* = F*, just
as in the case of purely deterministic initial data.
e If o = —3, then the asymptotic skewness is given by

lim S(x,y,z,t) = S¥sgn M, ,

t— o0

_ C3 M3 + C35(1/Ao)"*Mop(0,0)
(C21 M3 + Ca(k/Ag)*$(0,0)%*

A

The asymptotic flatness is given by

4 14572 1/2 2
lim F(x, y,z,0) = F* = Cy Mg + C42(K/1‘_1(;) M5¢(0,0) 4'1/4C43(K/A;)) (¢(0,0)) '
PR (C21 MG + Ca; (1K/A0) " 9(0,0))

The numerical constants appearing in these formulas may be computed by quadrature:
C,1 =027, Cy, x0.50, C3; 2 0.10, C3, 2 0.74, C4y = 0.25, C4y x 2.55, and C43 ~ 1.52. The
function ¢(n, k) is part of the low-wavenumber description of the spectrum of initial passive
scalar fluctuations (306).

We thus see a phase transition in the shape of the scalar PDF in the long-time limit. For o« > — 3,

the long-wavelength random fluctuations in the initial data are sufficiently strong that they
alone determine the long-time skewness and flatness (as well as all the higher-order statistics [233]).
For o < — 3, the mean initial scalar profile instead plays the dominant role. At the transition
boundary o = — 3, both the mean and fluctuating components of the initial data are relevant.
Moreover, for this special value of o, the long-time scalar PDF depends upon an additional
parameter:

¢(0,0)x'*/MGAG™

which is irrelevant for all other «. This parameter involves the relative magnitude of the large-scale
variations in the mean and random components of the initial data, through M, and ¢(0,0)
respectively, and further depends on the strength of the advection A, (see Eq. (307)) and of
molecular diffusion k. If the random temporal fluctuations are governed by a superposition of
Ornstein-Uhlenbeck processes (308), then A, should be replaced by Y 1L A,

The reason for the appearance of these factors is that at the special value of « = — 3, the variance
of the contribution to the passive scalar field from the deterministic initial data T(x,y) and
from the random initial data T(x,y) decay at long times according to power laws Kt ?, with
a common exponent § = 3 but different prefactors K. The statistics of the total passive scalar field
will clearly depend on the relative magnitude of these prefactors, which in turn depends on the
relative magnitude of the initial data as well as the advection—diffusion parameters. When o # — 3,
the contributions from the mean and random components of the initial data decay according to
power laws with distinct exponents, and thus one will asymptotically dominate the statistics of
their sum.

5.2.2.4. Universality of asymptotic PDF shape. With the results on the long-time limiting form of
the passive scalar PDF presented, we review the extent to which its shape is universal. We found
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that the skewness and flatness depend in the long-time limit only on the following parameters in the
model:

e the boundedness or divergence of the quantity ¢~ 2I,(t), which determined whether the mean
shear flow is persistent enough to drive the passive scalar PDF to Gaussianity,

e the parameter o characterizing the strength of the long-wavelength fluctuations of the random
initial data (306) (and which roughly represents a ratio of the length scales of the velocity and
passive scalar field),

e the sign of mass of the mean profile of initial data M, = fRzTO(x,y) dxdy,

e the following combination involving the strength of the random advection, the molecular
diffusion, and the relative size of the low-wavenumber components of the mean and random
components of the initial data:

¢(0,0) ' */MGAG™* .

This parameter is only relevant when o = — 3, a special value at which the random and mean
components of the initial data decay at comparable rates at long times.

(It can be shown that the higher-order statistics depend on this same set of quantities [233].)
The asymptotic shape of the scalar PDF is universal with respect to all other features of the
model, namely:

e The small-scale features of the initial data, i.e., anything other than the low-wavenumber
asymptotics of its Fourier spectrum.

e The temporal correlation structure y,(t) of the random shear, whether it be governed by a white
noise process or a superposition of Ornstein-Uhlenbeck processes [282]. It is of course possible
that if y,(¢) has long-range temporal correlations, the asymptotic scalar PDF may be altered.

e The details of the temporal dynamics of the mean shear y,(t), other than through the criterion
involving the single parameter I,,(tf) mentioned above.

5.2.3. Derivation of results
The basis for all of the above results concerning the single-point passive scalar PDF in the
Random Uniform Jet model is the ability to express the equal-time, multipoint passive scalar
correlation functions
N
Py({(x9, y9, 20NN 1) = < [T T(x9,y?, 29, t)>
ji=1
to all orders in terms of explicit integrals of elementary functions. In particular, all the single-point
moments of the passive scalar field {(T(x, y,z t))"> can be computed by numerical quadrature.
The derivation of the explicit formulas for the passive scalar statistics will now be illustrated for
the case in which the random temporal process 7,(t) is white noise in time, and the initial data varies
only in the shearing direction y:

T(x,y,z,t = 0) = To(y) = To(y) + To(y) . (313)

Our presentation will be taken for the most part from the original paper [207]. We will, at the end,
indicate Resnick’s modification [282] for treating Ornstein-Uhlenbeck temporal dynamics.
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The reader may well note that the initial data (313) which we assume for the derivation is not
actually a special case of the initial data considered in the main discussion of Section 5.2. (The
quantities M, and P3(, k) defined by Egs. (304) and (305) would be infinite because of the absence
of decay in the x direction.) One consequence is that the numerical values of the asymptotic
skewness and flatness factors which would be computed from the formulas derived below will differ
from those presented above. We have opted to present the derivation for initial data varying in the
single direction y because it illustrates all the main ideas and yields formulas which are more easily
derived than those which arise when the initial data varies in both the x and y direction. The
formulas for the latter case may be found in [233].

To ease notation, we will write the coordinates of the observation points as components of
a vector:

(D)
o_|*”
X0=1" |, (314)
X
(1
yo
@
O_ 1Y
™

Yy

m ()

e)

(N)

_Z
To avoid confusion with our standard use of the symbol x for the vector of spatial coordinates of
a single point, we have affixed the superscript “()” as a reminder that the indices of the vectors x*,
", and z" run over the labels of the observation points 1, ..., N, and not over spatial directions. In
the following derivation, differential operators such as Vand 4 will always refer to vectors of the
type (314).

5.2.3.1. PDE for multipoint correlation functions. As the random component of the Random
Uniform Jet flow has white noise correlations in time, the passive scalar multipoint correlation
functions of all orders obey closed diffusion equations (see Section 4.4):

aI:)N(x( )7y( )1 z( )’ t)

+ ’})m(t)z()' VyuPN = K(Ax() + Ay() + Az“)PN

ot
1 N , o 0Py N .
+ _AO Z Vr(x(j))Vr(x(J ))W 5 PN(x( )>y( )5 z( )7t = O) = < TO(y(j))> . (315)
2 oyYoy i=1 0
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The advective contribution from the mean velocity field y,,(f)z and the molecular diffusion term can
be formally obtained by expanding the time derivative dPy/0t = (8/00)<] [}~ 1 T(xY, y, 21, 1)) and
substituting in the advection-diffusion equation. The additional diffusion operator arising from the
random white noise advection V(x)y,(t) can be derived through the same techniques as used in the
Rapid Decorrelation in Time model (Section 4.4), once one notes that the correlation function of
the random shear is

LV O)V (X)) = AoVi(x)V (x)o(t — 1) .

Because the random advection is a shear flow, we could alternatively proceed by Fourier
transforming the advection—diffusion equation with respect to y, as in Section 3.5. The molecular
diffusion term is then handled through the Feynman-Kac formula. This is the approach adopted in
the original paper [207].

5.2.3.2. Reformulation as quantum mechanical problem. We now transform the diffusion PDE (315)
for Py into the form of a Schrodinger equation (in imaginary time) describing the evolution of
a system of N quantum-mechanical particles. We defer writing V (x) as its linear form x assumed in
the Random Uniform Shear layer until later, because the quantum-mechanical formulation holds
for general spatial profiles of the random shear.

We begin by isolating the effects of the mean shear y,(t)z through the definition of a new variable
Y =y — zI[ (), with

I'n(t) = Jtym(s) ds, (316)

so that (x,)’,z) are Lagrangian variables associated to the mean shear flow. In these “mean-
Lagrangian” variables, the advection term vanishes:

aIS’N(x( )7y,( )7 z( )a t)

o = 1(d0 + Ay/u + Az ))FN + Krrzn([)élyw )FN

IA N V. (xNY (x) azﬁN
+§ 0 Z r(x ) r(x ay(j)ay(j'

J'=1

N
. Pux0y 0,201 =0) = < [ To(y""))> : (317)
j=1 0

The last two terms of the PDE explicitly indicate the enhanced diffusion along the shearing
direction (in mean-Lagrangian coordinates) due to the interaction of the molecular diffusion with
the mean shear and to the randomly fluctuating shear. Each of these operators is easily checked to
be nonnegative definite.

Note now that neither the initial data nor any coefficients of the PDE depend on z'). By
symmetry, this implies that the solution is in fact independent of this set of variables:
Py = Py(x",y'0, 1), and the A, term may be dropped.

Owing to the special shear structure of the model, we can see that a partial Fourier transform
with respect to the y variables would conveniently convert the enhanced diffusion operators into
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multiplicative factors. We cannot, however, apply the ordinary Fourier transform when the initial

data has homogenous random fluctuations, because then To(y) and Py will not decay at infinity.
We must use a more general spectral representation, which for the initial data reads

To(y) = To(y) + Toly) ,

Toy) = f To(k)e?™® dk , (318)

Toly) = Jjo(kw‘ydmk) .

The Fourier integral for To(y) is a stochastic white noise integral ([341], Section 9), which we
already encountered in Paragraph 3.2.2.1. For computational purposes, the white noise differential
dW (k) acts as a complex Gaussian random quantity with the formal properties:

AW(— k) =dWk), <dWE>=0, <dWEAWK)> = ok + k)dkdk’ . (319)

(An overbar denotes complex conjugation.) The Fourier coefficient of the random initial data is
linked to its spectrum P3(k) (304) by the relation

To(k) = /P3K]) -

The initial data for the passive scalar multipoint correlation function can now be generally
written as a superposition of exponentials:

ﬁN(x()sy/()st = 0) :f

RN

27Kyt < ﬁ To(k9) dk9 + T (k(’))dW(k))> (320)

The expectation brackets < - >o denote an average over the initial data, which here just amounts to
averaging over the independent complex white noise differentials {dW;(k)}}\ . This average can be
evaluated in general through a cluster expansion and the rules (319). Because of the linearity of the
PDE (317), Py can be represented in a similar fashion to Eq. (320) at all later times:

N ~
ﬁN(x( )’y/( )’ t) — J‘ 2mikO -y Q () k() t)< n O(k(J) dk + To(k(’))dW(k))> ,
RY 0

where Qy satisfies the Fourier transformed PDE:

aQN(x( )7 k( )s t)

N 2
— =xAquN—4n2x|k<>|2QN—4n2xr§,<r)|k“|2QN—2n2A0<2 k<f>vr(xw)> Ox .

Jj=1

On(O, k0,6 = 0) =1 .
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The undifferentiated terms with spatially constant coefficients can now be removed by an integrat-
ing factor e*™ InO T 0K with

0<I,(0) = Kffﬁ,(s) ds = fl<szm(s’) ds’> i ds . (321)

Through the above transformations, we find in the end that the passive scalar multipoint
correlation function can be represented by

Py, 90,20, ) = J e 2k 00~ Iy (12 )~ 4x7 K (In(®) + i)y (O O p)
RN

X < ﬁ (T:O(k(j)) dk + T:O(k(j’)dW(j)(k))> , (322)

j=1
where I',,(t) and I,(t) are given by Egs. (316) and (321), respectively, and yy(x", k", t) solves the PDE:

A

N
= = kA y — 2n2A0< Y k9 Vr(x”')))w ,
j=1 (323)

YN kOt =0)=1.

Note that the effects of the mean shear have been explicitly accounted for by I',(t) and I(t) in
Eq. (322); Yy depends only on the molecular diffusivity and the spatial structure of the random
shear. Moreover, the equation for Yy has the form of a quantum-mechanical Schrodinger equation
(in imaginary time)

0 O kO ¢
_ % = — khathy + Uy, KONy

wN(x()ak()at = O) = 1 5

with potential

N 2
Un(x", kV) = 2n2A0< Y k‘”V,(x‘”)) .
j=1
We shall only discuss hereafter the case of purely random initial data (To(y) = To()), but the ideas
carry over to handle initial data with a deterministic component as well [233]. Because T (k)
vanishes, the cluster expansion of (- >, becomes a simple Wick contraction, with the wavenumbers
{kV} X, matched in pairs [207]. We are particularly interested in the single-point moments of the
passive scalar field {T"(x, y,z, 1)), and for these we find

(TN (x,y,z,1)>) =0,

2Ny

<T2N(x7 Y,z t)> - 2NN‘

N
f e~ 8|k >|2(Im(t)+xt)w2N(x( )R, k' )ir’ t) H ﬁg(k(j)) dkO . (324)
RY j=1
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The arguments x® and kO of ,y are shorthand notation for the following collections of 2N
variables:

xOR —

- k(]) -
JRE)
k™

kW
— k@

KOt =

L _ kv

5.2.3.3. Solution of quantum mechanical problem. We have shown how to explicitly represent the
moments of the passive scalar field in terms of the solution ¥y to the quantum-mechanical problem
(323). We now insert the explicit form of the random shear profile V' (x) = x in the Random
Uniform Jet model into this equation:

o). KO
W = KAy — 212 Ao(kox) Yy

The potential in the Schrodinger operator on the right-hand side is thus quadratic, corresponding
to a certain harmonic oscillator potential for the collective motion of N quantum particles. The
potential is effectively one-dimensional, depending only on the weighted sum of the spatial
coordinates k"@x'), so Eq. (325) can be mapped onto the one-dimensional harmonic oscillator
problem:

Wi(x,0) 0%y
o  ox*

Ylx,t=0)=1.
An exact solution to this PDE in terms of elementary functions is given by Mehler’s formula [296]:

l//(x, t) — (Cosh(zt))f 1/2 ef(l/Z)tamh(Zt)x2 .

x4y,

The solution to the N-particle equation (325) is then expressed in terms of Y as follows:

PO, KO, 1) = (22K Ag) RO 2 (kVex), /2 Ak )
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Substitution of this exact solution into Eq. (324) then yields the following exact formulas for the
single-point scalar moments:

<T2N+ 1(X, Y.z, t)> =0,

(326)
2N)!
2NN

N
(T (x,y,2,1)) = J e SO 10 (cosh(2m, /2 Ao [kV|) ~ V2T P(KY) dk© .
RN j=1

5.2.3.4. Derivation of properties of scalar PDF. The explicit formula (326) now permits direct
analysis of the passive scalar moments in the Random Uniform Jet model. The fact that the scalar
PDF is broader-than-Gaussian at finite times follows from the following calculus inequality:

N

(sech(|k]))!/? > ]_[ (sech(|kW)))1/? |

as established in [207]. The long-time limit of the flatness factor

i STHepza)
ron (TP, 2.0

follows from a straightforward asymptotic consideration of Eq. (326):

* {3 i t720,(f) > o0 ast— oo ,
F* >3 if t72I,(t) is bounded ,
where
kD] ~2k?)| = .
Fx — 3JR2 (cosh (kD2 1 |kPP2)172))172 dkD dk

|k(1)|—a |k(2)|—a :
dk® dk®
ng cosh(| k™ [)!/2 cosh(|k®])*/?

Recall that o describes the behavior of the initial passive scalar spectrum P9(k) near k = 0 (see
Eq. (306)). The flatness factors F* may be readily and accurately evaluated through a numerical
quadrature calculation.

The procedure described above for deriving explicit formulas for the single-point moments of the
passive scalar field can be generalized to handle initial data varying in the x and z as well as
y directions, and with deterministic and random components. The formulas will differ in some
details (cf. Eq. (312)); see [207,233] for details.

5.2.3.5. Ornstein-Uhlenbeck temporal fluctuations. We shall finally indicate how exact formulas for
the passive scalar statistics can be obtained when the temporal fluctuations y,(t) are given by
a superposition of Ornstein—-Uhlenbeck processes, rather than a white noise process as assumed
above. Complete details may be found in the thesis of Resnick [282]. To communicate the main
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idea, it suffices to consider vy,(t) as a single Ornstein-Uhlenbeck process, with correlation function
OOt + 1)) = Age” I (327)

The process y,(t) may be described as the solution to the linear stochastic differential equation
dy(t) = — 1o y(0)dt + o, dW (1),

with W,(t) a standard Brownian motion, y,(0) a Gaussian random variable with mean zero and
variance Ay, and g, = (24,7; ')Y/2

As discussed in Section 4, the reason closed equations can be written down for the passive scalar
multipoint correlation functions when the velocity field is Gaussian and delta-correlated in time is
that the random advection of tracer trajectories can be expressed as coupled Brownian motions. In
the Random Uniform Jet model with white noise correlations, for example, the equations of motion
for the locations {(XY(¢), YY(t), ZY(t))}Y=; of N tracers are:

dX9(t) = /2 dW 1),
dY (1) = p()Z90) dt + V(X)W (1) + /2 dW)r) ,

dzot) = 2k dW9r)

where W.(t) and {W (1), WP(1), WP(¢)}}=, are independent Brownian motions describing the
random shear flow and the molecular diffusion, respectively. The diffusion equation (315) follows
by the general relation between the statistics of N tracer trajectories and the Nth order passive
scalar correlation function (see, for example, [ 185,244]).

With an Ornstein-Uhlenbeck law for the fluctuating shear, the trajectory equations instead read

dx9(e) = /2 dW (),
dY9(t) = pu()Z9) dt + V(XD0)),(0)dt + /2 dW A1)

dz9t) = 2k dW Y1) ,
dy(t) = — w2 () dt + o, dW (1) .

Note that these equations are again described in terms of independent Brownian motions W (t)
and {W(t), W(t), W (1)} )= 1, and therefore we can still write down a closed diffusion equation for
the passive scalar multipoint correlation function. The main difference from the white noise case is
that an extra stochastic differential equation is required to describe the dynamics of y,(t) in terms of
a Brownian motion. This fact manifests itself in the need to introduce an additional variable in the
diffusion PDE. Namely, with the random shear fluctuating according to an Ornstein-Uhlenbeck
process (327), the passive scalar multipoint correlation function may be expressed as follows [282]:

_52/2A1

Py, y0,20, 1) = J yx,y0,20,,0)° dg, (328)
R

~/ 2TCA1
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where Wy satisfies the diffusion equation

PN,y 20,0t N oY L4
N( gl’ )+ym(t)z(). Vy"lPN + Z CVr(x(J))a (j\; + 7. C CN
j=1
1 ,0°%y
= (Ax()+A')+A,'.)TN+2 T

N
Pax,p0,20,(t = 0) = <ﬂ To(y‘”)>
ji=1 0

The auxiliary variable { keeps track of the dynamics of the temporal process y,(t), and Eq. (328)
comes from a weighting with respect to the distribution of y,(0).

One can now proceed with the same transformations as in the white noise case to represent ¥y as
follows:

p (x() y() Q) C’ t) =f ezmk‘ oy — I',,()z' >)e*4n2|k"|2(Im(t)+xt)¢§\(])U)(x( ),k( )’ C, t)
RN

< ﬁ To(k?) dk + T o(k) dW 9k ))>

0

where

WYV, kO, r)
ot

PO, Lt = 0) = 1.

+ 1 ¢

a (OU) 1 62 (OU)
WY _ Lo (

N
O (OU) 1 ) ) (OU)
6( x l// 2 b az:z 27UC Z k Vr(x )>¢N )

j=1

After a further transformation designed to clear the first derivative term from the PDE,
YRV, KO, 1) = expl(t + %/03)/ 20 1P RV, kO, L)

we arrive at a PDE in quantum-mechanical Schrodinger form

OVO KO, ¢, t) RV Y) N . r?
23 (az KAy OV + 203 é/’g\; | = (2mit Y KOV (0 — s Yov
yle

l%\?u)(x( VKO Lt = 0) = e {2037 (329)

j=1

In the Random Uniform Jet model V,(x) = x, and the effective potential in the Schrodinger
operator,

2
ULV, k0, 0) = [(mgk‘ ‘ox!) + —Cz J ,
2051,
is again a quadratic form which varies only along a single direction in (x', {) space. Hence, after
a (complex) rotation of coordinates, Eq. (329) may be mapped onto the one-dimensional harmonic

oscillator problem, and thus expressed in terms of Mehler’s formula. Details and generalizations
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may be found in Resnick’s thesis [282]. It is also shown there that the long-time limit of the
single-point passive scalar moments are independent of whether the random temporal fluctuations
7.(t) are governed by white noise (307) or a superposition of Ornstein—Uhlenbeck processes (308).
(One need only equate the quantity A, for the white noise case to Y 1L, A;t; for a superposition of
Ornstein—-Uhlenbeck processes.)

5.3. An example with qualitative finite-time corrections to the homogenized limit

We have seen how the exactly solvable Random Uniform Jet model permits the exploration of
a number of issues pertaining to large-scale intermittency, such as the degree of universality of the
scalar PDF in the long-time limit and the sensitivity to parameters such as the relative length scales
of the velocity and passive scalar fields. As the uniform shear velocity field has an infinite length
scale, we have up to now only been considering situations in which the length scale of the passive
scalar field is small or comparable to the length scale of the velocity field. We shall now modify the
spatial structure V' (x) of the random velocity field in the general jet model (303) to be a periodic
function, so that we may also study long-time scalar intermittency properties when the length scale
of the passive scalar field is much larger than that of the velocity field.

This is a realm in which homogenization theory, as discussed in Section 2, can be applied. Given
a velocity field with finite periodicity and/or short-ranged randomness, homogenization theory
furnishes a rigorous asymptotic description of the passive scalar field under a large-scale rescaling of
the initial data To(x) — To(ex) and a diffusively linked long-time limit ¢ — t/¢%, with ¢ — 0. While this
is a particularly relevant asymptotic limit to consider in many applications in which the velocity
varies on much smaller scales than the scalar field, the real issue is the behavior of the passive scalar
field at large but finite times and length-scales. The rigorous asymptotic theory guarantees a certain
abstract mode of convergence of the rescaled passive scalar statistics to the homogenized limit, but
this by no means implies that homogenization theory describes the large-scale, long-time passive
scalar statistics in a uniformly approximate way. We examined this question for the mean and
variance of the displacement of a single tracer in some deterministic periodic flows in Section 2.3,
and did find good agreement with the homogenized description at finite times [231].

The accuracy of the homogenization approximation at finite time for a quite different statistical
aspect, the one-point scalar PDF, was explored by Bronski and McLaughlin [51] in a spatially
periodic version of the Random Uniform Jet model discussed in Section 5.2. This Random Spatially
Periodic Shear model will be defined in detail in Section 5.3.1.

In this random velocity field model, two qualitative departures of the scalar PDF from
a straightforward homogenization picture emerge. In the Random Spatially Periodic Shear model,
the passive scalar statistics become Gaussian in the homogenized large-scale, long-time limit, as
one might expect from a central limit argument. The long-time limit of the scalar PDF evolving
from initial data with large but fixed length scale, however, can become increasingly intermittent
with flatness factors diverging in the long-time limit. The disagreement with the homogenized
result implies that the limits of long-times t — t/¢* and large-scale variation in the initial data
To(x) = To(ex) do not commute (Section 5.3.2). Moreover, even when the moments of the scalar
PDF do approach their Gaussian values in the long-time limit, their convergence is very nonuniform.
The relaxation time grows quadratically with the order of the moment, indicating that while the
scalar PDF develops a Gaussian core at long times, it will always exhibit broader-than-Gaussian tails
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sufficiently far out (Section 5.3.3). The Random, Spatially Periodic Shear model teaches us that the
passive scalar statistics evolving from fixed initial data can exhibit qualitative departures from
homogenization theory at large but finite times.

The passive scalar statistics in the Random, Spatially Periodic Shear model cannot be represent-
ed as fully explicit quadrature expressions in the same way as in the Random Uniform Shear model.
Nonetheless, the moments of the single-point scalar PDF at large but finite times may be computed
precisely through a perturbation theory applied to quantum-mechanical analogies similar to those
discussed in Section 5.2.3. In this way, it can be directly proved that the scalar PDF arising from
mean zero, Gaussian, homogenous, random initial data is broader-than-Gaussian at all later finite
times. The calculations for this and the other results we shall describe are presented in full detail in
[51], and will not be reproduced here other than for a few brief remarks in Section 5.3.4.

5.3.1. Random, Spatially Periodic Shear Model
The Random, Spatially Periodic Shear velocity field model considered by Bronski and McLaugh-
lin is a shear flow:

0
Mt) = . 0) = [y,(r)vr(xj ’

with a deterministic spatial profile V' (x) of period one (in nondimensionalized units), and white
noisetemporal fluctuations:

o)yt + 1)) = Aod(7) .

The profile V' (x) will be assumed to be suitably normalized; the amplitude of the shear flow will be
measured by A4,. Like the Random Uniform Jet model, the Random, Spatially Periodic Shear Flow
is an element of the class of general jet models (303), but there is no mean shear, and the z dimension
has been omitted. The most fundamental difference between the two models is that the Random
Uniform Jet velocity field has an infinite length scale of variation, while the Random, Spatially
Periodic Shear flow has finite period length scale. The advection—diffusion equation for the present
model reads

0T (x,y,1)
ot

T(x,y,t =0) = To(y),

0T (x, y, 1)

F OV

= kAT(x,y,1) ,

where To(y) is a mean zero, Gaussian, homogenous random field, and is assumed for simplicity to
only vary in the shearing direction. We shall now consider two types of spectra for the random
initial data which will illustrate some possibilities for the long-time behavior of the single-point
passive scalar PDF.

5.3.2. Persistent intermittency for initial data with no long-wavelength fluctuations

We shall first show that the long-time limit of the passive scalar field arising from fixed initial
data can differ sharply from the homogenized limit in which the long-time limit is linked with
a large-scale rescaling of the initial data. Suppose that the initial data To(y) is a mean zero,
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Gaussian, homogenous, random field with spectrum supported above a fixed, positive wavenum-
ber ky:

P3(y) = To(y) Ty +¥)> = J > PY(k) dk ,

R

. =0 for k| <k,
P3(k) (330)
>0 fork>k,.
We will consider the long-time limiting shape of the single-point scalar PDF.
To diagnose the deviation of this PDF from a Gaussian form, we will use not only the
flatness factor F(x, y,t) discussed in Section 5.2, but all the higher order flatness factors Fy(x, y,t) as
well:

AT, p,0) = LT(x, 3,00 (TN, p, 1))
<(T(X, Y, t) - <T(X, Y, t)>)2>N <T2(X, Vs t)>N ’
with the last equality holding because the mean passive scalar field vanishes. Note that

Fi(x,y,t) = 1 and F,(x,y,t) = F(x, y,t). The values of the flatness factors for a Gaussian distribu-
tion is

FN(x:yat) =

F§ = (2N)!)2"N! .
An asymptotic computation for the long-time behavior of the flatness factors yields [51]:
Fn(x,p,1) = F§ e [1 4+ O(Aok ™ 'k3) + O(e™+"], (331)
with
diy = CyN(N — 1)A3k~ 1k + O(A3Kx ™ 2k)

and Cy is a positive numerical constant depending only on the structure of the periodic shear
profile V(x). For sufficiently small but nonzero k, the flatness factors are clearly growing without
bound as time progresses, so the passive scalar PDF is approaching a shape with broad algebraic
tails.

Initial data of the form (330) also give rise to diverging flatness factors of the scalar PDF in the
long-time limit of the Random Uniform Jet model (when the mean shear is weak) (see Section 5.2).
There, we could intuitively understand this strong scalar intermittency as arising from an extreme
(e« = o0) situation in which the passive scalar field is correlated on much smaller scales than the
velocity field. This interpretation does not explain the scalar intermittency in the present Random,
Spatially Periodic Shear model, because the ratio of the passive scalar length scale ko ! to the
velocity length scale 1 is assumed large! According to our discussion in Section 5.2 as well as the
prediction of homogenization theory, we might well have expected the passive scalar statistics to
approach a Gaussian distribution when kq is taken very small.

The resolution of this seeming paradox is as follows. If we homogenize the passive scalar field by
rescaling the initial data To(y) — To(ey) and time by ¢ — t/¢?, then the lowest wavenumber of the
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initial passive scalar spectrum is decreased as ko, — koe. Formula (331) applies perfectly well as
¢ — 0, and with these replacements:

0in(e) = CyN(N — 1)e*Adr ™k + O(e° A3~ 2k§) .

Consequently,

lim Fy(x, y,t/e?) = lim F§ e®*®"(1 4 O(e2 Aok~ 'k3) + O(e™*™* ™)) = F§ .

e—0 e—>0
Thus, the homogenized result is indeed consistent with the formula for the flatness factors (331).

The strong qualitative discrepancy between their predictions is due to the fact that homogenized

limit links the large time with the large space scale of variation of the initial data. In an actual
experiment or simulation, however, one is usually interested in fixing a large space scale for the
initial data, and then looking at the long-time limit. The fact that these limit processes disagree
means that the long-time limit does not commute with the limit of large scale spatial variation of
the initial data. Homogenization theory studies a particular large-scale, long-time limit, which may
or may not describe the large-scale, long-time limit of interest in a certain application. We have
seen explicitly how the passive scalar statistics may manifest strong and persistent intermittency
despite the fact that their homogenized limit is Gaussian.

5.3.3. Non-uniform relaxation to Gaussian PDF for initial data with finite, nonzero
intensity of long-wavelength fluctuations

We now present another way in which the long-time statistical behavior of the passive scalar
field may differ qualitatively from that predicted by homogenization theory. Suppose the initial,
Gaussian, homogenous random passive scalar data has a spectrum P3(k) which is smooth and
nonvanishing at the origin:

P3(y) = {To()To(y" + ¥)> = f > PY(k) dk ,

R
PY0) 0.

The initial passive scalar data then has fluctuations at arbitrarily large wavelengths, while the
velocity field has a fixed period length L, = 1. One may therefore expect that the passive scalar
statistics should relax to a Gaussian form in the long-time limit, either by the homogenization
result or by letting ko — 0 in Eq. (331). A precise calculation shows that indeed, the flatness factors
converge to their Gaussian values in the long-time limit:

lim Fy(x,y,t) = F§ .

t—
To examine how rapidly the scalar PDF converges to the asymptotic Gaussian shape in the
long-time limit, we keep the leading-order correction [51]:

N(N — 1)Cy N

-2
p” O™ "),

FN(xayat)=Fg+
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where Cy is a positive numerical constant depending on A,/x and the periodic velocity field
structure V (x). (The further O(t~?) corrections also depend on the low-wavenumber spectrum of
the initial passive scalar data.)

An important observation is that the correction is not uniformly small with respect to the order
of the flatness factor N. The time scale needed for Fy(x, y,t) to approach its Gaussian value grows
quadratically with the order of the moment N. Thus, at any large but finite time, the low-order
flatness factors of the scalar PDF will be close to their Gaussian values, but moments of sufficiently
high order (N = ./xCy 't) will have significantly super-Gaussian values. Pictorially, this means that
the scalar PDF at large times has a Gaussian core with broader-than-Gaussian tails. As time
evolves, the broad tails become ever more remote relative to the core, that is, become noticable
beginning at an ever-larger number of standard deviations away from the origin. Ast — oo, these
broader-than-Gaussian tails get squeezed off to infinity, leaving behind a purely Gaussian limiting
distribution. The convergence of the scalar PDF to its homogenized Gaussian limit is thus very
nonuniform in the tail regions. This exact result for the present model is consistent with general
conclusions drawn by Gao [111] through consideration of a mapping closure approximation to
the evolution of the scalar PDF (see Paragraph 5.4.1.1).

We remark that Cy, is an increasing, bounded function of the ratio Ao/x, which characterizes the
relative strength of turbulent advection and molecular diffusion, and thus serves as a Péclet number
in the Random, Spatially Periodic Shear Model. The finite-time corrections to homogenization
theory are thus most evident in this model at high Péclet number.

An instance of slow convergence of higher order flatness factors to their Gaussian values is
reported in the direct numerical simulations of Eswaran and Pope [91]. The passive scalar field is
initialized as a random field assuming values =+ 1 over patches of a specified length scale, and
allowed to evolve in a statistically stationary turbulent flow. The second and third order flatness
factors F,(t) and F;(t) of the scalar PDF relax to their Gaussian values only after 6 to 8 large-scale
eddy turnover times, by which point the scalar variance has decayed to a small fraction of its initial
value.

5.3.4. Remarks on associated quantum mechanics problem

We close with some brief comments concerning the derivation of the above results. As we showed
in Section 5.2.3, the quantum mechanics problems which arise in analysis of the scalar moments
{(T(x,y,1))*"> in the Random, Spatially Periodic Shear Model involve 2N particles and read

O on(xV, KO, 1)
ot

lpZN(x( )7 k( )1t = 0) =1 5 (332b)

= KAx“‘pZN(x( )’ k( )a t) - U(ZPI\)/(x( )a k( ))l/IZN(x( )s k( )5 t) s (3323)

with potentials

N 2
UPO, k0) = 22 Ao< y k‘”V,(x‘”)) '
j=1
The solution to the PDE (332) cannot be written in explicit form, as in the Random Uniform Jet
model. Instead, one expands 1, y(x"), k", ) as a superposition of eigenfunctions of the Schrodinger
operators on the right-hand side of Eq. (332a). See [51] for details.
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We have been considering above the passive scalar field at large scales at long-times, so the
relevant wavenumbers k') are small. The potentials U (x"), k") are thus weak, and the eigenfunc-
tions of the Schrodinger operators may be analyzed perturbatively. The exponents 64y describing
the extent of scalar intermittency in Eq. (331) arise from a computation of the shifts in the energy of
the ground state due to the potential US} relative to N copies of the potential U%).

One can also study the opposite limit in which the potential becomes very strong (relative to the
“kinetic energy” Laplacian term k4,0). In this situation, the particles are well localized near minima
of the potential U§’, and therefore they effectively feel a quadratic harmonic oscillator potential.
One can therefore plausibly replace UY’ by a quadratic form obtained by Taylor expansion about
the minima; this is known in solid state physics as the “tight-binding approximation” [6]. Two
situations in which this tight-binding approximation would be relevant in the Random, Spatially
Periodic Shear model are:

e passive scalar initial data with spectrum supported only at wavenumbers |k| > kq as in Eq. (330),
but now with ko > 1,

e high Péclet number Pe = 4,/ > 1 at times sufficiently short ¢t < (k(1 + Pe™1!)) so that the
passive scalar statistics are still dominated by high-wavenumber fluctuations in the initial data.

The passive scalar statistics under either of these asymptotic conditions ought to at least qualitat-
ively be describable by the Random Uniform Jet model considered above, as the tight-binding
approximation results in a quadratic harmonic oscillator potential of the type which arises in that
model (see [51] and Section 5.2.3).

5.4. Other theoretical work concerning scalar intermittency

The special structure of the velocity field in the Random Uniform Jet model (Section 5.2) and the
Random Spatially Periodic Shear model (Section 5.3) has permitted a detailed and exact analysis of
the advected passive scalar statistics, without the need for any ad hoc approximations. These
models explicitly elucidate one mechanism by which large-scale scalar intermittency can be created,
and indicate some features of a turbulent system which may suppress the intermittency or
otherwise influence its nature.

We conclude this section on intermittency by summarizing the main findings of some other
recent theoretical studies of non-Gaussian features of the scalar PDF. We first discuss some formal
considerations of the passive scalar statistics in a generic turbulent flow, and then turn to the
analysis of some discrete, phenomenological, mixing models.

5.4.1. General scalar intermittency considerations

5.4.1.1. Conditional dissipation rate formalism. A main theme in the theoretical investigation of
large-scale scalar intermittency has been the variability of the local rate of scalar dissipation. Pope
[268] had shown much earlier that, in a statistically spatially homogenous setting, the evolution of
the scalar PDF p$*(p) = p'(p) is described by a PDE:

opf(p) 10

ot - 20p2

(1(p, OPP(p)) - (333)
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The only coefficient appearing in this PDE is the conditional scalar dissipation rate
x(p,t) = 2k{|VT(x,1)|*|T(x,t) = p», which is defined as the statistical average of 2x|VT(x,1)|?,
conditioned upon T(x,t) assuming the particular value p. Recall from Paragraph 4.3.1.2 that the
full (unconditioned) average 7(t) = 2x<{|VT(x,t)*)> is the rate at which {(T(x,t))*)> decays in the
absence of external driving.

As discussed previously, the scalar PDF p$)(p) can be expected to concentrate at p = 0 in the
long-time limit when the passive scalar field is freely decaying. The shape of the PDF in the
long-time limit can be studied, however, by normalizing it to zero mean and unit variance. This
normalized PDF p’”(p®) is just the PDF of the quantity

T(x,t) — {T(x,1)>
AT, 0)*>12

Sinai and Yakhot [298] adapted Pope’s formalism to describe the evolution of the normalized
scalar PDF in terms of the normalized conditional dissipation rate

1%t = <M T(x,1) = pﬁ> .
(1)

They furthermore found an explicit solution for the normalized PDF in terms of the normalized
conditional dissipation rate in which both are independent of time:

. 1 " pF ,
*o ”:C—ex[—f—,d”}. 334
Dr (p) TXﬁ(p#) p o Xﬁ(pﬁ) p ( )

T(x,t) =

Cy is a normalization constant. This stationary solution is assumed (without proof) to describe the
long-time limiting shape of the one-point PDF of a freely decaying passive scalar field.

If *(p”) is constant, meaning that the (normalized) local scalar dissipation rate is independent of
the (normalized) local value of the passive scalar field, then a Gaussian limiting distribution is
indicated. A precise description of the tails of the PDF requires knowledge of the behavior of the
normalized conditional scalar dissipation rate y*(p*) for large p*, but no useful exact formula for this
quantity appears to be available. Sinai and Yakhot suggested a quadratic approximation for y*(p?),
which yields algebraic tails for the scalar PDF. This is not in agreement with empirical results; see
[147] for some discussion.

A more elaborate approximation which permits progress in the conditional dissipation rate
formalism is the mapping closure procedure developed by Chen et al. [58], wherein the passive
scalar field is assumed to be representable as a distortion of a Gaussian random field. Gao [111]
finds that within the mapping closure approximation, the conditional dissipation rate y(p) forever
assumes a nontrivial shape with lasting memory of the initial data. Because the passive scalar
variance is decaying to zero, however, the normalized conditional dissipation rate y*(p®) will
approach unity over an interval of p* which expands as t — oo . Since constancy of the conditional
scalar dissipation rate is associated with Gaussianity of the scalar PDF, Gao concludes that the
scalar PDF has a Gaussian core with non-Gaussian tails at long-times. The crossover between the
Gaussian core and non-Gaussian tails occurs at a fixed value of p in the unnormalized scalar PDF
p'¥(p) but at an ever-increasing value of p* in the normalized scalar PDF pi®(p?). That is, the
non-Gaussian features of the PDF are always present, but become increasingly remote relative to
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the shrinking variance of the scalar PDF as t — oo. Therefore, the shape of the scalar PDF does
converge to a Gaussian form in the long-time limit, but nonuniformly in the tails. This is consistent
with the results reported in Section 5.3.3 for a certain class of initial data in the Random Spatially
Periodic Shear model.

5.4.1.2. Lagrangian formalism. In the work described above, departures of the scalar PDF from
Gaussianity are attributed to the nonconstancy of the conditional dissipation rate, which appears
naturally in some exact formulas and equations (see Egs. (333) and (334)). This object is a precise
measure of the correlation between the local value of the passive scalar field and its gradient, but is
quite challenging to model. A more intuitive perspective on how this correlation creates non-
Gaussianity of the scalar PDF is set forth by Kimura and Kraichnan [162] through consideration
of the history of the scalar field within a Lagrangian fluid element. The value of the scalar field in
such a fluid element evolves only through molecular dissipation; advection alone would leave it
unchanged. The rate of molecular dissipation in the Lagrangian fluid element depends however, on
the local scalar gradient and this does depend very strongly on the advection. Regions of strong
compressive strain in the flow will build large scalar gradients, and consequently rapid scalar
dissipation. Therefore, the value of the scalar field in a Lagrangian fluid element at a time ¢t > 0
depends on its initial value and the history of the local fluid straining.

When the scalar field is measured at some given point in the fixed (Eulerian) laboratory frame,
one observes the value of the scalar field in the Lagrangian fluid element which happens to be there
at the time. If the initial passive scalar field is statistically homogenous (with zero mean), then the
originating location of the Lagrangian fluid element is unimportant. Then the measured scalar
value will depend only on the initial scalar value (specified by a common PDF) and the strain
history of the Lagrangian fluid element which is passing by the probe. The scalar PDF at times
t > 0 is thus modified from the initial PDF solely because the scalar is dissipated more rapidly in
Lagrangian fluid elements in which greater scalar gradients have been generated due to stronger
straining by the fluid.

Kimura and Kraichnan illustrate this perspective for a flow in which the velocity field is
a spatially uniform straining flow fluctuating randomly in time and the initial scalar data is
a homogenous, Gaussian random field. The passive scalar field observed at a given point at later
times is shown to be a random mixture of mean zero Gaussian random variables, with variance
depending on the realization of the velocity field (or equivalently, the straining history of a fluid
element). The scalar PDF is consequently broader-than-Gaussian. We showed in Paragraph 5.2.2.1
through a line of reasoning suggested by Fefferman [101] that this result in fact applies to quite
general random flows.

The Lagrangian point of view was utilized by Shraiman and Siggia [295] in their formal
approximate analysis of the scalar PDF advected by a single-scale turbulent flow at high Péclet
number with a constant mean scalar gradient imposed. Recall from Paragraph 4.3.1.3 that
turbulent interaction with a mean scalar gradient provides a means of driving passive scalar
fluctuations, so the scalar PDF will settle down at long times to a form with finite variance, in
contrast to a freely decaying situation. One might expect scalar intermittency in the presence of
a constant mean scalar gradient because the length scale of the scalar fluctuations will be naturally
comparable to that of the velocity field. And indeed, Shraiman and Siggia derive exponential tails
for the scalar PDF through a representation of the scalar value observed at a given location as
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a functional integral over Lagrangian tracer trajectories. The large fluctuations are computed to
come predominantly from situations in which a Lagrangian fluid element enjoys an unusually mild
strain during its voyage. In particular, the shape of the tails is not primarily determined by the most
obvious class of events in which a Lagrangian fluid element moves unusually persistently across the
scalar gradient, with typical straining along the way (see Section 5.4.2 below). Exponential tails for
the scalar PDF in the presence of a constant mean scalar gradient were observed in numerical
simulations by Holzer and Siggia [139] in which the two-dimensional velocity field was evolved
according to inviscid dynamics truncated to a finite band of Fourier modes.

Another functional integral approach by Falkovich et al. [96] and a Lagrangian formalism
based on the analysis of line stretching by Cherktov et al. [65,66] indicate that the scalar PDF
exhibits similar exponential tails if the driving of the fluctuations comes from an external, rapidly
decorrelating pumping field rather than by turbulent interaction with a background scalar
gradient. This conclusion was rigorously established by Bernard et al. [36] for the case in which
both the pumping and velocity fields are smooth in space and rapidly decorrelating in time (as in
the RDT model described in Section 4.3.1, with Hurst exponent H = 1 for the velocity field).
Low-strain trajectories are again suggested to be the dominant contributors to the large-scale
intermittency of the scalar field [96].

5.4.1.3. Nonlinear mean scalar profiles. Non-Gaussian scalar PDFs can also arise quite simply
from Gaussian random initial data when the mean profile is nonlinear or the single-point variance
is not constant, as pointed out by Kimura and Kraichnan [ 162] through theoretical arguments and
numerical simulations with a synthetic velocity field. Even without molecular diffusion, the passive
scalar value observed at a later time at a given point will in such instances be a mixture of Gaussian
random variables with different means and variances, which is not generally Gaussian. One
experimental example with a nonlinear initial mean profile is a thermal mixing layer, in which half
of the fluid in a wind tunnel is heated to a constant level, with the other half remaining at room
temperature. The temperature PDF observed downstream is found to be strongly non-Gaussian at
the edges of the evolving turbulent mixing layer [193,203]. Exponential tails have likewise been
found in the single-point PDF for the concentration of a dye in jet flow experiments [272].

A situation in which a nonlinear mean scalar profile is imposed through boundary conditions
rather than initial data was investigated by Ching and Tu [71] through finite-difference numerical
simulations with a single-scale Gaussian random velocity field. They find that both nearly
Gaussian and broader-than-Gaussian scalar PDFs can be obtained in the long-time limit, whether
the imposed mean scalar profile is linear or nonlinear. They find for all cases considered that the
scalar PDF develops broader-than-Gaussian tails at sufficiently high Péclet numbers, in agreement
with laboratory experiments [191].

5.4.2. Phenomenological discrete mixing models

As it is difficult to directly analyze the advection-diffusion equation with a general turbulent
velocity field model, or to conduct a properly resolved numerical simulation over long-time
intervals, some physicists and engineers have invented simplified phenomenological equations for
the purposes of studying turbulent diffusion. These phenomenological models seek to capture the
essential physics of turbulent advection and molecular diffusion without resolving the full dynam-
ics. Notable among these is the linear eddy model of Kerstein [156]. Though originally developed
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for engineering applications, it has been adopted in various forms in the theoretical investigation of
large-scale scalar intermittency.

The linear eddy model is formulated on a one-dimensional discrete lattice, imagined to represent
a one-dimensional cut through a turbulent flow [156]. Molecular diffusion is implemented directly
through a finite-difference discretization of the ordinary diffusion equation, with constant time
step. Turbulent advection is represented in the model by random exchanges of the scalar values at
different sites. Both the times at which the exchange occurs and the sites affected are prescribed
according to a random process with specified mapping structure. A standard numerical implemen-
tation of the linear eddy model with a mean scalar gradient imposed produced a scalar PDF with
exponential tails [156].

Pumir et al. [277] considered an even simpler phenomenological model in which turbulent
mixing is similarly represented by a superposition of a random exchange process and an averaging
of neighboring passive scalar values, and showed analytically that exponential tails in the scalar
PDF occur in the presence of a mean scalar gradient. Their model was subsequently demonstrated
by Holzer and Pumir [138] to be essentially a mean-field approximation to the linear eddy model.
These latter authors also formulated a simplified variation of the linear eddy model which can be
analytically solved without the need to pass to the mean field limit. Nearly exponential tails in the
scalar PDF are again predicted in the presence of a background gradient, and their origin is traced
to the Poisson process governing the times at which random exchange events occur in the model.
More precisely, the exponential tails of the PDF are associated with events in which a series of
random exchanges occur in rapid succession, effectively dragging a parcel of fluid far along the
gradient before molecular diffusion has time to equilibrate the associated scalar field to the local
value at its new location.

Kerstein and McMurtry [157] introduced another mean field theory of the linear eddy model
based on a Langevin approximation, and it again predicts exponential tails in the scalar PDF when
a constant mean scalar gradient is present. They also point out that other plausible mean field
theories can be constructed which lead to Gaussian tails for the scalar PDF. The exponential tails
only come about in the above theories because they are built on the assumption that fluid parcels
are transported across the scalar gradient according to a Poisson process. Thus, while these
discrete models provide some insight into the nature of turbulent mixing, the mechanism by which
they generate scalar intermittency is not general enough to relate directly to real world turbulent
diffusion. Indeed, Shraiman and Siggia [295] indicate that scalar intermittency in a continuous
turbulent flow is due to events in which Lagrangian fluid elements have a history of low straining.
None of the above discrete models account for variability in the strain rate, though Kerstein and
McMurtry suggest that its effects can be phenomenologically included in their Langevin mean field
theory [157].

Finally, the linear eddy model was used by McMurtry, Gansuage, Kerstein, and Krueger [234] to
simulate numerically the statistics of a decaying passive scalar field in statistically stationary
turbulence (with no mean scalar gradient imposed). Through appropriate specification of the random
exchange events, a high Reynolds number flow with inertial-range scaling properties can be
modelled. The flexibility and economy of the linear eddy model permits a study of the effects of both
Reynolds number and Schmidt number on the shape of the scalar PDF. It is found that the scalar
PDF is not much changed as the model Reynolds number increases beyond 100 (up to 10%), but that
the scalar PDF is very sensitive to variations in the model Schmidt number (over the range 0.1-10%).
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6. Monte Carlo methods for turbulent diffusion

For the most part, we have been discussing mathematical passive scalar advection models with
certain simplifying features which permit exact analysis. These special models play an important
role in unambiguously elucidating various fundamental physical aspects of turbulent diffusion. In
addressing specific applications and questions concerning complex turbulent flows, however, one
wants to investigate tracer transport in a random velocity field model for which exact solutions are
not available. It is natural to explore such models through computer simulations.

We discussed simulations of tracer trajectories in deterministic, periodic velocity fields with
molecular diffusion in Section 2.3.2. Here we consider in detail the numerical simulation of the
motion of tracers in a steady, random velocity field v(x). (Examples of numerical simulations of
tracers in the opposite extreme of rapidly decorrelating random velocity fields were described
earlier in Paragraph 4.2.2.4; also see [ 108].) A typical problem is the computation of the (absolute)
mean-square displacement o3(t) = {|X(t) — x,|?) of a tracer, where X(¢) is the tracer trajectory and
Xo = X(t = 0). Let us suppose x = 0 for simplicity. The statistical average in 6(t) is then an average
over the full (usually infinite) ensemble of velocity fields v(x) described by the given statistical model.
In a numerical Monte Carlo simulation, this averaging operation is discretized as an average over
a finite number N of independent samples generated “pseudo-randomly” using a random number
generator on the computational machine [274].

More explicitly, an algorithm for producing a random velocity field v,,,(x) is prescribed which
approximates v(x) in some statistical sense, but which can be fully described by a finite number
of operations involving a finite number of random variables. The N independent realizations
{v? 1Yy of the approximate velocity field are then generated through successive calls to the
random number generator. In each of these realizations of the velocity field, the equations of
motion for the tracer particle,

dX9(t) = v (XV(1), ) dt (335)

are solved numerically. Finally, a numerical approximation to the mean-square displacement of the
tracer as a function of time is obtained by averaging over the finite sample size generated:

1Y )
0-)2(,app(t) = N Z |X(j)(t) - x0|2 .
j=1

By the Law of Large Numbers ([102], Ch. 10), 63.,,,(?) will approximate a3(¢) if N is sufficiently large
and the discretized random velocity field v,,,(x) is a sufficiently accurate approximation to the true
velocity field v(x). In principle, the Monte Carlo approach can be used in a similar way to compute
numerical approximations to the statistical average of any functional of the particle trajectory.
One can account for the effects of molecular diffusion through the addition of a stochastic term

ﬂdW(t) to the trajectory equation (335). This requires the generation of additional random
variables at each time step, but its treatment is straightforward because this effect has a constant
coefficient [ 163]. To keep focus on the more demanding main issues involving the simulation of the
random velocity field, we will ignore molecular diffusion (x = 0) for the duration of Section 6. The
interested reader can consult Section 2.3.2 for Monte Carlo simulations with periodic velocity
fields and « > 0.
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Overview of Section 6: We begin in Section 6.1 with a brief summary of general accuracy
considerations in Monte Carlo simulations. Then, in Section 6.2, we consider a class of three
Monte Carlo methods for generating general Gaussian, homogenous, random fields. We assess
their utility for turbulent diffusion studies by applying them to the exactly solvable Random Steady
Shear (RSS) Model [141], which we discussed in Section 3.2. This model includes flows leading to
a wide variety of statistical tracer motion, and thereby provides a simple test for the performance of
the Monte Carlo methods in simulating turbulent diffusion under various conditions. Comparison
of the numerical simulations with the exact results illustrates certain strengths and inherent
limitations of the methods, particularly in properly simulating long-range correlations in the
random shear velocity field.

Next, we turn to the numerical simulation of turbulent diffusion in random velocity fields with
a statistical self-similarity characteristic of the inertial range of scales of a turbulent flow. We
continue in Section 6.3 to consider steady shear flows so that the velocity field is still specified by
a random scalar function v(x). We seek to simulate a mean zero, Gaussian random field v(x) which
has an inertial-range scaling law:

() = v(x)*> = Silx — x|*, (336)

with 0 < H < 1 and a constant prefactor SI, over a wide range of scales. To simulate the wide range
of active scales of such a random velocity field efficiently, it is natural to formulate hierarchical
Monte Carlo schemes in which the random velocity field is expressed as a superposition of
independently generated random fields varying on different length scales. We first examine one
popular hierarchical simulation method, Successive Random Addition [336], and cite results from
a rigorous demonstration [87] that this method is fundamentally incapable of simulating a station-
ary random field obeying the self-similar scaling (336) with any quantitative accuracy. We next
describe a pair of hierarchical Monte Carlo methods using wavelets, introduced by Elliott,
Horntrop, and the first author [82,84], which have been shown to be capable of generating
a random field v(x) with accurate self-similar scaling (336) over 12 decades of scales. By contrast,
previous simulations using (variations of) the nonhierarchical Monte Carlo methods discussed in
Section 6.2 have only achieved one to two decades of inertial-range scaling behavior. Moreover,
the wavelet-based Monte Carlo methods have low variance (see Section 6.1); 100-1000 sample
realizations are sufficient for statistical averages to be computed within a few percent error. We
compare the wavelet-based Monte Carlo methods with the Randomization Method, the non-
hierarchical Monte Carlo method with the greatest capacity for simulating velocity fields with an
extended inertial range, and demonstrate their quantitative accuracy in simulating tracer transport
on an exactly solvable model problem.

In Section 6.4, we describe a general method of approximating any statistically isotropic,
incompressible, multi-dimensional Gaussian random velocity field as a superposition of Gaussian
homogenous random shear flows [85]. In this way, any of the Monte Carlo methods for simulating
scalar random fields can be used to simulate statistically isotropic multi-dimensional vector fields
as well. We show that this technique can be used with the wavelet-based Monte Carlo methods
discussed in Section 6.3 to generate a statistically isotropic, incompressible, two-dimensional
Gaussian random velocity field with an inertial range extending over twelve decades of scales.

In Section 6.5, we study tracer pair dispersion in two-dimensional synthetic turbulent velocity
fields generated in this manner. Temporal dynamics are induced by sweeping the frozen random
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field past the laboratory frame at a constant speed, corresponding to the picture underlying
Taylor’s hypothesis ([320], p. 253). The mean-square separation between a pair of tracers as it
evolves through the inertial range of this synthetic turbulent velocity field is found to obey the
classical Richardson’s t* law

aixdt) = XD — XP0)*) ~ £

over eight decades of spatial scales. We relate these numerical results to experimental findings,
other numerical simulations, and some theoretical work.

6.1. General accuracy considerations in Monte Carlo simulations

An examination of the error in the numerically evaluated Monte Carlo average brings out two
main practical accuracy concerns in a Monte Carlo simulation. For specificity, we focus on the
mean-square tracer displacement o%(t), though these considerations are completely general. The
discrepancy between the numerically computed Monte Carlo approximation 6% ,,,(t) and the true
o¥t) can be expressed as a sum of:

e a systematic error (bias) due to numerical discretization of the velocity field and the trajectory
equations, and
e a random sampling error because 03, ,,,(f) is computed using a finite number of samples.

Mathematically, let

Gz\zf,app,N= oo(t) = <(Xapp(t) - x0)2>vapp

be the mean-square tracer displacement as would be computed (in principle) by a complete
averaging over all the random variables appearing in the discrete numerical approximation v,,,(x)
of the velocity field. Then we can write the error in the numerical computation of o¥(t) as

(1) — 0% applt) = Eqyo(t) + Ecamplt) ,
Esys(t) = U)z((t) - O-X,app,N= oo(t) 5
Esamp(t) = O-)zf,app,N= oc(t) - O-i,app(t) 5

where E(t) is a deterministic, systematic error, and Eg,p,,(f) is a purely random sampling error.
There are two sources of the systematic error Eq(t):

e the difference between the statistics of the true velocity field v(x) and the numerically specified
random velocity field v,,,(x) involving only a finite number of random variables, and
e the discretization error in the numerical integration of the tracer trajectories.

The accurate and efficient numerical integration of the tracer trajectory equations (335) requires
a suitable (sometimes adaptive) choice of time step. We will not dwell on this technical but
important issue here; see [84,86,140] for explicit examples of the kind of considerations involved,
particularly when several particles are being simultaneously tracked. We will concentrate here on
the issues pertaining to the simulation of the random velocity field v(x). To minimize the systematic
error in the numerical approximation of the velocity field, the probability law of v,,,(x) should be
close in some sense to that of v(x) [163]. For example, the mean and correlation tensor of v,,,(x)
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should approximate that of v(x). If v(x) is a Gaussian random field, then it is often desirable for
v,,,(X) also to be a Gaussian random field.

The random sampling error Eg,,,,(t) arises solely because the mean-square tracer displacement is
numerically computed using only a finite number of realizations. It has mean zero with respect to
the statistics of the numerical scheme, {Eqm(t)).,, = 0, and its variance may be computed as

XX — xof? SN
a0, = ((EEEO I ) 3, ) ) = 2 0a) =P

where

Z‘2(|Xvapp(t) - x0|2) = <(|Xapp(t) - x0|2 - O-)Zf,app,N= oo(t))2>vapp

is just the variance of the numerical quantity |X,,,(f) — xo|*> whose Monte Carlo average we are
seeking. The random sampling error therefore decreases as the sample size becomes larger, but at
the relatively slow rate Eg,my(f) ~ N~ /2. Typically, the sample size is restricted to moderate values
(say, a few thousand or million in turbulent diffusion applications), due to computational cost.
Therefore, one would like to minimize 2%(|X,,,(f) — Xo|?) to reduce sampling error. This quantity
must perforce be at least on the order of the variance of the true random variable |X(t) — x, |*> whose
mean we are trying to estimate. The practical numerical issue is to avoid numerical approximation
schemes which add on a lot of extra variability and lead to excessively large values of the variance,
22(1X,pp(t) — X0|?). An intuitive rule of thumb for designing a low variance Monte Carlo method is
that each individual realization generated by the numerical scheme should have “typical” proper-
ties of the true random velocity field v(x).

We will now proceed to examine various Monte Carlo methods for turbulent diffusion with the
above considerations in mind.

6.2. Nonhierarchical Monte Carlo methods

A simple context in which to discuss numerical Monte Carlo methods for turbulent diffusion is
the class of steady, two-dimensional shear flows with constant cross sweep @:

w
v(x,t) = v(x, y,t) = [v(x)} .

Then the numerical simulation of the velocity field reduces to the generation of v(x), a scalar
random field of a single variable, which we will further assume to be Gaussian and statistically
homogenous, with mean zero and correlation function

u(xo(x" + x)) = R(x) .

In Section 3.2, we discussed a particular one-parameter family of such flows as part of the Random
Steady Shear (RSS) Model [141]. The elements of this model have a simple structure, the
mean-square displacement of a tracer in these flows can be expressed by exact analytical formulas,
and the tracer motion exhibits a wide variety of anomalous scaling behavior. These three properties
make this model an excellent means of assessing the performance of numerical approximation
schemes for turbulent diffusion. For convenience, we recapitulate in Section 6.2.1 the definition of
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the Random Steady Shear (RSS) Model and the exact formulas for the mean-square displacement
of a tracer advected by such flows [141]. We state the numerical values of the parameters used in
the Monte Carlo simulations of this model in Paragraph 6.2.1.1.

Several numerical procedures for generating a Gaussian, homogenous random field are directly
suggested by two general expressions of the random field in terms of stochastic integrals. We have
already encountered the Fourier stochastic integral representation

o(x) = J " e 2mks L2y T (k) (337)

in Paragraph 3.2.2.1. The integration measure dW (k) is a complex Gaussian white noise with the
formal properties:

dW(— k) =dW(k),
AW (k)y =0, (338)
AW(k)dW(K)> = 5(k + k) dkdk',

where an overbar denotes complex conjugation. The integrand E(k) is the energy spectrum of the
velocity field:

R(x) = r e 2k (k) dk = 2chos(2nkx)E(k) dk . (339)

0

— o0

The Fourier stochastic integral (337) formally represents the random field as a superposition of
independent random fluctuations of various wavenumbers, with the amplitude of each fluctuation
proportional to the square root of the energy spectral density at its wavenumber.

One way of numerically simulating the random field v(x) is to truncate this stochastic integral to
a finite interval, and discretize it according to a midpoint rule with equispaced grid points. The
random field v(x) is thereby expressed as a discrete Fourier transform of a finite set of Gaussian
random variables. This direct algorithm, which has been used by Viecelli and Canfield [335] and
Voss [336] in the generation of fractal random fields, will be called the (standard) Fourier Method.
It will be discussed in Section 6.2.2. Variations of this scheme have been adopted by Kraichnan
[180] and by Sabelfeld and coworkers [190,240,291], in which the grid points of the discretization
of the stochastic integral (337) are chosen randomly according to some appropriate probability
distribution. We shall refer to the strategy of Sabelfeld’s group as the Randomization Method, and
discuss it in Section 6.2.3.

Another explicit expression for the random field v(x) is given in terms of a physical-space
stochastic integral ([341], Section 26.2):

v(x) = f G(x —r)dW(r) = f Gr)dW(x —r). (340)
The integration measure dW(-) is now a real white noise measure, with formal properties:
dw(r)) =0,

AW AW )y = o(r — v')drdr . (341)
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This white noise is convolved against the function G(x), which is proportional to the inverse
Fourier transform of the square root of the energy spectrum:

G(x) = r e R EL2(|K|) dk = 2chos(2nkx)E”2(k)dk : (342)

— 0

The function G(x) provides another real-space description of the spatial correlations of the
random field v(x) in addition to the standard correlation function R(x). Like R(x), the function
G(x) is even, assumes its maximal value at x =0, and generally decays for large x. The
stochastic integral expression (340) represents the random field as a local average of an under-
lying white noise field on the same physical-space domain. One can intuitively imagine laying
down a random white noise field on the real-space domain R, and then computing the random
field v(-) at a given point x by summing up the values of the white noise field with weights
specified by the value of the function G centered at x. The value of the random field v(-) at any
other point x’ is obtained by simply moving the weighting function G so that it is centered at x/,
and then summing as before. For this reason, the real-space expression (340) is often called
a “moving-average” representation. Note that the averaging procedure produces nontrivial cor-
relations in o(-) starting from the uncorrelated field dW(-) because the evaluation of v(-) at
different points involves the same random values of dW(-); the weighting function is simply
centered at different locations.

In a manner parallel to that of the Fourier Method, the real-space stochastic integral expression
(340) can be implemented numerically through a straightforward truncation of the integration
domain and a midpoint-rule discretization with equispaced grid points. This physical-space based
method for simulating the random velocity field will be called the Moving Average Method. 1t was
first studied in the thesis of McCoy [228], and we shall treat it in Section 6.2.4. There is no sensible
analogue of the Randomization Method in physical space.

For each of the three Monte Carlo methods we have mentioned, the Fourier Method, the
Randomization Method, and the Moving Average Method, we will first give some details about
their implementation. Then we will discuss their performance for the family of Random Steady
Shear Model flows summarized in Section 6.2.1. In this fashion, we will uncover certain inherent
numerical artifacts of these methods, and obtain some understanding of circumstances in which
they may be expected to perform well or not so well. We find, in particular, that the built-in
periodicity of the direct Fourier Method creates strong systematic errors after a certain time
(Section 6.2.2). The Randomization Method cures this periodicity problem, and performs quite
well when the velocity field has strong, positive long-range correlations so that the tracer’s motion
is diffusive or super-diffusive. It suffers the drawback, however, that the simulated velocity field can
be substantially non-Gaussian. Also, the Randomization Method does not perform as well in the
class of test models for which the correlation function of the velocity field has slowly decaying
negative tails and the tracer motion is sub-diffusive (Section 6.2.3). In contrast, the Moving
Average Method can simulate sub-diffusive and diffusive tracer motion reasonably efficiently, but
cannot accurately represent super-diffusive tracer motion because of an intrinsic shortcoming in
handling strong long-range correlations in the velocity field (Section 6.2.4). The numerical studies
discussed here were originally reported in the thesis of Horntrop [140] and in a paper by Elliott
et al. [83].
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Each of the methods discussed above can be extended directly to simulate a multi-dimensional,
vectorial velocity field by discretizing vector-valued versions ([ 341], Sections 20-22) of the stochas-
tic integral representations (337) and (340). We will discuss a multi-dimensional version of the
Randomization Method in Section 6.4, and will find better results from a less direct multi-
dimensional implementation! The methods presented here are also capable, in principle, of
simulating non-Gaussian random fields. The stochastic integral representations of the random
fields would then involve non-Gaussian random measures dZ(k) and dZ(r) in place of the white
noise measures d W (k) and dW () ([341], Section 8). Of course, the non-Gaussian random variables
in the discretized sums would have to be simulated in some fashion. Here we will restrict our
attention to the simulation of Gaussian random fields.

6.2.1. Exact formulas for mean-square tracer displacement in Random Steady Shear Model

In our evaluation of Monte Carlo methods for turbulent diffusion, we will use a specific family of
Random Steady Shear (RSS) Model flows with constant cross sweep, which was discussed in detail
in Section 3.2.2 and the original paper [141]. The velocity field in this model is a steady,
two-dimensional shear flow:

\
v(x,t)=v(x,y,t)=[ :|5

v(x)
where w # 0 and v(x) is a mean zero, Gaussian random field with correlation function
R(x) = <v(x")v(x + X)) .

We now define a special, explicit one-parameter family of correlation functions in terms of their
energy spectra:

R(x) = Jw e 2k E(|k|) dk = 2chos(2nkx)E(k)dk : (343a)

0

E(k) = (2n)* *Agk' e 2™k — 0 <6< 2, (343b)

where ¢ is the infrared scaling exponent, Ay is a constant amplitude, and Ly is a dissipation length
scale defining the ultraviolet cutoff of the power law scaling at high wavenumber (small spatial
scales). The special choice of ultraviolet cutoff made in Eq. (343b) permits the following closed-form
expression for the correlation functions [141]:
R(x) = 2I'(2 — &) Ap(LE + x?)e» - 1cos<(2 — ) arctan(?)) .
K

The form of the correlation function R(x) in the RSS Model for various values of the infrared
scaling exponent ¢ is shown in Fig. 20. A successful Monte Carlo method must generate a velocity
field which closely reproduces the correct correlation function, because the mean-square displace-
ment of a tracer particle along the shear o3(t) = {(Y(t) — y,)*> at long times involves an integration
of R(x) over a large interval (137):

o}(t) =2 j t(t — $)R(ws)ds . (344)

0
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Fig. 20. Plots of the velocity correlation function for the Random Steady Shear (RSS) Model for various values of ¢ (from
[83]). Upper graph: ¢ = — 1 (solid line) and ¢ = % (dashed line). Lower graph: ¢ = 1 (solid line) and ¢ = 3 (dashed line).
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Table 15
Summary of long-time scaling behavior for the mean-square tracer displacement in Random Steady Shear (RSS) Model,
with w #0 and k =0

Parameter regime Mean square displacement Qualitative behavior
e<0 ay(t) ~ t° Trapping

0<e<l1 o¥(t) ~ £ Sub-diffusive

e=1 oHt) ~ t Diffusive

l<e<?2 o3(t) ~ t° Super-diffusive

Two features of R(x) in the RSS Model present challenges to numerical modelling in this regard.
First, for ¢ < 1, the correlation function R(x) has negative tails which decay only algebraically for
large |x|. Secondly, as ¢ # 2, the tails of the correlation function are positive but decay ever more
slowly (R(x) ~ |x|*~ 2 for |x| > L), reflecting the strong long-range correlations in the velocity field.
The RSS Model therefore tests the capacity of Monte Carlo methods to simulate negative
correlations and long-range correlations of a random field.

The exact solutions for the mean-square displacement ¢#(t) of a tracer in the various RSS Model
flows were worked out in Section 3.2 and [141], and we will use these in graphical comparisons
with the numerically simulated mean-square tracer displacement. For the purposes of our general
discussion, we simply remind the reader in Table 15 of the long-time scaling behavior of o§(t) for
various values of the infrared scaling exponent & when the cross sweep is nonzero w # 0 and
molecular diffusion is absent ¥ = 0. Note the wide range of long-time behavior assumed by the
tracer in the RSS Model as the parameter ¢ is varied. The reason we do not include molecular
diffusion is that it would override the sub-diffusive and trapping behavior of the RSS flows for
e < 1. For k =0, the RSS Model can test how faithfully Monte Carlo methods replicate both
sub-diffusive and super-diffusive tracer motion.

6.2.1.1. Numerical parameter values in Monte Carlo simulations. In the numerical simulations, the
tracer is always started at the origin (xo,y) = (0,0), and space and time are nondimensionalized so
that Lx = 1 and w = 1. The tracer displacement along the shear:

is computed in every realization according to a trapezoidal rule with time step sufficiently small
(At =0.1) to resolve the fluctuations in the simulated velocity field v,,,(x). The value of
o3(t) = {Y?(t)) is then obtained by averaging over a large number of independent simulations of
the velocity field. It has been checked [140] that the error due to the finite time step in the
integration of the trajectories is negligibly small relative to the errors arising from the finite sample
size in the Monte Carlo average and discrepancies between the statistics of the simulated velocity
field v,,,(x) and of the true velocity field v(x).
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6.2.2. Fourier space-based method
We shall now define the Fourier Method in more detail, and apply it to the RSS Model. We will
find inherent limitations of the method in simulating turbulent diffusion [83,140].

6.2.2.1. Derivation of Fourier method. We shall provide two simple derivations of the basic
simulation formula for the Fourier Method. One is a direct discretization of the stochastic Fourier
integral representation of the random field v(x). The second circumvents the stochastic integral
representation, and provides a useful framework for comparing the underpinnings of the Fourier
Method with those of the Randomization Method to be discussed in Section 6.2.3.

Discretization of stochastic Fourier integral. A natural means of obtaining numerical schemes is
through the truncation and discretization of exact continuum formulas. We apply this approach to
the stochastic Fourier integral representation (337)

o) = f e 22|k d W (K)
by a Riemann sum approximation over a finite symmetric partition of 2M + 1 intervals, with equal
widths Ak. This partition extends over a finite segment [ — Kpax Kmaxls With kmax = (M + 3)Ak.
Evaluating the integrand at the midpoint of the intervals, we arrive at the following random
Riemann-Stieltjes sum for the approximating velocity field:

M
Vapp(X) = ) €7 FAEVR(|jIARAW; (345)
j=—-M
where the complex random variables AW,(k) are defined in terms of the complex white noise
process:
5 jtAk2
AW (k) = J dwik) .
j—Ak/2
From the formal rules (338) for the statistics of the white noise process, we find that {AW;}}L, are
statistically independent complex Gaussian random variables with the properties:

AW; = AW, (AW =0, (AW =0, (AWAW;) = Ak

Also, AW, is independent of all these variables, and is itself a mean zero, real Gaussian random
variable with variance Ak. We can therefore rewrite Eq. (345) as
M
Vapp(X) = EV2(0) AW, + 2Re Y. E'V2(|jlAk)e ™ 2N ATY, |
j=1
where Re denotes the real part of the following expression. Expanding the complex random
variable AW; into real and imaginary parts, we obtain a concise expression for the approximate
velocity field as a discrete random sum of real Fourier modes.
We will call its numerical implementation the Fourier Method. The approximate velocity field is
written:

Upour(X) = %  2E(kj)Ak;[ € cos(2nkx) + n;sin(2nk;x)] , (346)
j=0
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where the wavevectors k; = jAk denote the locations of the equispaced grid points, and Ak; = Ak
forj=1,...,M and Ak, = 3Ak. The {&;,n;}L, are a collection of independent standard Gaussian
random variables (mean zero and unit variance). (If E(k) diverges at k = 0, as for the RSS Models
with 1 < & < 2, then the j = 0 term requires some special treatment.)

The equal spacing of the grid points permits a rapid passage from the set of random Fourier
coefficients to the random values of v,,,(x) on the (equi-spaced) physical space grid through the
Fast Fourier Transform ([50], Ch. 18). The Gaussian random coefficients can be simulated by
applying a Box-Muller transformation ([163], Section 1.3) to uniformly distributed random
variables on the unit interval, which can be supplied by standard computer random number
generators.

The Fourier Method with equispaced grid points has been utilized by Voss [336] in the
production of fractal sceneries and by Viecelli and Canfield [335] in the simulation of a fully
developed turbulent velocity field with about one decade of an inertial range.

An important numerical feature of the Fourier Method is that the simulated random velocity
field is periodic with period (Ak) ! in every realization. The true velocity field v(x), however, has no
such periodicity when the spectrum E(k) is continuous.

Derivation by random Fourier sum ansatz. We now offer another means of arriving at the
simulation formula (346) for the Fourier Method which has enough flexibility to yield the
simulation formula for the Randomization Method as well. Rather than proceeding deductively
from the stochastic Fourier integral representation for the random field v(x), we simply declare that
we will seek a finite spectral approximation. We begin by cutting off Fourier space to a finite
segment [0, k., ], and partitioning this segment into M + 1 disjoint intervals, which need not be of
equal width (see Fig. 21). We define ko = 0 and Ak, as the width of the interval abutting this point,
and take {k;}}L as the midpoints and Ak; as the widths of the remaining intervals comprising the
partition, ordered from left to right. We think of k; as a representative wavenumber from its interval
of wavenumber space. We then form a Fourier sum with these wavenumbers:

M
Vapp(X) = Y a;cos(2mk;x) + b;sin(2mk;x) , (347)
j=0

j=

with real, random coefficients {a;}}L, and {b;}}L,. We wish to choose the probability distribution
of these random variables so that v,,,(x) approximates the random field v(x).

First, v,,,(x) should be a Gaussian, homogenous random field with mean zero. The fact that
linear combinations of mean zero Gaussian random variables are mean zero and Gaussian
suggests that {a;,b;}}~, should be taken according to a jointly Gaussian distribution with zero
mean. By substituting the right-hand side of Eq. (347) into {v,,,(X")vapp(X” 4 X)), and noting that
this expression must be independent of x’ by statistical homogeneity, we find that the random

Ak, Ak, Ak, w1 Aky

—l K
ky 'k

0+ | | | l |
@ o— --- L 4

| | [ | |

k 1 k2 kM-l max

Fig. 21. Partition of a finite segment [0, ko, ] Of Fourier space into M + 1 intervals in the Fourier Method.
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variables {a;, b;} L, must all be mutually independent of one another, and that {ai) = {b7) = v}
for 0 <j < M. We therefore express our random Fourier sum as:

M
Vapp(X) = Y ;[ cos(2mkjx) + n;sin(2nk;x)] , (348)
j=0
where {&;,n;}1L, is a collection of independent, standard Gaussian random variables, and {v;}}L,
are constant amplitudes which we are left to choose.
We pick these amplitudes by requiring that the correlation function

Rapp(x) = <Uapp(x/)vapp(x/ + x)>
of v,,p(x) approximates the true correlation function (339):

R(x) = <vo(xw(x" + x)) = 2chos(2nkx)E(k) dk . (349)

0

Expanding the double sum and computing the averages in R,,,(x), we find that the correlation
function of the approximate random field v,,,(x) 18

Rapp(x) = % vi[cos(2nk;x’) cos(2mk;(x + x')) + sin(2rk;x’) sin(27k; (x + x'))]

j=0

M

= Y vjcos(2mk;x) . (350)
Jj=0

A discrete sum of this form can be obtained by a Riemann sum approximation of the integral on the

right-hand side of Eq. (349), using the partition defined in Fig. 21:

M
Rupp(X) = Y. 2E(k;Ak;jcos(2mk;x) . (351)
j=0
Note that we have implicitly dropped the contribution of the integral from k > k,,,,, but this should
not be a serious matter if the energy spectrum E(k) decays rapidly for large k and k,,,, is chosen
sufficiently large. Upon comparison with Eq. (350), we find that

v; = (2E(k;)Ak;)'?

will make v,,,(x) a consistent approximation to the random field v(x). We arrive therefore at exactly
the same Fourier Method simulation formula (346) as before, but the wavenumbers {k;}}L, need
not be equispaced.

We note from Egs. (349) and (350) that the energy spectrum of the velocity field simulated by the
Fourier Method is the following discrete approximation:

j=

Enl) = Y ElAkA( — k) (352)

to the continuous energy spectrum E(k).
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There are at least two reasons one might want to choose unequally spaced wavenumbers, even
though one thereby loses the possibility of using the fast Fourier transform. First, when the
wavenumbers in the discrete sum are equispaced, then all the random Fourier modes are harmon-
ically aligned, and the simulated random field will be exactly periodic (with period ki !). This can
have undesirable consequences, as we shall explicitly see in the RSS Model application below.
Secondly, one may wish to refine the partition of wavenumber space near regions of large values or
rapid variation of E(k). In particular, for the RSS Model with 1 < ¢ < 2, E(k) diverges at k = 0, and
one might want to place extra points near k = 0 to improve the accuracy of the simulated velocity
field at large scales. In Section 6.2.3 below, we will investigate the effects of using nonuniformly
spaced wavenumber grid points k; within the Randomization Method, wherein these wavenumbers
are chosen randomly. For our subsequent discussion of the Fourier Method, we restrict attention to
equispaced wavenumber grid points {k;}}Lo.

We remark that we could also have handled nonuniformly spaced wavenumbers through
discretization of the stochastic Fourier integral (337). The present procedure generalizes more
readily, however, to allow a random choice of wavenumbers {k;}}L,, as we will discuss in
Section 6.2.3.

6.2.2.2. Fourier Method applied to RSS turbulent transport model. Examples of random fields
generated by the (equispaced) Fourier Method can be found in the papers of Voss [366] and
Viecelli and Canfield [335]. With sufficiently fine wavenumber spacing Ak, the method suffices to
produce visually appealing fractal fields [336], with about a decade of statistically self-similar
scaling [335]. The authors of each paper complain of the large amount of wavenumbers needed to
produce a satisfactory fractal field, and prefer the Successive Random Addition Method, which will
be discussed in Section 6.3.1.

We shall examine the practicality of the Fourier Method for the particular application of
simulating turbulent transport by trying it in the RSS Model [83,140]. We will emphasize the
consequences of the inherent periodicity of the velocity field simulated by the random Fourier
Method. These are clearly brought out in a simulation of a sub-diffusive RSS Model (¢ = 1). In
Fig. 22, the mean-square tracer displacement is shown for a Monte Carlo simulation for a Fourier
sum with M = 200 wavenumbers, spaced by Ak = 1/40m, and averaged over 2000 realizations. (The
error from truncating the wavenumbers k > k.., = (M + 4)Ak ~ 10 s then less than 0.1%.) We see
a systematic downward turning of the Fourier Method simulation from the exact result for times
t 2 15. This can readily be traced to the fact that the simulated velocity field has period 1/Ak =~ 125.
From the exact formula for the trajectory:

and the fact that v,,,(x) has a vanishing coefficient of the ko, = 0 mode, we see that (up to numerical
integration error) the simulated value of ¢#(t) = (Y*(t)> must also be periodic and vanish at
t = (WAk)™! ~ 125. The true value of ¢%(t), on the other hand, continues to grow according to
a t'/2 power law for t > 1. The simulated mean-square displacement must therefore turn down
from the true solution. The departure becomes noticeable in Fig. 22 after roughly an eighth of
a period.
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Fig. 22. Mean-square tracer displacement along the shear for RSS Model with ¢ = 1/2 (from [83]). Thin line: exact
formula. Thick line: Fourier Method simulation with M = 200 wavenumbers, Ak = 1/40n, and 2000 realizations.

To verify that this discrepancy is due to periodicity effects, and not due to finite sample size or
truncation error, the simulation was repeated with Ak = 1/160r and M = 800 wavenumbers. This
increases the inherent periodicity of the velocity field and ¢$(t) to 160n ~ 500, a factor of 4 greater
than before. The results are plotted in Fig. 23. The agreement between the simulated mean-square
displacement and the exact result is now good through time ¢t <60, again an eighth of the artificial
period. (The simulated curve starts turning down at times greater than that shown the figure [140].)
Therefore, we see that the periodicity of the Fourier Method is a definite obstacle in the accurate
simulation of turbulent diffusion over long time scales. To contend with it, one would need to
choose a wavenumber spacing so small that the tracer does not cross more than an eighth of the
period of the simulated velocity field, and this may require an enormous amount of computational
labor, even with the fast Fourier transform. As we shall discuss in Section 6.2.4, the Moving
Average Method appears to be a preferable choice for simulating random velocity fields without
strong long-range correlations, such as the RSS Model with ¢ = .

The Fourier Method has a further difficulty when simulating super-diffusive tracer motion in
a velocity field with strong long-range correlations. In Fig. 24, we show a simulation of the RSS
Model with ¢ = 3, with the same choice of other numerical parameters as in Fig. 23. The j = 0 term
in the random Fourier series (346) is problematic because of the infrared divergence of energy; in
the present simulations it is just dropped. We see that the Fourier Method simulation undershoots
the exact result even though the plotted times extend only up to an eighth of the artificial period. If
we were to somehow retain a nontrivial j =0 term in the random Fourier series (346), the
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Fig. 23. Mean-square tracer displacement along the shear for RSS Model with & =4 (from [83]). Thin line: exact
formula. Thick line: Fourier Method simulation with M = 800 wavenumbers, Ak = 1/160x, and 2000 realizations.
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Fig. 24. Mean-square tracer displacement along the shear for RSS Model with ¢ =3 (from [1407]). Thin line: exact
formula. Thick line: Fourier Method simulation with M = 800 wavenumbers, Ak = 1/1607w, and 2000 realizations.
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mean-square tracer displacement would instead show a ballistic overshoot of the true superdif-
fusive behavior at long times. The actual superdiffusive behavior of the tracer displacement is very
sensitive to the way in which energy is concentrated at low wavenumbers, but the Fourier Method
with equispaced grid points cannot adequately resolve the k™ !/2 singularity in E(k) at k = 0. We
will see in Section 6.2.3 that appropriately randomizing the wavenumbers in the discrete sum can
overcome the deficiencies of the direct Fourier Method for the flows in the RSS Model with
long-range correlations (1 < ¢ < 2).

6.2.2.3. Conclusions regarding Fourier Method. The Fourier Method (with equispaced grid points)
has been unambiguously shown to fail in efficiently producing accurate statistics for the motion of
a tracer over long-time intervals in the simple RSS Model. The main difficulty is the strong
systematic error induced by the artifical periodicity of the simulated flow. The Fourier Method
furthermore cannot resolve sufficiently strong long-range correlations when they are present. These
deficiences are inherent to the Fourier method in general for the simulation of turbulent diffusion.
Some better options for various applications will be discussed throughout the remainder of
Section 6.

6.2.3. Randomization Method

One way in which various investigators have sought to overcome the numerical artifacts of the
equispaced Fourier Method is to choose randomly the wavenumbers {k;}}L ; appearing in the finite
Fourier sum approximation:

J

M
Vapp(X) = Y a;cos(2mk;x) + b;sin(2mk;x) .
=1

For example, Kraichnan [180] deterministically assigned the magnitudes of the wavevectors
appearing in a simulated multidimensional velocity field, but selected their direction according to
a random uniform distribution on the sphere. Sabelfeld and other scientists at the Computing
Center at Novosibirsk [190,240,291] later developed a more substantial variation in which the
magnitudes of the wavevectors are also randomly chosen. We shall call this latter algorithm the
Randomization Method, and apply it to the problem of simulating the turbulent diffusion of a tracer
in the RSS Model. We will see that it eliminates the periodicity problem intrinsic to the direct
Fourier Method, and performs quite well for the diffusive and super-diffusive class of models
1 <& < 2, which include velocity fields with strong long-range correlations. The Randomization
Method is not very successful, however, in simulating sub-diffusive tracer motion in the RSS
Models with slowly decaying negative correlations (0 < ¢ < 1).

We shall first define the Randomization Method precisely, then present the results of the
simulations in the RSS Model.

6.2.3.1. Definition of Randomization Method. In a manner similar to our second derivation of the
Fourier Method (Paragraph 6.2.2.1), the prescription of the random velocity field in the Randomiz-
ation Method begins with a deterministic partition of wavenumber space into M disjoint subinter-
vals {I;}}L, (Fig. 25). We do not, however, confine the partition to a finite segment; I, extends all
the way to + oco. We now choose a representative wavenumber k; in each interval according to
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Fig. 25. Partition of the Fourier space into M intervals in the Randomization Method.

a probability density function (PDF) pj(k) weighted by the energy density E(k):

Prob{k;e A} = f pj(k)dk,
A

2E
gk) for kel;,
plky=¢ Y (353)
0 for k¢l;,
where
r 1/2
v; = <2 E(k) dk> . (354)
JI;

The random velocity field v(x) is then simulated as a random Fourier sum using these wavenum-
bers:

M
Urana(X) = Y. v;[&jcos(2mk;x) + n;sin(2mk;x)] , (3595)
i=1
where {&;,17;}7L is a collection of independent standard Gaussian random variables.

Upon comparison with Eq. (346), we see that the random Fourier sum has the same form in the
Randomization Method as in the direct Fourier Method. An inessential difference is the particular
expression (354) for the amplitudes {v;}}L; one could consistently use these expressions for the
standard Fourier Method as well. The important distinction is that the wavenumbers {k;}}L
appearing in the sum are chosen randomly within their associated interval in the Randomization
Method, rather than at the midpoint as in the Fourier Method.

The amplitudes of the Fourier modes v; and probability distribution p;(k) for the wavenumbers
which were described in Egs. (353) and (354) are uniquely specified by insisting that the simulated
random field wvg,nq4(x) have the same covariance as the desired random field v(x), as we now
demonstrate. We begin by positing a general random Fourier sum approximation of the same form
that arose in our alternate derivation of the Fourier Method (348):

M
Vapp(X) = Y. v;[€;co8(2mk;x) + n;sin(2nkx)] , (356)

i=1
where {&;,n;}1L, is a collection of independent, standard Gaussian random variables. We further
suppose the wavenumbers k; to be randomly distributed within their intervals I;, We desire to
choose the PDFs {p;(k)}}L, of these wavenumbers as well as the constant nonnegative amplitudes
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v; so that the correlation function R,,,(x) of the simulated random field v,,,(x) approximates the
correlation function of v(x),

R(x) = o(x)o(x" + x)) = 2f cos(2mkx)E(k)dk , (357)
0
as well as possible.
The correlation function of the random Fourier sum (356) may be computed by first averaging
over the Gaussian random variables {¢;,n;}1L, as in our derivation of the standard Fourier
Method, and then taking another average over the distribution of the wavenumbers {k;}}L:

Rapp(x) = <Uapp(x,)vapp(x, + X)> = <<Uapp(x,)vapp(x/ + x)>é,n>k

= <§ v} cos(27tij)> = % f cos(2nkx)vip k) dk .

. j=1

=
(See Eq. (350) for the derivation of the third equality.) Comparing with Eq. (357), we see that in fact
we can make R,,,(x) identically equal to R(x) by choosing pj(k) = 2vj 2E(k) for kel j=1,..., M.
The formula for v; (354) then follows simply from the normalization |;p,(k)dk = 1.

6.2.3.2. General comments on the Randomization Method. The above calculation points out another
advantage of the Randomization Method over the Fourier Method besides solving the periodicity
problem. Whereas the correlation function of the velocity field vg,.(x) simulated by the Fourier
Method was only a discrete Riemann sum approximation of the true correlation function R(x), the
correlation function of the velocity field vg,,q(x) simulated by the Randomization Method is exactly
R(x). The Randomization Method is therefore free of systematic truncation and discretization
errors, at least insofar as second-order statistics are concerned. The reason this is possible is that
the wavenumbers {k;}}L; are allowed to vary over a continuum, so that an ensemble average can
lead to the desired continuous energy spectrum E(k). With fixed wavenumbers, as in the Fourier
Method, the simulated spectrum can at best be a discrete approximation to E(k) (352). Improved
computational efficiency can be expected for the Randomization Method because of its preferential
distribution of wavenumbers toward the most energetic parts of the spectrum. In particular, the
Randomization Method should resolve strong concentrations of energy in wavenumber space
much better than the equispaced Fourier Method.

However, the Randomization Method does have some drawbacks in practical implementation.
First of all, the fast Fourier transform cannot be used because the wavenumbers are not confined to
a regular grid. If one is interested in the turbulent transport of a small number of tracers, however,
then the random velocity field vg,nq(x) need only be evaluated at their momentary positions, so the
loss of the fast Fourier transform is of no great concern. A potentially more serious disadvantage is
the fact that the velocity field simulated by the Randomization Method is non-Gaussian, due to the
randomness of the wavenumbers {k;}L,. The single-point PDF of vg,nq(x) is Gaussian, but the
PDF of any two-point velocity increment vgana(X) — Vrana(X’) is broader-than-Gaussian because
such increments are mixtures of mean zero Gaussian random variables of different variances. (See
the discussion in Section 5.2.2.) The Gaussianity of the simulated random field can be improved in
principle by taking the intervals {I;}}L; of the partition sufficiently fine in a certain sense [240,291].
It is not clear, however, whether the improved Gaussianity would require an inordinately large
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M in practice, particularly for velocity fields with a wide range of active scales. A more promising
approach, suggested by Kraichnan in a multi-dimensional context [ 180], is to produce M indepen-
dent approximate velocity fields {v{),q} L of the form (355), and then take the simulated field as
a suitably normalized sum:

1 xo
URand(x) = \/ﬁjgl Ui{J;nd(x) . (358)

The resulting random field vg,,q(x) has mean zero and the appropriate correlation function R(x).
Moreover, by the Central Limit Theorem, the statistics of the random field vg,,q4(x) Will approach
a Gaussian form if M is taken sufficiently large. We will return to the issue of non-Gaussianity of
the Randomization Method in Section 6.4.

We finally remark that although the Randomization Method has no formal truncation or
discretization errors, it does not magically avoid the error incurred in approximating a random
field with continuous spectrum by a finite sum of Fourier modes. This source of error rather
becomes transferred to the Monte Carlo sampling error. The degree to which the statistics of
a finite sample size will accurately resemble those of the entire ensemble depends on how closely the
realizations of the simulated random field mimic the properties of the true random field. For
example, in a turbulent velocity field with a power law inertial-range spectrum, the number of
intervals (M) in the partition of wavenumber space must be chosen sufficiently large to ensure that
each simulated velocity field contains a typical distribution of scales [140,291]. A helpful strategy
toward this end is to choose the intervals {I;}}L; of the partition to contain equal amounts of
energy:

2 [ 1
v =2| E(k)dk == E(k)dk = —<{(v(x))*) .
I; 0 M
Note that this partition is naturally associated to a Lebesgue integration of the energy spectrum
E(k), whereas the equispaced Fourier Method is built from a standard Riemann sum approxima-
tion to the integral of E(k).

6.2.3.3. Randomization Method applied to RSS Turbulent Transport Model. The Randomization
Method has been used by Sabelfeld and coworkers [ 190,240,291] to simulate the motion of tracers
and pairs of tracers in a fully developed turbulent velocity field with a small inertial range. We will
discuss the Randomization Method in this more demanding context later in Section 6.3.2. Here, we
apply the Randomization Method to the RSS Model to assess how well it simulates various types
of turbulent tracer transport behavior. We are particularly interested in examining the extent to
which the Randomization Method alleviates some of the inherent difficulties of the Fourier
Method. The results presented here for the Randomization Method originate in the thesis of
Horntrop [140]. These simulations adopt a simple incarnation of the Randomization Method, in
which the random Fourier series of the simulated velocity field vg,,4(X) consists of 32 wavenumbers
chosen independently from [0, oo ), with PDF given by p;(k) = 2vy 2E(k) and v = 2[; E(k) dk. For
the energy spectra in the RSS Model (343b), the random wavenumbers are then distributed
according to a gamma distribution [103], and can be efficiently generated on a computer. In the
above general notation, this setup corresponds to taking a trivial partition of wavenumber space
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(M =1 in Eq. (355)) and building the simulated field by summing up M = 32 independent
realizations of single-mode velocity fields (see Eq. (358)).

The superiority of the Randomization Method over the Fourier Method is clearly demonstrated
in the super-diffusive regime of the RSS Model. In Fig. 26, the mean-squared tracer displacement
produced by the Randomization Method for ¢ = 3 is indistinguishable from the exact result. The
relative error is less than 8% throughout the simulation, and actually settles down to about 1% for
30 <t <200 [142]. The favorable comparison between the results of the Randomization Method
(Fig. 26) and the Fourier Method (Fig. 24) for ¢ = 3 becomes even more striking when it is noted
that the Randomization Method uses only M = 32 wavenumbers (relative to M = 800 for the
Fourier Method), and the Randomization Method is plotted over a longer time interval. The
success of the Randomization Method in simulating super-diffusive tracer motion can be attributed
to its (random) selection of wavenumbers over a continuous range, with preferential weighting
toward low wavenumbers where the energy is strongly concentrated (E(k) & Agk® ~¢ for k\0). At
least within the RSS Model, the Randomization Method takes proper account of the long-range
correlations in the velocity field which give rise to super-diffusive tracer motion. The periodicity
problem of the Fourier Method is also completely avoided. A sufficiently large sample size,
however, is necessary to obtain the good agreement observed in Fig. 26. The sampling error
becomes quite noticeable if the average involves only 500 independent realizations [ 140].

The Randomization Method also produces good results for RSS Models with diffusive (¢ = 1)
and trapping behavior (¢ < 0) [140], but does not fare so well in the sub-diffusive regime
(0 <& < 1). In Fig. 27, we see that the simulated tracer motion persistently overshoots the correct
behavior for ¢ = 1. Evidently, the Randomization Method is not adequately accounting for the
slowly decaying negative tail in the correlation function R(x) (see Fig. 20), even with 2000 samples.

One concern which should be addressed when using the Randomization Method is the extent to
which the simulated fields deviate from Gaussianity. The ensembles generated in the above
simulations did exhibit significantly non-Gaussian sample statistics [ 140]. This issue plays no role,
however, in the simulation of the mean-square tracer displacement in the RSS Model, since this
quantity only depends on the second-order statistics of the velocity field (344).

6.2.3.4. Conclusions regarding Randomization Method. The above simulations show the Random-
ization Method to be a superior variation of the Fourier Method in the simulation of turbulent
tracer transport. Its flexible choice of wavenumbers alleviates the periodicity problem and properly
incorporates long-range correlations in the simulated velocity field, at least in the RSS Model. The
Randomization Method, however, demonstrates some difficulties in simulating random fields
which have a correlation function with slowly decaying negative tails. One must also be aware that
the Randomization Method generally produces random fields with non-Gaussian statistics.

To summarize, the Randomization Method appears to be a good candidate for Monte Carlo
simulation of random fields which have long-ranged positive correlations. We shall return to it in
Section 6.3.2 when we consider the numerical simulation of turbulent velocity fields which have even
stronger positive long-range correlations than those present in the super-diffusive RSS Models.

6.2.4. Physical space-based method
The Fourier Method and the Randomization Method presented above are based on the
stochastic Fourier integral representation (337) of the random velocity field v(x). The final
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Fig. 26. Mean-square tracer displacement along the shear for RSS Model with ¢ = 3 (from [140]). In the upper graph,
the thin line describes exact formula whereas the (nearly coincident) thick line describes the Randomization Method
simulation with M = 32 wavenumbers, and 2000 realizations. The lower graph shows the ratio of the simulated to true
mean-square tracer displacement.

nonhierarchical Monte Carlo method for simulating random fields which we will consider is the
Moving Average Method, the simplest of another class of methods which are derived from the
physical-space stochastic integral representation (340) of the random field. After a brief general
discussion of the Moving Average Method, we will apply it to the RSS Model and compare the
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Fig. 27. Mean-square tracer displacement along the shear for RSS Model with ¢ = 3 (from [140]). In the upper graph,
the thin line describes exact formula whereas the thick line describes the Randomization Method simulation with M = 32
wavenumbers, and 2000 realizations. The lower graph shows the ratio of the simulated to true mean-square tracer
displacement.

outcomes with those of the Fourier-spaced methods discussed above [83,140]. We find an intrinsic
obstacle for the Moving Average Method in simulating velocity fields with strong long-range
correlations. In fact, utilizing it in such situations can lead to ostensibly plausible scaling behavior
which is in fact incorrect! The Moving Average Method, however, simulates tracer transport in
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those RSS Models without strong long-range correlations (¢ < 1) more efficiently than the Fourier
method.

In Section 6.3, we will present a hierarchical version of the Moving Average Method which
performs extremely well in simulating tracer transport in a fractal random field with very strong
long-range correlations [84,85].

6.2.4.1. Definition of Moving Average Method. The Moving Average Method is the direct physical-
space based analogue of the Fourier Method. It is obtained from the general physical-space
stochastic integral representation (340) of the random field v(x):

v(x) = Jw G(x —r)dW(r) (359)

in much the same way that the Fourier Method was derived from the stochastic Fourier integral
representation (337). In Eq. (359), dW(-) is a real white noise measure with properties stated in
Eq. (341), and

o0

G(x) = F e~ 2 EL2(k|)dk = 2 J cos(2mkx)E'?(k)dk (360)

0

— o0

is a symmetric function peaked at the origin.

To implement Eq. (359) numerically, we define a symmetric partition of the real line into
intervals of equal width Ax, and use these to construct a Riemann sum approximation (with
infinitely many terms) using a midpoint rule discretization:

Vaise(X) = Z G(x _jAV)AW/} )
j=—w (361)

(GJ+1/2)Ar
AW =J dw(r) .
(

j—1/2)Ar

It is readily checked from Eq. (341) that {W;};2_, is an infinite collection of independent
Gaussian random variables with mean zero and variance Ar.

We do not simply truncate Eq. (361) into a fixed, finite sum, as in the Fourier method, because
here the magnitude of the integrand peaks at the variable point x. Instead, we specify a bandwidth b,
and restrict the summation in Eq. (359) to |j — | x/Ar || < b, where | x | denotes the greatest integer
not exceeding x.

This completes the definition of the Moving Average Method:

| x/Ar |+b
A= Y Glx—r)in/Ar, (362)
j=Lx/Ar|—b

where {r; = jAr}# _, are the equispaced grid points in the integration and {¢;}~ _, is a collection
of independent, standard, Gaussian random variables.
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Note that the truncation corresponds to an integration over the mobile segment [| x |, —
Fmaxs L X |ar + Fmax]> Where 1oy = (b + 3)Ar and | x |4, denotes the grid point r; lying closest to and
left of x.

The Moving Average Method was applied by McCoy [228] in turbulent diffusion simula-
tions. Mandelbrot and Wallis [220-222] and Feder [100] simulated one-dimensional fractal
random fields using an analogous algorithm based on a one-sided moving average representation
[219].

Note that there is no sensible implementation of the Moving Average Method using random or
unequally spaced physical-space grid points r;, because the computation of the convolution would
become extremely complicated. In any case, there is no motivation for randomizing the physical-
space grid points. First of all, the Moving Average Method does not suffer from the false periodicity
of the equispaced Fourier Method. Secondly, the random field is statistically homogenous in
physical space, so there is no need to resolve special regions as there is in Fourier space when the
spectrum is strongly concentrated near k = 0.

6.2.4.2. General comments on the Moving Average Method. We can already discern a general
disadvantage of the Moving Average Method relative to the Fourier-space based methods
in that the random field simulated by the Moving Average Method is built out of an
infinite number of random variables. To be sure, the restriction of the random field to any finite
region refers to only finitely many of these variables. The practical difficulty in simulating tur-
bulent tracer transport is keeping track of the random variables needed to evaluate the
velocity field at the current tracer location. When the x position of the tracer moves across
a grid point r; which it has never visited before, then a new independent random variable &,
(or &;_,) must be generated to evaluate v(x). But if, as the tracer meanders, its x position
turns around and crosses a grid point r; which it has already visited, then the previously gene-
rated value of &;_, (or ;4+,) must be recalled. Consequently, in a standard implementation,
one would either need to precompute all the random variables which would be needed over
a specified domain, or dynamically store and index all the random numbers generated as the tracer
moves into new territory. Computer memory limitations will necessarily restrict the spatial region
which the tracer is allowed to explore. An alternative procedure is to utilize a reversible random
number generator (such as a linear congruential generator) with an indexing scheme which allows
any particular random number ¢; to be obtained on demand [84]. The sequence of random
numbers {&;} 92—, is not explicitly stored in this implementation, so the memory limitations are
averted. Of course, for time-dependent random velocity fields, such considerations become less
signficant.

Another disadvantage of the Moving Average Method relative to the Fourier-space-based
methods is that the simulated random field vya(x) is not precisely statistically homogenous. The
statistics of vya(x) are generally invariant only under shifts vya(x) = vpa(x + h) for h an integrable
multiple of the grid spacing Ar. The statistics of vya(x) do depend, through the weighting factors
G(x —r;), on the location of x relative to the grid points. We will examine this issue in more
detail in the context of a much improved, hierarchical version of the Moving Average Method in
Section 6.3.2.

A more pressing concern regarding the Moving Average Method is revealed by a comparison of
the correlation function of the simulated field with the true correlation function. We find that for
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x =qgAr > 0 and x' = ¢q'Ar,
q+q +b q +b
omalx’ + Xoa(X)y = ), Y. Gllg+ a)Ar —r)G(qg'Ar —rp)Ar{&ig;»
J=q+q' —bj=q —b
q +b b—q
= Y Grg—j+x)Gry-)Ar = Y G(x +r)G(rj)Ar (363)
j=q+q —b j=-b
whereas the correlation between the true velocity field at these same points is, from Egs. (359) and
(341):

<u(x" + x)v(x)) = R(x) = Joo Jw G(x' + x — r)G(x' — rKAW(r)dW())

— o0 — 0

= jw G(x'+ x —rGKX —r)dr = jw G(x + r)G(r)dr . (364)

— o0 — o0

The correlation function (363) of the velocity field vya(x) is a quadrature approximation of the
correlation function (364) of the true velocity field v(x). The most serious difference between the
approximate and exact correlation functions is the truncation of integration interval. In fact, for
X > 2rmax the correlation function of the simulated velocity field vanishes, because the two
observation points x + x" and x" make use of disjoint subsets of the random variables {&;} 7~ _ .

The Fourier Method involved a similar truncation of wavenumber space to a finite segment
[0, kmax], and this was also reflected in expression (351) for the simulated correlation function
{Vpour( X" + X)Uroud(x')>. There, the truncation was not a big concern because the energy spectrum
E(k) typically decays very rapidly (say, exponentially) at large wavenumber. The moving average
weighting function, G(x), however, will not necessarily manifest such rapid decay. In fact, if the
velocity field has long-range correlations, these must be reflected in slowly decaying, long-range
tails of G(x). The Moving Average Method must be expected to suffer a severe systematic
truncation error in such circumstances.

6.2.4.3. Moving Average Method applied to RSS Model. We shall now use the RSS Model to
illustrate explicitly that the Moving Average Method’s inherent physical-space truncation makes it
inadequate in simulating tracer transport in a velocity field with strong long-range correlations (so
that R(x) and G(x) have very slow decay) [83,140]. We will find, however, that the Moving Average
Method performs relatively efficiently for velocity fields with milder correlations [140]. An earlier
study of the Moving Average Method in simulating turbulent diffusion may be found in McCoy’s
thesis [228]. For the RSS Model simulations presented here, we use a bandwidth b = 800 and grid
spacing Ar = 0.1, so that the convolution in the moving average representation is effectively cut off
at a distance rp,, = (b + 3)Ar ~ 80 from the maximum of the weighting function G.

We consider first the ¢ = 3/2 RSS model, which has strong long-range correlations and falls in
the superdiffusive regime. The effects of the truncation of the moving average representation to
a finite bandwidth b in Eq. (362) are already apparent in a plot of the correlation function Ry(x) =
{opma(X)oma(x” + x)> (with x” = j'Ar) along with the correlation function R(x) = {v(x")v(x" + x)) of
the true velocity field (Fig. 28). The simulated correlation function Ry,(x) is drastically underrep-
resenting the long-range r~ /2 tail of the true correlation function R(x). This reflects the fact that
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Fig. 28. Correlation function of the velocity field for RSS Model with ¢ = 3 (from [83]). In the upper graph, the thin line
describes true velocity correlation function R(x), whereas the thick line describes the simulation by the Moving Average
Method with bandwidth b = 800, grid spacing Ar = 0.1, and integration cutoff r,, & 80. The lower graph shows
the ratio of the simulated to true velocity correlation function.
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correlations on scales large compared to r,,,, have been artificially filtered out. Recall that the exact
mean-square displacement ¢$(t) of a tracer in the RSS Model is expressible as an integral of R(x)
over an interval of length wt (344). Therefore, the truncation in the Moving Average Method must
necessarily lead to a systematic underprediction of ¢$(t) at large time, apart from any additional
random errors due to finite sampling in Monte Carlo simulations. An actual simulation of 3(t)
using N = 2000 realizations of the velocity field just described, is shown in Fig. 29. The Moving
Average Method severely undershoots the correct behavior, and even worse, produces an apparent
scaling behavior at long time with the wrong exponent. Note that the error of the Moving Average
Method already appears at t = 40, when the tracer has only moved across half the width r,,, ~ 80
of the integration window in the convolution. Similar results are found [140] when the bandwidth
isincreased to b = 2000 (7.« & 200). The Moving Average Method is therefore dangerous to use in
simulating turbulent diffusion in velocity fields with significant long-range correlations, since it can
produce erroneous scaling behavior. Simulations of a one-dimensional fractal random field using
a related one-sided Moving Average Method [220-222] with similarly large bandwidths and
sample size can also predict incorrect scaling exponents for statistics of the random field itself
([1007], Fig. 9.8).

The Moving Average Method, however, performs adequately for the ¢ < 1 RSS Models, in which
the tracer motion is diffusive, subdiffusive, or trapped. The subdiffusive motion of a tracer in the
¢ =4 RSS Model can be tracked with reasonable accuracy over a time interval 0 < <130
(Fig. 30), whereas a Fourier Method simulation of comparable cost (described in Fig. 23 and [140])
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Fig. 29. Mean-square tracer displacement along the shear for RSS Model with & =3 (from [83]). Thin line: exact
formula, thick line: Moving Average Method simulation with bandwidth b = 800, grid spacing Ar = 0.1, and integration
cutoff 7, ~ 80.
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Fig. 30. Mean-square tracer displacement along the shear for RSS Model with ¢ = § (from [83]). In the upper graph, the
thin line describes exact formula, whereas the thick line describes the Moving Average Method simulation with
bandwidth b = 800, grid spacing Ar = 0.1, and integration cutoff r,, ~ 80. The lower graph shows the ratio of the
simulated to true mean-square tracer displacement.

starts to systematically turn down due to artificial periodicity after t ~ 60. The Randomization
Method, on the other hand, had a tendency to overshoot the correct subdiffusive tracer behavior

(Fig. 27).
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6.2.4.4. Conclusions regarding Moving Average Method. The Moving Average Method intrinsically
cannot represent correlations of the velocity field on scales larger than the integration cutoff rp,,,
and this fact can lead to a grossly misleading simulation of the long-time tracer motion in a velocity
field with strong long-range correlations. Based on the results for the 1 <& <2 RSS Models
(Figs. 26 and 29), the Randomization Method appears to be a much more economical and accurate
Monte Carlo Method for this kind of turbulent diffusion problem. On the other hand, the Moving
Average Method performed reasonably well and more efficiently than the Fourier Method for the
RSS Models without strong long-range correlations ¢ < 1, in which the tracer motion is diffusive,
subdiffusive, or trapped.

The Moving Average Method can be improved significantly by a proper hierarchical formula-
tion, as we shall discuss in Section 6.3.2.

6.3. Hierarchical Monte Carlo methods for fractal random fields

We have analyzed three Monte Carlo methods for the simulation of turbulent diffusion in a class
of steady, random shear flows. For the rest of Section 6, we will develop and examine Monte Carlo
methods with a view toward simulating tracer motion in synthetic flows with some features in
common with fully developed turbulence at high Reynolds number.

One characterizing feature of such flows is the existence of a self-similar inertial range of scales
Ly < r < Lo, where Ly is the Kolmogorov dissipation length and L, is the integral length scale.
A random steady shear flow with such an inertial range was analyzed in Section 3.4.1. Its energy
spectrum was expressed as

E(k) = Agk! (kLo (kLy), 2<e<4, (365)

where 1, is an infrared cutoff and ¥, is an ultraviolet cutoff. While the energy spectrum has
a self-similar form between Lo ! < k < Lg ! for all ¢ < 4, it is only for 2 < & < 4 that the velocity
field v(x) exhibits statistical self-similarity within an inertial range Ly < r <€ L in physical space. In
particular, for 2 < ¢ < 4, the mean-square velocity difference (also called the structure function of
the velocity field) has the following inertial-range scaling:

(X" 4+ x) = v(x)*> = Si|x|*, (366)
where H = (¢ — 2)/2 is the Hurst exponent, and
St= —2A4pn'?"2H(— H)/T(H + %) . (367)

(See Section 4.2.1 for a closely analogous discussion in the context of a random shear velocity field
with rapid decorrelation in time.)

Simulation of such a random field faces two main difficulties. First of all, the rapid growth of the
mean-square velocity difference (366) with separation x between the observation points manifests
the very strong long-range correlation of the velocity field u(-). We saw in Section 6.2 how poorly
the Fourier Method and Moving Average Method simulated random fields of the type (365) (with
L, = o) for spectral exponents 1 < ¢ < 2, because of their inability to represent accurately the
long-range correlations in those fields. The velocity fields with inertial ranges we are now
considering (2 < ¢ < 4) have even higher values of ¢, and the long-range correlations become even
more pronounced. A further challenge for numerical simulation of these velocity fields is to ensure



522 A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574

that the simulated velocity fields exhibit clean inertial-range scaling (366). This is particularly
pertinent to applications in which one is seeking to determine how the inertial-range scaling of the
velocity field is reflected in scaling properties of the passive scalar field on length scales within the
inertial range. We already considered some of these relations in Section 4 for a velocity field with
rapid decorrelation in time. High-quality numerical simulations permit investigations of scaling
properties for the passive scalar field in flows with more complex features, as we shall illustrate in
Section 6.5.

To keep focus on the two central issues, the very strong long range correlations and the
inertial-range scaling properties, we will remove the cutoffs from explicit consideration as much as
possible. That is, we formally take the ideal field we are trying to simulate as having a vanishingly
small Kolmogorov dissipation length Ly = 0 and an infinitely large integral length scale Ly, = 0.
This limit, taken at face value, requires some care in interpretation (Section 3.4.1). For the purposes
of our discussion of Monte Carlo numerical methods, however, this is of no concern since computer
limitations will impose definite upper and lower cutoff length scales to the inertial range of any
simulated field. In what follows, it is only important to remember from Section 3.5 that as the
cutoffs are removed,

e the velocity increments v(x) — v(x’) are statistically homogenous, meaning that their PDF
depends only on x — x/,

e the velocity increments are mean zero Gaussian random variables, with variance converging to
the finite inertial-range scaling limit Si|x — x'|*#, and

e the statistical dynamics of the separation between a pair of tracer particles converges to
a well-defined limiting evolution.

We remark for our later discussion in Section 6.4 that these facts remain true for multidimen-
sional velocity fields.

We shall therefore pose the Monte Carlo simulation problem of Section 6.3 as follows. We wish
to generate a numerical random (steady shear flow) velocity field v(x) for which the increments
v(x) — v(x") are homogenous and Gaussian distributed, with mean zero and variance obeying
a specified inertial-range scaling law:

(X)) = v(x)*> = Silx — x*1, (368)

with 0 < H < 1, over an extensive range of scales. Secondly, we also wish the separation between
a pair of tracers advected by such a velocity field to be simulated accurately.

With all the cutoffs removed from explicit consideration, the desired velocity field is in fact
a fractal random field [215,1007]. This simply means that the velocity field enjoys a statistical
self-similarity (or, more precisely, statistical self-affinity [216]) under dilations. Namely, v(x) — v(x")
has the same PDF as 4~ H(v(/ix) — v(Ax')), as may be checked from Eq. (368) and the fact that
a Gaussian random variable is fully determined by its mean and variance. Fractal random fields
have applications in a diversity of fields beyond turbulent diffusion, such as solute transport in
groundwater [79], turbulent combustion [339], random topography in statistical physics [ 100],
and many others [215,336]. We remark that the problem of simulating the random, one-dimen-
sional shear velocity field v(x) described above is equivalent to the simulation of a stochastic
process known as fractional Brownian motion [100,215,219].
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Of the nonhierarchical Monte Carlo methods discussed in Section 6.2, the Randomization
Method is evidently the best choice for simulating fractal random fields. The Fourier and Moving
Average Methods were shown to be incapable of efficiently representing long-range correlations. In
Section 6.3.3, we will compare the performance of the Randomization Method with another class
of hierarchical Monte Carlo methods, which we now introduce.

These hierarchical methods are designed to respect the statistical self-similarity of the fractal
random field. The simulated velocity field v,,,(x) is represented as a superposition of random fields
associated to a hierarchy of scales:

Vapp(X) = Y, 27", (2™x) . (369)
Each v,(*), Muin < m < mp,, 1s an independent, identically distributed, mean zero Gaussian
random field, which can be computed efficiently. Their precise specification characterizes the
particular hierarchical Monte Carlo method. The integers m,,;,, and m,,,, represent large scale and
small scale cutoffs, as can be seen by noting that if the random fields {v,,(-)} have characteristic
length scale L, then v,,(2™x) has characteristic length scale 27 "L.

In the idealized situation in which the truncation to a finite number of scales may be ignored
(Mmin = — o0 and my,, = + o0 ), any hierarchical method will automatically simulate a velocity
field with the discrete scaling symmetry:

<(Uapp(x) - Uapp(x,))2> = 2_2H<(Uapp(2x) - Uapp(zx/))2>'

Therefore, some of the inertial-range scaling property (368) is built in to the hierarchical method,
and this is the main theoretical motivation for representing the simulated velocity field by
Eq. (369). It is important to note, however, that the increments of the simulated fractal random field
Vapp(X) are not thereby guaranteed to have the continuous scaling symmetry and statistical homo-
geneity of the increments of the true fractal velocity field v(x).

One intuitively appealing hierarchical Monte Carlo method for generating fractal random fields
is the method of Successive Random Addition (SRA), developed by Voss [336]. This method has
become quite popular in the physics community, due to its speed, efficiency, and flexibility in
generating various random fractal surfaces and processes [100,336]. Viecelli and Canfield [335]
have moreover shown how to exploit the local recursive nature of SRA to compute rapidly the
fractal field at a given point. They therefore suggest SRA as a promising method to apply to the
simulation of the turbulent diffusion of a small number of tracers.

Unfortunately, the random fields simulated by SRA have recently been shown to be rigorously
inconsistent with the statistical homogeneity and full inertial-range scaling properties of the
increments of a truly homogenous fractal random field [87]. We discuss this deficiency of SRA in
Section 6.3.1 through explicit and rigorous numerical estimates, which demonstrate that it fails in
very practical ways to simulate a truly fractal random field. Of course, this says nothing about its
capability of producing qualitatively convincing graphical representations of fractal surfaces and
landscapes [100,336]. But to simulate turbulent diffusion in the inertial-range of scales with
quantitative precision, the simulated velocity field must have quantitatively accurate statistical
scaling properties, and SRA is intrinsically incapable of meeting this need.

In Section 6.3.2, we present a pair of hierarchical methods recently developed by the first author
with Elliott and Horntrop for the simulation of fractal random fields. The Multi-Wavelet Expansion
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(MW E) Method [84] is based on the same physical-space stochastic integral representation (340)
as the Moving Average Method discussed earlier. The Fourier-Wavelet Method [82] is a Fourier-
space based analogue. They are carefully designed to permit efficient local computation of the
random field, so that the velocity field v(x) may be evaluated rapidly at whatever positions
x = XY)r) a small number of tracers happen to be at a certain moment of time. The MWE Method
is designed specifically for fractal random fields, while the Fourier-Wavelet method is flexible
enough to be applied in more general situations [82].

Some simulations of the velocity field v(x) by the MWE, Fourier-Wavelet, and Randomization
Methods are reported in Section 6.3.3. The wavelet approaches are able to generate a high-quality
inertial range extending over an unprecedented twelve decades of scales using less than 2500 active
computational elements [87,84]. The inertial-range scaling law (368) is accurately reproduced in
detail from an average over only 100 or 1000 realizations. Among other things, this stresses the low
variance of the wavelet-based Monte Carlo methods. We will explicitly contrast the scaling and
homogeneity properties of the random fields generated by the MWE method and SRA method.
The Randomization Method is next compared with the wavelet methods. We find that the
Fourier-Wavelet Method is the best choice when one wishes to simulate very wide inertial ranges
with more than 4-5 decades of scaling behavior, or when it is important for the simulated velocity
field to be truly Gaussian. Due to the relatively high fixed overhead of the wavelet methods, the
Randomization Method is more computationally efficient when only 4-5 decades of scaling
behavior are desired and the statistical quantities of interest do not depend sensitively on the higher
order statistics of the velocity field [82]. Finally, we apply the wavelet methods and the Randomiz-
ation Method to the simulation of the relative turbulent diffusion of a pair of tracers in a steady
fractal shear flow for which the exact statistics of the tracer separations can be expressed
analytically. The numerical simulations are shown to match closely the exact results.

6.3.1. Successive Random Addition

We begin by formulating the Successive Random Addition (SRA) Method [336] as a hierarchi-
cal method as described in Eq. (369). Successive Random Addition constructs a random field by
dyadic expansion. By definition, a dyadic rational number x satisfies x = 2~ ™n for some integers
m and n, the octave and the translate, respectively. For each octave m, SRA constructs a piecewise
linear field, v,(-) as follows. First, at each integer x = n, this field is assigned an independent
random value ¢, , drawn from a standard Gaussian distribution (mean zero, unit variance):

Um(n)= im,n’ n=03i 17i2"" .
Next, the method extends v,(-) to all other points by linear interpolation:

V(%) = Enpx (1= [XD) + G g1 [x] -

Here | x | is the greatest integer less than x, and [x] = x — | x | is the fractional part of x. The
simulated field is finally built up by summing a suitably rescaled finite collection of such indepen-
dently generated random fields:

Minax

Usra(X) = ), 27", (2"x) .

M= Mpyin

The SRA algorithm can be readily generalized to multidimensional random fields [100,335,336].
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We note that in practice SRA can be implemented in a more efficient way than this literal
description [335]. Namely, the computation of vgg4(x) requires the simulation and interpolation of
only the two random variables &, , at each octave m which are associated to the dyadic numbers
27 ™n bracketing x. Our concern here, however, is not with the efficiency of the SRA method, but
with the nature of the random field which it would simulate even in the ideal limit in which all
errors due to computational constraints can be neglected.

The problem with the SRA method, as explicitly demonstrated in [87], is that it produces
a random field with strong deviations from the statistical self-similarity and homogeneity of the
increments which a fractal random field is supposed to possess. For the fractal random field v(x),
the following scaled variance of velocity fluctuations is an absolute constant

(v(x) — v(x)*>

|X . x/|2H

= SI :
see Eq. (368). Consistency would require that the corresponding ratio for the random field

simulated by SRA:
{(vsra(x) — vspa(X"))*>

|X . x/IZH

= SISRA(xa x')

should settle down to approximately constant behavior for appropriately chosen simulation
parameters. The function Sgra(x, X') however, always has order unity variations as a function of
x and x'. This variability in S{ga(x, x') is systematic, and not due to finite sample sizes; Ssga(x, X') as
defined is a property of the simulated random field averaged over the full statistical ensemble.
Moreover, there is no way to choose the parameters in the algorithm to reduce the variations in
Stra(x, X) to a desired tolerance. Substantial variations are present for any finite choice of n;, and
Mmax, and persist in the ideal limit m;, > — 00, My, — + 00. Consequently, the SRA method
cannot consistently simulate a fractal random field with statistically homogenous increments. The
random field simulated by SRA does not even approximately obey the inertial range scaling law
(368) with a constant prefactor. We now summarize some of the results from [87] which quantify
the systematic inconsistency of SRA.

Rigorous numerical lower bounds on the variation of Sk (x, x') are obtained by exact evaluation
of this function at specially chosen points. The ratio

max Sgra(x, X')/min Sgra(x, x')

is thereby found strictly to exceed unity for all Hurst exponents 0 < H < 1, and to exceed 2 for
a wide range of Hurst exponents 0.30 < H < 0.85, including the value H = 1/3 associated to
a turbulent velocity field with Kolmogorov scaling [ 87]. These numerical estimates hold not only
for finite values of the cutoffs m,,;, and m,,,, but remain valid as these cutoffs are removed:
Mmin — — 00 and my,, — + oo. Note that due to the discrete self-similarity of the random field
simulated by SRA, Skra(x, X") = Sira(2x,2x'), and the order unity variations in Siga(x, X) occur at
every scale.

It might still be conceivable that the variations in Stga(x, x’) uncovered by the mathematical
analysis are concentrated tightly around special points, and that for most values of (x, x’), the
function Skga(x, X') is nearly constant. To demonstrate that this is not the case, we plot in Fig. 31
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Fig. 31. Distributions for the normalized scaling coefficient for simulations of a fractal random field with Hurst exponent
H =4 (from [87]). The broader distribution plots Siga(x, x)/M, for an ideal random field (i, = — 00, Mpax = + 0)
generated by Successive Random Addition. The thinner distribution plots Sywg(x, X')/S, for a random field generated by
the MWE Method (to be discussed in Section 6.3.2) with M = 40 scales, wavelet order T = 4, and bandwidth b = 5.

a histogram for H = { describing the distribution of Sk a(x, x') in the ideal case in which cutoffs can
be neglected (Mpin = — 00 and My, = o0 ) [87]. Recall that Skga(x, x') is a statistical quantity fully
averaged over the entire statistical ensemble, so these distributions also are associated with the
ideal limit in which fluctuations due to finite sampling are negligible. The values of Skga(x, X') are
normalized in the plot by the exactly computable constant M, = max, vm:Ssra(X, X'). The area
under the histogram between two points h; and h, represents the relative area in (x, x') e R? for
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which h; < Skra(x, x)/Mp < h,. By self-similarity, one may equivalently restrict attention to the
unit square 0 < x, x" < 1. This histogram is calculated numerically from exact discrete summation
formulas, evaluated on a 32 x 32 discrete grid on the unit square [87]. The distribution of the values
of the putative scaling coefficient Sira(x, x') is rather broad. There are no parameters in the SRA
algorithm which may be tuned to tighten these distributions so that Sgg(x, x') becomes approxim-
ately constant in space. Similar results are found for other values of the Hurst exponent [87].

SRA is therefore demonstrated to be an inconsistent algorithm for generating quantitatively
accurate homogenous random fractal fields, both in theoretical and practical terms.

6.3.2. Wavelet approaches

We will next describe a pair of recently developed low variance Monte Carlo methods which can
efficiently simulate fractal random fields over a large range of scales [82,84]. These are based on
hierarchical discretizations of the basic stochastic representation formulas (340) and (337):

v(x) = jw G(x —r)dW(r), (370a)

— o0

v(x) = f e~ M EL2(1k) dW (k) (370Db)
through specially designed orthonormal wavelet expansions.

To motivate the introduction of wavelets in these methods, we first discuss the inadequacy of
a more primitive hierarchical attempt to improve upon the Moving Average Method. This method
and the Fourier Method are based on straightforward, equispaced discretizations of Egs. (370a)
and (370b), and were shown in Section 6.2 to fail seriously in representing long-range correlations
in random fields. It is natural to try hierarchical versions of these methods, however, in the
simulation of fractal random fields, since a hierarchical structure naturally treats every simulated
scale on an approximately evenhanded basis.

Recall that the algorithm for the Moving Average Method was expressed:

[ x/Ar |+b
Uma(x) = Z G(x — ’”j)fj\/ Ar,
j=Lx/Ar]=b

where {r; = jAr}# _, are the equispaced grid points in the integration and {¢;} 7~ _, is a collection
of independent, standard, Gaussian random variables. The main difficulty of the Moving Average
Method was that it could not accurately represent long-range correlations with a reasonable
bandwidth b. One way to address this problem is to go back to the exact moving average
representation on which the method is based:

v(x) = f G(x —r)dW(r), (371)
and use the scaling properties of the weighting function G(-) to make a more efficient discrete
approximation. For a fractal random field with Hurst exponent H as expressed by the structure
function scaling (366), G(-) may be computed from its relation (360) to the energy spectrum

E(k) = Agk~ '~ 2" yielding [84]
G(x) = Kylx[f 712, (372)
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with preconstant

@I+ H)
K= (1 4+ 2H)/4) VA

(The relation between the prefactor Ay in the energy spectrum and the prefactor in the structure
function scaling (366) is given by Eq. (367).) As with all our discussions of fractal random fields,
formula (371) with convolution kernel (372) only gives well-defined velocity differences v(x) — v(x’).
Finite numerical approximations to this moving average formula will necessarily introduce cutoffs
and be entirely well-defined.

Now, the weighting function G(-) is very long-ranged; it even grows with distance for H > 3!
Based on our numerical demonstrations in Section 6.2.4, we have no hope of representing these
long-range correlations with a reasonable bandwidth if we use a straightforward equispaced
discretization of the convolution integral (371). The scaling property of G(-), however, suggests
a much more economical way of evaluating this integral. Note that the derivative of G(-) decreases
with distance according to a power law. Thus, it is clearly wasteful to try and integrate Eq. (371)
over a large segment with an equispaced partition. The integration step can be made coarser with
|x — r| to maintain a given level of accuracy, and the numerical integration interval can thereby be
greatly increased without additional cost. More specifically, the self-similarity of the fractal field
indicates that the integration step used to resolve correlations on a given scale should be
proportional to that length scale. This suggests a hierarchical method in which an integration step
2/Ar is used for 2/7'hAr < |x — r| < 2/bAr, with a suitable positive integer b. Note that this keeps
all evaluations on an equispaced grid. While this method will certainly improve upon the Moving
Average Method, the bandwidth required for an accurate simulation is still much too large for
practical purposes [84].

The underlying idea of using a variable numerical resolution proportional to the length scale
being considered is clearly promising, however. What is needed is a more flexible means of
constructing a finite hierarchical approximation to the moving average stochastic integral (371),
and this is provided by the theory of orthonormal wavelet bases [80]. We will describe how to write
the moving average representation as an exact discrete expansion with respect to an orthonormal
wavelet family, and discuss the mathematical properties which the wavelet family should have so
that finite truncations will be efficient approximations. The Alpert—-Rokhlin multi-wavelet bases
[3,4] meet the criteria, and their use in the orthonormal expansion produces what we call the
Multi-Wavelet Expansion (MWE) Method [84].

We will then discuss the Fourier-Wavelet Method [82], another wavelet-based Monte Carlo
method with certain improvements in simplicity, speed, flexibility. It is derived from an analogous
orthonormal wavelet expansion in Fourier space using a Meyer wavelet as a “mother wavelet”
[80]. While the Fourier-Wavelet Method is formulated in Fourier space, it is not a hierarchical
Fourier Method because the simulated random field is not represented as a random Fourier sum. It
can be naturally understood as a spectral implementation of an orthonormal wavelet expansion of
the moving average representation.

We will only describe the theory and algorithms for the MWE and Fourier-Wavelet Methods
here. Some demonstrations of their performance in practice will be given in Section 6.3.3 and
throughout the remainder of Section 6.
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6.3.2.1. Multi-Wavelet Expansion Method. We begin by showing how the moving average stochas-
tic integral representation (371) may be expressed through an orthonormal basis as a randomly
weighted sum of functions. The truncation of this sum permits a “finite element” type of discretiz-
ation as an alternative to the “finite difference” discretizations of the stochastic integrals which led
to the Moving Average Method and the Fourier Method. The MWE Method is based on such an
orthonormal expansion using a wavelet basis which we will describe subsequently.

Orthonormal expansion of moving average representation. Let {¢;} -, be a (complete) orthonor-
mal basis for

o 1/2
L%R)={ghmu==<J_lmedX> <<n},

the Hilbert space of square integrable complex functions on the real line with inner product

wh= | giia.

The orthonormal property means that

L ifj=j;
(D) b)) = 05 :{ .

0  otherwise .
Moreover, any square integrable function g e L%(R) can be expanded as a countably infinite and
convergent sum of orthonormal basis functions [80]:

o0

g (9, )P, - (373)

j=0

An orthonormal basis can be used to rewrite any stochastic integral with respect to white noise as
an infinite sum of weighted independent standard Gaussian random variables:

| " aawo = [ 3 wossmane )= % 0.0 (374)

— o0 —0j=0

where

éj=ff Q(r)dW(r) .

By the properties (341) of real white noise dW(r), it is easily checked from the orthonormality of
the ¢(r) that the {&;}72, is a sequence of independent, standard, real Gaussian random variables
(mean zero, variance one). Because Eq. (374) holds for any g € L?, we can define a general rule for
representing the white noise measure in stochastic integrals:

dw(r) = f i) (375)
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where {¢;(r)}2o is an orthonormal basis of L*(R) and {£;}72, is a collection of independent,
standard real Gaussian random variables.
Applying this orthonormal expansion to the moving average representation (371), we obtain

o) = f " G =AW = Y x5

where the convolution operation is denoted by a star:

Srg(x) = JOO fix —r)g(r)dr .

Multi-wavelet orthonormal bases. To use the orthonormal expansion to construct a discrete
hierarchical approximation for v(x), we shall consider multi-wavelet orthonormal bases [80].
A multi-wavelet (a generalized wavelet) is a set of functions {¢°*}; -, that has the special property
that its discrete translates and dilates:

{Pom(x) =2"2¢"2"x —n)|o=1,....t; mn=0,+1,+2,....}

form an orthonormal basis for L*(R). We will use the term wavelet to refer to a function from
a multi-wavelet, although the term usually refers to a single function whose dilates and translates
form a basis for L*(R) [80]. The double subscript notation ¢3(x) for dilation and translation is
standard for multi-wavelets. The superscript t denotes the order of the multi-wavelet basis. The first
subscript m is called the octave and the second subscript is called the translate. The expansion of the
moving average representation in terms of the multi-wavelet basis is written:

T o0

o)=Y Y Gkr()Ch (376)

=1 mn=—wo

where {&5,lc=1,...t; myn=0,+ 1,4+ 2,... } is a collection of independent, standard, Gaussian
random variables.

Now we make use of the self-similar scaling (372) of the convolution kernel G to write this
expansion in an explicitly hierarchical form. By simple rescalings, one can check that

Gxpoi(x) = 2 ™ Ghp"(2"x — n) .

Therefore, we have the following hierarchical representation for the random fractal velocity field
v(x):

o0

ux)= Y 27"y, (2"x), (377a)
W= Y Y GRpT — (377b)

We note that for a suitable choice of a multi-wavelet (including the Alpert-Rokhlin multi-wavelet
which we will use), the convolution Gx¢’" is perfectly well-defined without cutoffs. The only
divergence is in the sum over m, which as usual, will be cut off by any numerical implementation.
See [84] for a rigorous mathematical treatment.
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The multi-wavelet representation (377) is an exact formula for the fractal random field v(x),
equivalent to the moving average representation (371). A numerical implementation will of course
require a truncation of the infinite sums over m and n. The cost of such a wavelet-based algorithm
will clearly be proportional to the number of terms retained in the sums. We can consequently keep
more octaves (more terms in the m summation) at a given cost if we keep fewer terms in the sums
over translations (index n). The issue, then, is how to minimize the number of translates which must
be summed over in each octave to meet a given accuracy.

Localization of sum over translates. The errors incurred in truncating the sum

S GRg(x — (378)

n

may appear at first glance to be as devastating as those which result in truncating the physical-
space stochastic integral in the moving average representation:

v(x) = JOO G(x —r)dW(r).

— o0

Indeed, this latter expression may be written in a similar form to Eq. (378):

v(x) = Z Gxyp0,11(x — n)&,, , (379)
where
) {1 for0<x<1,
_x =
Zio.11 0  otherwise ,

and {&,} = _, is a collection of independent, standard Gaussian random variables. Both Eqgs. (378)
and (379) involve a sum over convolutions of the slowly decaying (or even increasing!) function
G(-). The Moving Average Method is essentially derived by truncating the sum in Eq. (379) (with
the step size rescaled to Ar), and we saw in Section 6.2.4 that this led to gross inaccuracies even for
large bandwidths.

There is however a crucial difference between the two expressions: Eq. (378) is a convolution of
G with multi-wavelets which we are still free to choose, whereas the summands in Eq. (379) are
completely determined. The success of a wavelet-based Monte Carlo Method relies crucially upon
choosing the multi-wavelets {¢°*}% - ; in an intelligent manner so that Gx¢”* decays rapidly and the
sum (378) may be well approximated by only a relatively small number of terms with n ~ x. To see
what properties the multi-wavelets should have to make this possible, we work out the far-field
asymptotics of the convolution [84] by binomially expanding G(x — r) = G|x — r|~ 12 for large x:

Gxp(x) ~ CKylplx|" =172 as x > + o

where C. are some explicitly computable combinatorial constants, and Q is the minimal non-
negative integer g so that the wavelet moment:

I, = ch rip?*(r)dr
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is nonvanishing. The decay of the convolution Gx¢°" is therefore determined by the number of
moments I, which vanish for all wavelets in the multi-wavelet {¢°*}%_ ;. We are thus led to look for
a multi-wavelet with good moment cancellation properties [37].

The Alpert-Rokhlin basis [3,4] meets our need. For each v > 1, there exists an Alpert—-Rokhlin
multi-wavelet {¢?°}; - ; consisting of piecewise polynomial functions supported in the unit interval
[0,1] with moments vanishing through order 7 — 1:

1
J ¢%(x)xdg =0 forq=0,....,t—1.
0

Their essential properties for our purposes are summarized concisely in [84]. With a larger choice
of 7, the convolution Gx¢°* decays more rapidly and fewer terms are needed in the sum over n to
meet a specified accuracy. This consideration must be balanced by the cost of maintaining
7 different wavelets.

Description of multi-wavelet expansion (MW E) method. According to the analysis in [84], the
Alpert-Rokhlin multiwavelet of order T = 4 is found to be sufficient for accurate simulation for
Hurst exponent H = 3, the Kolmogorov value. One now chooses a suitable bandwidth b so that the
sum over n is well represented by a sum over |n — | x || < b, and imposes cutoffs m;, and m,,,, on
the summation over the octaves min Eq. (377a). By scale invariance, we can generally put m,,;, = 0,
and let my,, = M — 1, where M is the number of octaves simulated. The Multi-Wavelet Expansion
(MWE) Method then takes the form

M-1
UmwE(X) = Z 2" mHUMWE,m(zmx) > (380)
m=0

[x|+b T

UMWE,m(X) = Z Z Suwe.o(x — 1o,

n=|x|]-bo=1
Sawe.o(X) = GxkP7(x) ,

where {h,lo=1,...,t;m=0,....M —1;n=0,+1,4+2,...} is a collection of independent
Gaussian standard random variables.

It may be desirable in certain applications to let the bandwidth depend on the octave b = b,,; see
[84]. In any case, rigorous estimates are available for the error in truncating the summation over n,
and these can be used to choose b according to the accuracy desired. Such analysis may be found in
the original paper [84]. We note that with the © = 4 Alpert—-Rokhlin multi-wavelet, bandwidths on
the order of b = 5 are already sufficient to guarantee excellent accuracy [84].

One feature which the Multi-Wavelet Expansion Method shares with the Moving Average
Method is its reference to an infinite collection of independent random variables. While only
finitely many need to be evaluated to determine vywg(x) over any finite region, there is still the
practical difficulty of storing and keeping track of the random numbers as they are generated. This
problem can be overcome through the use of a reversible random number generator and an
indexing scheme exploiting the hierarchical structure of the MWE Method. This procedure,
developed and described in [84], completely avoids the enormous memory cost which would be
required if the random numbers needed to be precomputed and stored.
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We finally remark that the t = 1 Alpert-Rokhlin multi-wavelet ¢'' is nothing more than the
simplest of all wavelets, the Haar wavelet [80]:

-1 if0<x<?,
Pllx)={ 1 ifi<x<l1,

0 otherwise .

It can be checked that the MWE Method using these Haar wavelets is equivalent to
the straightforward hierarchical version of the Moving Average Method which we described near
the beginning of Section 6.3.2. As only the zeroth-order moment of the Haar wavelet vanishes,
the summation over n is not so well localized in this case: Gk @' '(x) ~ C+|x|" 3% as x - + 0.
Computations in [84] using rigorous truncation error estimates show that to obtain good
accuracy, the bandwidth b must be orders of magnitude larger if Haar wavelets were used instead of
the 1 = 4 Alpert-Rokhlin multi-wavelets. This emphasizes the importance of the choice of multi-
wavelet basis in the success of the MWE Method; the fact that it is hierarchical is not sufficient unto
itself.

6.3.2.2. Fourier-wavelet method. We now describe the Fourier-Wavelet Method, a variation
of the MWE Method which is easier to implement, faster, and more flexible. The Fourier-
Wavelet Method is based on the same general orthonormal multi-wavelet expansion (377)
as the MWE Method, but is implemented spectrally. As we shall show in a moment, a single
Meyer wavelet ¢ [80] is sufficient to generate an orthonormal wavelet basis with the desired
properties, so we will drop the multi-wavelet indices ¢ and 7 in our discussion of the Fourier-
Wavelet Method:

W= Y kX (381)

Gun(X) = 2"2P(2"x — 1), mn=0,£1,+2,....

The {&n}mn= - is a collection of independent, standard, real Gaussian random variables. For
fractal random fields v(x), the power law form of G permits the following self-similar hierarchical
expression:

v(x) = i 27 mHy (2MX)

m= — oo

(382)

W)= T GH— )

At the end we will show how the Fourier-Wavelet Method can be applied to generate more general
random fields without self-similarity properties, but at the moment we focus on fractal random
fields.

The Fourier-Wavelet Method departs from the MWE Method in that the convolutions in the
sum are handled spectrally. The convolution theorem from Fourier analysis ([50], p. 108) states
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that for any square-integrable functions ¢, he L*(R):
gxh(x) = F ~F gF h)(x) = f e~ >g(k)h(k) dk

where hats and the operator % each denote a Fourier transform:

§(k) = (Fg)(k) = f " ey dx

and # ! denotes the inverse of the Fourier transform:

(e}

(7 Y)(x) = J e " Y (k) dk

— o0

Now, from the relation (342), the F ouEier transform of G(x) is the square root of the energy
spectrum: (Z G)(k) = E'/?(|k|). Defining ¢ = # ¢, we have

Gkp(x) = F HE*P)x),

where E(k) is understood here to be extended as an even function to the negative k axis. The
orthonormal wavelet expansion (382) may then be written:

v(x) = i 27 mHy (2Mx)

m= — oo

= _i f(X - n)fmn > (383)
f(x)=F HEVP)(x) .

This expression for the random field v(x) may also be derived from its stochastic Fourier integral
representation (337) by expanding the complex white noise dW (k) with respect to the orthonormal
basis {d)m,, =T Qunjmn=— o i @ manner similar to Eq. (375) (see [82]). Note that regardless of the
method of derivation of Eq. (383), the underlying wavelet basis {@, = 2™>P(2"x — n)} = — o 18
defined in physical space. Its Fourier transform is an orthonormal basis by the Plancherel theorem
([50], p. 113), but not (in general) a wavelet basis since the {(ﬁmn},ﬁn: —« are not related to each
other by dilation and translation.

We now tackle the problem of localizing the summation over n in Eq. (383) from the spectral
perspective. What is required is that f decay rapidly. But decay of fin physical space is linked to the
smoothness of its Fourier transform f = . Namely, if

|2n|—pr df (k)

dk?
then (see [50], p. 117):
fG)l < Cplx| 77

dk=C,< o ,
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We are therefore led to choose the wavelet ¢ so that

(k) = E'"(k) (k)

has a sufficiently large number of bounded derivatives for the energy spectrum of interest. For the
fractral random field currently under consideration, E(k) = Aglk| !~ 2% has a nasty singularity at
k = 0, but is otherwise smooth. We can therefore guarantee f(k) to have p bounded derivatives if the
Fourier transform of the wavelet ¢ is compactly supported away from the origin, and has
p classical derivatives. The Meyer wavelet ¢ based on a pth-order perfect B-spline satisfies these
properties in an optimal fashion; see [7,80,82] for the details.

Numerical studies in [ 82] indicate that a second order (p = 2) perfect B-spline is a good practical
choice in defining the Meyer wavelet ¢ for a fractal random field with H = 4. The Fourier-Wavelet
Method is then implemented by keeping only a finite number of octaves m =0,..., M — 1 and
using the rapid decay of f(x) to approximate the sum over its translates to high accuracy using
a reasonable bandwidth b:

M—1
Upw(X) = Z 2_mHUFW,m(2mx)a
m=0

[x|+b

Vrw m(X) = Z Sewl(x — ) (384)

n=|x|—b
few(x) = F “HEY2$)(x) .

The {{,sm=0,....M —1;,n=0,+1,+2,...} are standard Gaussian independent random
variables. The functions frw(x) are evaluated by fast Fourier transform and interpolation. Rigorous
estimates for the numerical errors incurred in this computation as well as for the truncation error in
the summation over n are given in [82].

Extension of Fourier-Wavelet Method to random fields without self-similarity. One appealing
feature of the Fourier-Wavelet Method is that it may be applied without significant change to the
simulation of random fields with a wide range of active scales where perhaps the energy spectrum
E(k) is not a simple power law. To see this, let us return to the general orthonormal wavelet
expansion (381) which did not assume self-similarity of G:

W)= Y Cxl)om -

Gun(X) = 2"2p(2"x —n), mn=0,+1,+2, ... .

Using the scaling properties of the wavelets, this can always be cast in a hierarchical form:

v(x) = i U(27X) , (385a)

m= — o

UnlX) = _i_ JulX = 1) » (385b)
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but the functions f,, do not in general satisfy the scaling relation f,,(x) = 2~ ™#f(x), which held
for fractal random fields with Hurst exponent H. They must instead be computed separately for
each m:

(X)) = Gk P(x), Gulx) =27™2G(27™x) . (386)
The spectral representation of these functions is (see Eq. (383))

Julx) = 7 HEP)x) (387)

E, (k) = 2"EQ2"k) . (388)

Localization of the summations of translates of these functions in Eq. (385b) requires that the
wavelet ¢ be chosen so that each of the f,, decay rapidly. Viewed in physical space (386), this
appears to be a complicated task, but it can be done quite simply in the spectral framework (387).
We simply need to ensure that

Julk) = (F L)) = E(Kk)p(k)

has sufficiently many bounded derivatives for all octaves m retained in the simulation. The Meyer
wavelet based on a pth-order perfect B-spline still works well for this purpose [82]. Because it is
compactly supported away from the origin and has p bounded classical derivatives, f,,(k) will have
p bounded derivatives for any smooth spectrum E(k) which may even have strong algebraic
singularities at k =0 and k = 0.

The form of the Fourier-Wavelet Method for general random fields can therefore be written:

M—1
Upw(X) = Z Urw,m(2"X) ,
m=0

[x|+b
vFW,m(x) = Z fFW,m(x - n)émn > (389)

n=|x|—b

Srwm(x) = 9;—1(Ey1n/2q§)(x) )
E, (k) = 2"E(2"k) ,

where {¢, s, m=0,....M —1;n=0,+1,+ 2,... } is a collection of standard Gaussian indepen-
dent variables, and ¢ is a Meyer wavelet constructed from a perfect B-spline of order p. Practical
choices of p may depend on the application. The functions few_.(x) are computed by fast Fourier
transform and interpolation.

6.3.2.3. Comparison of the Fourier-Wavelet and Multi-Wavelet Expansion Methods. We have
already pointed out one advantage of the Fourier-Wavelet overthe Multi-Wavelet Expansion
(MWE) Method, in that the Fourier-Wavelet Method is applicable to random fields with general
spectra E(k). In localizing the summation over translates of fywe.(x) in the MWE Method
Eq. (380), a moment cancellation criterion was used to choose the Alpert—-Rokhlin multi-wavelet.
This criterion arose from a far-field expansion of the specific moving average weighting function
G(x) = Ky|x|" =12 associated to fractal random fields. The criterion used for localizing the
summation over the analogous functions frw .(x) in the Fourier-Wavelet Method (389), on the
other hand, does not rely on specific assumptions about the energy spectrum E(k). Furthermore,
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because the Fourier-Wavelet Method is a spectral method, it is compatible with spectral techniques
for solving partial differential equations. The MWE Method has no such compatibility with
anisotropic spectra generated by solutions of partial differential equations.

The Fourier-Wavelet Method is also much simpler to implement and faster than the MWE
Method, as detailed in [82,84].

6.3.3. Comparison of simulation results

We now demonstrate the excellent performance which results from the careful mathematical
design of the MWE and Fourier-Wavelet methods. We will also discuss the relative merits of these
wavelet-based methods and the nonhierarchical Randomization Method in simulating fractal
random fields. First we will focus on the simulation of the random velocity field v(x) itself, and then
turn to the simulation of the relative turbulent diffusion of a pair of tracers being swept at
a constant rate across a steady, fractal random shear flow.

Recall that a Gaussian fractal random field is characterized by the velocity increment between
two points v(x) — v(x’) being a mean zero, Gaussian random variable, with variance varying as
a power law of the separation distance between the observation points:

(v(x) = v(x)*> = Silx — x]? (390)

6.3.3.1. Consistency of Wavelet Methods. The first issue we check is that the wavelet methods will
indeed generate random fields with clean scaling behavior in the ideal limit in which finite Monte

Carlo sampling error can be ignored. We test whether the rescaled mean-square velocity difference
of the velocity field simulated by the MWE method:

{(vmwe(x) — UMWE(XI))2>
Ix — x'|?H

SIMWE(xa x') =

is indeed approximately constant, as it should be for a consistent approximation to a fractal
random field satisfying Eq. (390). We plot in Fig. 31 a histogram of this function for a MWE
random field with M = 40 octaves, wavelet order T =4, and bandwidth b =5 alongside the
corresponding histogram for the SRA algorithm with infinitely many octaves [87]. (In the
histogram, S\wg(x, x') is normalized by S} rather than a maximum of Sywe(x, x’) over the sampled
unit square, but as can be seen from the histogram, these values are very nearly the same.) The
histogram for the MWE Method is much narrower than that of the SRA Method, showing only
a 6% variation of Sywg(x, x’) for the sampled values in the square 0 < x,x’ < 1. Note that only
finitely many octaves are retained for the MWE computation, so the histogram is broadened
somewhat by the breakdown of scaling for |[x — x'| & 1, the largest retained scale. Even sharper
constancy for Shwe(x, x’) can be expected on scales well separated from the cutoffs. In any case,
Fig. 31 demonstrates that the MWE Method consistently generates a fractal random field with
accurate scaling (390) and homogeneity of its increments in the limit of infinitely many realizations.

6.3.3.2. Simulations of velocity field structure function. A striking feature of the wavelet Monte
Carlo methods is their low variance: averaging over an accessibly small number of realizations still
produces phenomenally clean statistical scaling. In Fig. 32, we present the numerically computed
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Fig. 32. Monte Carlo simulations for the structure function S,(x) of a fractal velocity field with Hurst exponent H = 3§
using MWE Method with M = 40 octaves, wavelet order T = 4, and bandwidth b = 5. The simulated structure functions
are plotted with + symbols, computed from averages over 10 (upper graph), 100 (middle graph), and 1000 (lower graph)
realizations. The structure function of the true fractal random field is plotted with a solid line (from [87]).
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structure function of the velocity field:

Su(x) = (v(x + x) — v(x))*>

for x’ = 0, averaged over 10, 100, and 1000 independent realizations of H = 3 fractal random fields
v(x) generated by the MWE method. For all three sample sizes, including the one with only 10
realizations, this structure function obeys a power law with exponent 0.66, in very good agreement
with the correct value 2H = 4. Moreover, the scaling coefficient Skwg(x, x') remains within 8% of
the correct constant value S% over the entire 12 decades of scaling. Only 2500 active computational
elements are needed to generate each realization. The use of the Alpert—-Rokhlin wavelets to
localize the computation is crucial to this efficiency. With Haar wavelets, orders of magnitude more
wavelets would have to be retained for comparable accuracy [84]. Many more practical numerical
details about the MWE method may be found in [84].

The Fourier-Wavelet Method also enjoys great practical success. The plots in Fig. 33 depict the
velocity field structure function simulation results using the Fourier-Wavelet Method with M = 40
octaves and bandwidth b = 10. We observe quite good agreement with the fractal scaling law (390)
over nine decades. A log-log least-squares power law fit produces a scaling exponent 0.668 versus
a true value of %, while the fit of the scaling coefficient is 0.635 versus a true value of S! = 0.639 in
this simulation. The statistics of the sample were shown in [82] to be highly Gaussian, in that the
flatness factor of the two-point velocity difference

_ {(vpwl(x) — UFW(O))4>
{(vpwl(x) — UFW(O))2>2

remains within 0.5 of the Gaussian value F(x) = 3 over the nine decades of accurate scaling. The
deviations from Gaussianity are purely due to finite sample size; the underlying simulation
formulas for the wavelet methods describe Gaussian random fields.

Finally, we apply the Randomization Method to the simulation of a fractal random field with
a Hurst exponent H = 1 (see Section 6.2.3 for an introduction to the Randomization Method). The
Randomization Method makes explicit reference to the energy spectrum, which for the present
fractal random field is formally

E(k) = Aglk| > .

Frw(x)

For the formulas of the Randomization Method to be well defined, the total energy |, E(k) dk must
be finite, so we introduce a numerical cutoff:

E(k) =0 for |k| < kuin -
We subdivide wavenumber space into M = 256 compartments {I;}72¢ containing equal amounts
of energy:

f E(k)dk = iJwE(k) dk

and construct the simulated velocity field as a superposition of Fourier modes with one wavenum-
ber selected randomly from each of these M = 256 bands. We are thereby able to obtain a random
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Fig. 33. Monte Carlo simulations for the structure function S,(x) of a fractal velocity field with Hurst exponent H = 4
using the Fourier-Wavelet Method with M = 40 octaves, bandwidth b = 10 for 2000 realizations (from [82]). The upper
graph shows the simulated structure function as dots and the structure function of the true fractal random field as a solid
line. The lower plot shows the ratio of the simulated to the true structure function.

field with roughly 4 decades of accurate scaling behavior in the structure function when averaged
over 2000 independent realizations (Fig. 34). Unlike the wavelet methods, the simulation formula
for the Randomization Method does not describe a Gaussian random field, so one may well expect
significant departures from Gaussianity in the simulated sample. As shown in [82], the flatness
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Fig. 34. Monte Carlo simulations for the structure function S,(x) of a fractal velocity field with Hurst exponent H = %
using the Randomization Method with M = 256 compartments in the partition and 2000 realizations (from [82]). The
upper graph shows the simulated structure function as dots and the structure function of the true fractal random field as
a solid line. The lower graph shows the ratio of the simulated to the true structure function.
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factor computed from the above sample of 2000 fields simulated by the Randomization Method,

 (trend) — UrandO)*
Frand) = 20 0 = orana )52

is within 0.5 of the Gaussian value 3 only for the upper three decades of its four decade scaling
regime. Over the lowest decade of scaling, the flatness factor becomes very large, and the simulated
field on these scales is strongly non-Gaussian. This sort of behavior was also observed for other
Randomization Method simulations with other choices of parameters; see [82] for further details
and discussion.

6.3.3.3. Simulations of relative tracer diffusion in fractal random steady shear flow. We have seen
above that the wavelet Monte Carlo methods and the Randomization Method are each capable of
generating random fields with several decades of self-similar scaling behavior. Our particular
interest is to apply these methods to simulating tracer motion in velocity fields with wide
inertial-ranges. Therefore, it is prudent to check directly that the tracer motion is simulated
accurately in an exactly solvable model. Even though we have verified the quality of the simulated
velocity fields in several ways, we attempt to understand subtle discrepancies which may have
strong cumulative effects on the simulation of tracer motion.

To this end, we introduce an extension of the Random Steady Shear (RSS) Model, which we used
as a benchmark problem for nonhierarchical Monte Carlo methods in Section 6.2. As in the RSS
Model, we take the velocity field as a two-dimensional steady random shear flow with constant
Cross sweep:

w
o(x, 1) = v(x, y,1) = :
v(x)
where v(x) is a mean zero, homogenous, Gaussian random field with correlation function expressed
through its energy spectrum:

o]

R(x) = <o(x' + x)o(x)> = j E(|k))e > dk = 2 j " E(k)cos(2mkx) dk |
0

In the Fractal Random Steady Shear (FRSS) Model, we shall choose the steady shear flow as
a fractal random field with formal energy spectrum

E(k) = Aglk| ™' 721,

with Hurst exponent 0 < H < 1. As we mentioned above, there is some technical difficulty in this
definition because of the infrared divergence of the energy spectrum at k = 0, but in any numerical
implementation there will be some effective cutoffs imposed at both large and small wavenumbers.
For practical purposes, then, it is only important that the statistical quantities we consider are
insensitive to such cutoffs when they are sufficiently remotely separated from the scales of interest.
The velocity structure function is one such statistical quantity, and the mean-square relative
displacement of a pair of tracers is another; see Section 3.5. The structure functions of the simulated
velocity fields have been examined above, and we now turn to the problem of correctly simulating
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the mean-square relative displacement of a pair of tracers along the direction of the shear:
axy(t) = (Y (0) — YP(0)*)

We assume in the following that the cross sweep is nontrivial w # 0, and that there is no molecular
diffusion (x = 0). By the same methods used in [141] and Section 3.2, one can compute an exact
formula for o3y(f) in the FRSS Model [84]:

SI

O'iY(t) = T+ I+ 2H)|w|2(|Wt|2+2H + |Ax|2+2H B %|Ax i Wt|2+2H . %|Ax + Wt|2+2H) ’
(391)
I'(— H)
Slv = DA qgl2t2H "7/
S TH Y

Here Ax = X@(t) — XV(t) = X?(0) — X1)(0), and we have assumed that Y?(0) = Y¥)(0). In the
numerical studies, the Hurst exponent is chosen as the Kolmogorov value H = 4, and space and
time are nondimensionalized so that w =1 and Az = 1. The largest resolved scale (or lowest
wavenumber) in the velocity field is taken as 1 in these nondimensionalized units.

In [82,84], it is shown that the mean-square tracer displacement in an FRSS flow simulated by
the MWE, Fourier-Wavelet, and Randomization Methods do all closely follow the exact relation
over several decades, provided that sufficiently many octaves are included, a sufficiently small
integration step size is taken, and a sufficiently large sample size is used in the average. We will
simply present a few illustrative results, and refer the reader to [82,84] for a much more thorough
exploration and for practical guidelines concerning choices of parameters. Because of the extra
expense of integrating particle trajectories, a smaller number of octaves are retained in the
simulated velocity field in these validation studies than in the above demonstrations of the capacity
of the wavelet methods to simulate velocity fields with extraordinarily wide self-similar inertial
ranges (Figs. 32-34).

In Fig. 35, we show that the mean-square relative tracer displacement g3y(t) can be simulated by
the MWE Method [84] over five decades of length scales with error never exceeding 3.5%. These
results were obtained by averaging over 1000 realizations, with M = 30 octaves in the simulated
velocity field and a specially chosen octave-dependent bandwidth yielding a total of 792 active
wavelets. The integration step size At for the particle trajectory is set to a suitable value of one-fifth
of the initial separation x = 100d of the tracers. The plot uses units rescaled by the parameter
d = 27 2%; note that the smallest length scale in the velocity field is 2! ™™ =272° = 2744, It is
shown in [84] that the dominant contribution to the error comes from the finite sample size.
Moreover, in contrast to the systematic errors generated by some of the nonhierarchical Monte
Carlo Methods in Section 6.2, the errors in MWE simulations typically fluctuate about zero.
Similarly solid results are found for the Fourier-Wavelet Method. With M = 16 octaves and
bandwidth b = 10, the mean-square relative tracer separation iy(f) can be simulated with 6%
accuracy as it increases through a decade of scales [82]. The Randomization Method also gives
similar results [82]. Note, however, that as in the RSS Model, 63y(t) depends only on the second
order statistics of the velocity field and is thus insensitive to the fact that the Randomization
Method generates a velocity field with strong departures from Gaussianity over some length scales.
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Fig. 35. Monte Carlo simulations for tracer pair dispersion in FRSS Model with Hurst exponent H =  using the MWE
Method with M = 30 octaves, wavelet order T = 4, a total of 792 wavelets, averaged over 1000 realizations (from [84]).
The upper graph compares the simulated relative mean-square tracer displacement oy(t) (dotted line) with the exact
analytical value (solid line). The vertical axis is rescaled by a factor d = 2~ 2%, the initial tracer separation is x = 100d, and
the integration time step h = 0.2x. The lower plot displays the ratio of the simulated o3(t) to its exact value.

6.3.3.4. Relative advantages of wavelet and randomization Monte Carlo methods. Our above dis-
cussion is a brief synopsis of the validation studies in [82,84] which demonstrate that the MWE,
Fourier-Wavelet, and Randomization Methods are each capable of generating ensembles of
steady random shear flows with several decades of inertial-range scaling and sufficient accuracy
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for turbulent diffusion simulations. We will now briefly mention some of the relative
merits in efficiency and power of these three methods. A more complete discussion may be found
in [82].

Both wavelet methods generate fractal random fields of comparable quality. As we discussed in
Section 6.3.2, the Fourier-Wavelet Method has some advantages in simplicity, speed, and flexibility
over the MWE Method, and we therefore consider it as the wavelet method of choice.
The Fourier-Wavelet Method generates random fields which are much closer to Gaussian than
those generated by the Randomization Method. Therefore, if the statistical quantities of interest are
sensitive to the higher order statistics of the random field, then the Fourier-Wavelet Method is the
preferred method. If it is only required that the second-order structure function of the random field
exhibit several decades of self-similar scaling, then the decision in using the Fourier-Wavelet
method or Randomization Method comes down mostly to computational cost and difficulty which
we discuss briefly next.

Being hierarchical and local in nature, the memory cost of the wavelet methods grows only
linearly with the number of simulated decades of the fractal random field. The cost of the
Randomization Method, on the other hand, is exponential in the number of scaling decades [82].
The wavelet methods, however, have a much higher overhead, and there is a crossover in the
relative computational efficiency between the wavelet and Randomization Methods. The rule of
thumb enunciated in [82] is that if 4-5 or fewer decades of scaling behavior are needed in the
random field, the Randomization Method is more computationally efficient (and simpler to
implement). If a wider scaling regime is desired, then the Fourier-Wavelet Method has superior
efficiency. To avoid serious memory limitations, it is important that the random numbers in the
Fourier-Wavelet Method be generated on demand using a reversible random number generator, as
described in [84,85].

6.4. Multidimensional simulations

Thus far, we have been considering one-dimensional random fields, appropriate for turbulent
diffusion in random, steady shear flows. General turbulent velocity fields will be multidimensional
vector fields, so we need to extend the successful one-dimensional Monte Carlo methods to
multiple dimensions.

The Randomization Method has a straightforward multidimensional implementation. One need
only partition the multidimensional wavenumber space into compartments and define probability
distributions for the wavenumber selected within each according to the same principle as that
described for the one-dimensional case in Section 6.2.3. A minor and easily handled complication is
that the amplitudes of the Fourier modes are now Gaussian random vectors rather than Gaussian
random scalars, and one must account for correlations between the various components of the
velocity field ([163], Section 1.4).

Developing a multidimensional version of the wavelet methods appears a bit more daunting.
While the abstract wavelet expansions behind both the MWE and Fourier-Wavelet Methods have
direct vector-valued analogues, one is faced with the task of choosing a vector-valued wavelet basis
which will efficiently localize the computation. Fortunately, there is a simpler approach for the
special but important case in which the turbulent velocity field v(x) is Gaussian, incompressible,
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and statistically isotropic (see Section 4.2.2). Such a velocity field can be well approximated by an
appropriate finite superposition of random shear waves rotated in various directions, and these
random shear waves are in turn built out of one-dimensional Gaussian homogenous random fields
[85,208]. This Rotated Random Shear Wave Approximation therefore supplies a means of numer-
ically simulating a Gaussian, incompressible, statistically isotropic vector field using any of the
Monte Carlo methods for generating one-dimensional Gaussian homogenous random fields
described in Sections 6.2 and 6.3.

Elliott and the first author [85] have utilized this idea to construct a numerical approximation
of a two-dimensional, Gaussian, isotropic, incompressible fractal random velocity field v(x)
out of one-dimensional random shear flows generated by the wavelet methods. The
resulting multidimensional synthetic random velocity field inherits the wide scaling ranges gener-
ated by the one-dimensional wavelet methods, and 1000 realizations are sufficient to yield nearly
Gaussian and isotropic sample statistics. We will mention some explicit numerical validation
results from [82,857] in Section 6.4.2. We also briefly discuss the application of the Rotated Random
Shear Wave Approximation to the one-dimensional Randomization Method, which in fact
produces two-dimensional random velocity fields with statistical properties superior to those
generated by the direct multi-dimensional formulation of the Randomization Method indicated
above.

We note that incompressibility is not an essential constraint. An arbitrary, Gaussian, statistically
isotropic random vector field (which need not be incompressible) can be well approximated by
a superposition of one-dimensional random fields through a more general random Radon plane
wave decomposition. The interested reader may find the necessary modifications to the Rotated
Random Shear Wave Approximation in [85].

6.4.1. Rotated random shear wave approximation

We shall now demonstrate how an incompressible, statistically isotropic, Gaussian random
velocity field can be well approximated by a superposition of Gaussian random shear flows
pointing in various directions. Let the given incompressible, statistically isotropic, Gaussian
random velocity field v(x) have mean zero and correlation tensor #(x). It can be represented in
terms of the (scalar) energy spectrum E(k) in the following way (273):

Qx + X)@0(x)> = RA(x) = f ermine__ 2EUKD o qp (392)

Re (d — 1)Aq— k"""

Here A, is the area of the unit sphere S~ ! in R?. The tensor 2(k) is the projection operator onto
the plane perpendicular to &:

P(k) = — (kQK/ k) ,

and enforces incompressibility of v(x).

Next we introduce some useful notation. The symbol é; in what follows denotes a unit
vector in the jth coordinate direction. % ;€ SO(d) is defined as the unique rotation matrix
which maps é; to the unit vector @eS? !, and leaves all vectors orthogonal to @ and &,
invariant.
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The Rotated Random Shear Wave Approximation is motivated by writing the Fourier integral
(392) as an iterated integral over the magnitude and direction of the wavevector k:

1
A(x) = J Rsw,ox)d@
Ag—1)s
. (393)
Rsw.ox) = J cos(2nk@- x) jE(kl) P(w)dk .
o _

We now observe that Zgw s(x) is the correlation tensor of a certain superposition of d — 1 simple
random shear layers all varying along the direction @ and directed orthogonally to @ and one
another.
Specifically, let {v(x)}{=, be a collection of independent, homogenous, Gaussian random scalar
fields with mean zero and common correlation function:
* E(|K|) J“’ 2E(lk))

vfx + Xwix)) = Ry(x) = ermtr — —dk = | cos(2mkx) dk .
w d—1 0 d—1

Next, we form the canonical shear wave velocity field vsw(x) in R? varying along the first coordinate
direction, with components built from these random fields:

M=

Vgw(x) = v{x1)é; . (394)

j=2
In d = 2 dimensions, vgw(x) is just a standard shear layer. In d = 3 dimensions, vgw(x) takes the form
of a random planar shear wave, in which the velocity field is directed within planes of constant
x; and is uniform within each of these shearing planes. The canonical random shear wave vgw(x) is
a Gaussian random vector field with mean zero and correlation tensor:

d
Rsw(x) = (Osw(x + X)@Vsw(x')> = Y, Ri(x1)¢;®8; = Ry(x1)(F — é;®¢;) = Ry(x1)2(¢é,) .
=2

J

Next, we define vgw 5 as the random shear wave obtained by rotating the vector field vgw(x) (via % ;)
to the definite (deterministic) direction &re S~ !

Usw,5lX) = U (U Lx) .

This rotated velocity field is also a mean zero Gaussian random vector field, and its correlation
tensor is obtained by the following transformation:

(Vsw,olX + X)@Vsw o(X)) = U Rsw(ULx)U Y,
= Ry(é;- %Tﬁx)%ﬁ'@(él)%j% = Ry(@ - x)?(0) = Rsw, #X) .

Thus, Zsw. +(x) is exactly the correlation tensor of a Gaussian random shear wave varying along the
direction @.

Since the correlation tensor of the desired statistically isotropic vector field v(x) is expressed as an
average (393) of Zsw s(x) over all directions @, we are led to the following means of statistically
approximating v(x) in terms of random shear waves. First choose a set of Mg; deterministic
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directions @ e §? 1, j =1, ..., My, at least approximately equally spaced around S¢~!. Define the
Rotated Random Shear Wave Approximation:

VrrswiX) = Z Vsw,59(X) ,
dlrj 1

where the {vgw »(x)} 121 are random shear waves obtained from rotating M g, statistically indepen-
dent realizations of the canonical random shear wave vgy(x) (394) to the directions { @}

The random velocity field described by this Rotated Random Shear Wave Approximation is
a Gaussian random vector field with mean zero and correlation tensor:

1 My

Mdl”z Rsw,50(x) -

Rrrsw(X) = (VrrswlX + X )@ Vgrswix)) =

If the directions { @Y} are chosen to be roughly equally spaced, then the simulated correlation
tensor Zrrsw(x) is a finite quadrature approximation to formula (393) for the correlation tensor for
the true, statistically isotropic, incompressible, Gaussian random velocity field v(x). Since a mean
zero Gaussian random field is determined entirely by its correlation tensor, the statistical accuracy
of the approximation of the velocity field v(x) by vrrsw(x) is entirely determined by the explicitly
computable error of this finite quadrature approximation. In particular, by suitable choices of
directions {@}}, the velocity field vggsw(x) obtained by superposition of random shear waves
can be made approximately statistically isotropic.

6.4.2. Numerical implementation of Rotated Random Shear Wave Approximation

The Rotated Random Shear Wave Approximation suggests an immediate way to simulate
numerically a given statistically isotropic, incompressible, Gaussian random vector field v(x) with
correlation tensor #(x). Namely, we can use one of the efficient methods discussed in Section 6.3 to
generate the independent Gaussian random fields {v(x)}4-, which comprise the canonical shear
wave vgw(x) (394). My;, independent realizations of such a shear wave are then rotated to the
directions {@Y} ¥ to give vgrsw(x), which will have mean zero and correlation tensor approxim-
ately equal to that of v(x).

The main issue in this multi-dimensional extension of the Monte Carlo Methods is the choice of
the set of directions {@”}}1. In d = 2 dimensions, it is natural and practical to distribute them
with equiangular spacing about the unit circle. The task is a bit trickier in d = 3 dimensions, since
there is no way to distribute more than 20 directions in an exactly equispaced fashion. In either
case, the deviation of the simulated field from statistical isotropy can be quantified and bounded by
explicit quadrature formulas [85].

We will here give an explicit description of the method of generating an approximately
statistically isotropic, incompressible Gaussian velocity field using the Rotated Random Shear
Wave Approximation for the case of d =2 dimensions. In this case, the random shear waves
vsw.4(x) are just random shear layers:

Vsw, 5lX) = ZAULU([U'X) )
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where

~ — W
ot =
(]

is a vector perpendicular to @. The approximate velocity field is then symbolically written [85]:

1 M
Z wl(J)Uj(w(J).x) ,
Mdirj=1

UgrsL(X) =

where M y;, is the number of directions used, { @} is a collection of unit vectors regularly spaced
around the unit circle S', and {v;}}% is a collection of independent realizations of a random
homogenous scalar one-dimensional field with energy spectrum E(k) equal to that of the two-
dimensional velocity field v(x) being simulated. These random scalar fields can be computed using
any simulation technique. It is shown in [85] that My;, > 16 is needed for the simulated velocity
field to be approximately (within 8%) isotropic according to a natural energy criterion, regardless
of the method of simulation used for the random scalar fields {v;} .

We now report the results obtained by using the Rotated Random Shear Wave Approximation
in conjunction with the Multi-Wavelet Expansion (MWE) Method to simulate a two-dimensional,
statistically isotropic, incompressible, fractal Gaussian random field with energy spectrum
E(k) = 2k~ 5/3.(We by no means imply that this energy spectrum is appropriate for a high Reynolds
number two-dimensional flow in nature.) We will apply this method in Section 6.5 in our numerical
study of pair dispersion in a velocity field with a wide inertial range.

The simulation of the scalar fields includes M = 52 octaves, and the bandwidth is chosen so that
only 1078 of the energy is lost by the truncation [85,84]. The computation uses 46 592 active
elements. In Fig. 36, we plot the simulated velocity structure function:

S(r) = ol + 1) — v(x)|*)

averaged over 10, 100, and 1000 realizations, for ¢ directed midway between two of the Mg;, = 32
directions {@"} used for the shear layers. The simulated structure function is found to match the
exact analytical formula

Sv(r) = SILJ,Z/3,
SL— — 2I(— 1/3)n7/%/T(5/6)

accurately over 12 decades of scales. Only one to two decades of approximate scaling behavior
have been achieved in previous simulations of fractal fields in two dimensions by Viecelli and
Canfield [335] using Successive Random Addition and the Fourier Method on a 256 x 256 grid,
and in three dimensions by Fung et al. [109] using a variant of Kraichnan’s method [180] of
randomly directed sinusoidal shear waves with 84 computational elements.

Power law fits to the structure function evaluated along five different directions (including the
one plotted in Fig. 36) reveal excellent quantitative accuracy for the MWE-based simulation
method. With only 100 realizations, the error in the fitted exponent is never more than 1.1%, and
the error in the fitted prefactor S% is never more than 6%. Moreover, relative measures of deviations
from Gaussianity and isotropy are only a few percent for a sample size of 1000. We refer to [85] for
the details of the stringent tests of the quality of the simulated velocity field.
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Fig. 36. Structure function of the two-dimensional velocity field with energy spectrum E(k) = 1k~ /3, simulated by the
MWE Method (M = 52 octaves) with Rotated Random Shear Wave Approximation (Mg;, = 32 directions). The
structure function is evaluated along the radial direction 8 = n/32. The Monte Carlo statistics for (A) 10, (B) 100, and (C)
1000 realizations are plotted with diamond symbols (from [85]).

The Rotated Random Shear Wave Approximation also works successfully when the one-
dimensional scalar fields are simulated by the Fourier-Wavelet Method or the Randomization
Method. Details may be found in [82]. We note only that the velocity fields simulated using the
Randomization Method in conjunction with the Rotated Random Shear Wave Approximation are
smoother and have longer scaling regimes than those simulated by a straightforward generalization
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of the Randomization Method to two dimensions [ 142]. This points out once again that one must
pay heed to the relative variance of Monte Carlo Methods in practice, and not just their theoretical
accuracy in the asymptotic limit of infinitely many realizations.

Another closely related way of simulating statistically isotropic random vector fields by a super-
position of shear waves is to choose the directions {@"} L randomly from a uniform distribution
over the sphere S~ ! (see [208]). There would be two main disadvantages to this variation as
compared to a regularly spaced, deterministic choice of directions. First, the simulated velocity field
would be non-Gaussian. More importantly, the variance of the Monte Carlo Method would be
greater, and a larger number of realizations would be required to achieve a desired accuracy.

6.5. Simulation of pair dispersion in the inertial range

We close our section on Monte Carlo methods for turbulent diffusion with a numerical study of
the turbulent dispersion of a pair of tracers in a synthetic, statisticallyisotropic turbulent flow with
a wide inertial range of scales. We have already analyzed this problem theoretically in two
simplified contexts. In Section 3.5, we developed exact formulas for the pair distance function, the
PDF for the separation between a pair of tracers, in an anisotropic turbulent shear flow (with no
molecular diffusion). We also derived (following Kraichnan [179]) an explicit PDE in Section 4.2.1
for the pair-distance function in a statistically isotropic velocity field with extremely rapid
decorrelations in time; see Eq. (268) and the ensuing discussion. No exact solutions, however,
appear available for pair dispersion in multi-dimensional turbulent flows decorrelating at a finite
rate. Such a problem is of significant applied interest in engineering and atmosphere-ocean science,
since the relative diffusion of a pair of tracers is connected with the growth of the size of a cloud of
tracers released in a fluid.

6.5.1. Richardson’s law

We concentrate, as in our previous treatments of pair dispersion, on the growth of the separation
distance /(t) = | XV(t) — X®(t)| between a pair of tracers as it evolves through a wide inertial range
of scales. We will further specialize our attention to the mean-square tracer separation
oix(t) = {/*(t)) rather than the full pair-distance function. As we mentioned in Section 4.2.1,
Richardson [284] empirically observed that the mean-square separation between balloons released
into the atmosphere grows according to a cubic power law: oi(t) ~ £°.

Obukhov [252,253] later showed that such a result could be theoretically deduced through an
inertial-range similarity hypothesis and dimensional analysis, and formulated it as the following
universal inertial-range prediction:

O'ix(t) ~ CR§I3 for LK < (Uix(t))l/z < LO . (395)

Here ¢ is the energy dissipation rate, and Cy represents the universal Richardson’s constant. The
statement (395) is generally referred to as Richardson’s t> law. There has been a large effort to
derive this law and predict its associated constant Cp by turbulence closure theories
[178,192,200,241,322] and to empirically confirm it and measure Cy through actual experiments
[248,258,261,315] and numerical simulations [109,291,351]. We note that Richardson [284] also
formulated a considerably stronger statement (see [31]) that the relative diffusivity of a pair of
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tracers is proportional to the 4/3 power of their momentary (unaveraged) separation, and this has
been called Richardson’s 4/3 law. In what follows, we will strictly discuss Richardson’s t3 law.

6.5.2. Monte Carlo simulation of pair dispersion

Here we describe the first numerical experiments, performed by Elliott and the first author [86],
which exhibited Richardson’s ¢t law over many decades of pair separation. Synthetic, two-
dimensional incompressible, Gaussian random velocity fields were generated through the Multi-
Wavelet Expansion (MWE) Method and the Rotated Random Shear Wave Approximation which
we described in Section 6.4.2. Recall that this method is capable of simulating approximate
statistically isotropic, incompressible, Gaussian random velocity fields which support an accurately
self-similar inertial range:

o +r) — v))*> = Sy, (396)

extending over 12 decades of scales. The basic algorithm was validated for applications in turbulent
diffusion on an exactly solvable steady shear layer model (see Section 6.3.3), and on an exactly
solvable statistically isotropic model in which the velocity field is rapidly decorrelating in time (see
Section 4.2.2).

The simulated velocity field v(x) varies only in space, and is frozen in time. Pair dispersion
proceeds very differently in a frozen, random two-dimensional velocity field than in realistic,
temporally evolving turbulent flows. To introduce temporal fluctuations in the numerical simula-
tion, we sweep the frozen velocity field past the laboratory frame by a constant velocity field w. This
corresponds exactly to Taylor’s hypothesis ([320], p. 253) for relating experimental time-series
measurements to the spatial structure of the turbulence. The tracers are not transported by the
constant sweep in the numerical simulation, and we also ignore molecular diffusion k = 0. The
equations of motion for the tracers are then

dX9(t)/dt = v(XY(t) — wt) ,
X9t =0)=x{ . (397)

Note how the constant sweeping explicitly induces temporal fluctuations in the velocity field seen
by the tracers.

It is natural to associate the sweep velocity w with the magnitude of the velocity fluctuations at
the largest simulated scale L, of the inertial range:

w = {((v(x + L&) — v(x))-é)*>1/? . (398)

The numerical length scale L, is roughly equivalent to the integral length scale L, in our theoretical
studies. As usual, ¢ denotes any unit vector. Using the inertial-range relation for the root-mean-
square longitudinal velocity difference appearing on the right-hand side of Eq. (398):

(e + 1) — o)) (/i) > = Sy lr* (399)

we are led to set

1 H
w = SU’”Lu
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Statistical isotropy (in d =2 dimensions) implies that S} = (2H + 2)S}, . Quantities are next
nondimensionalized with respect to the length scale L, and the time scale L,/|w|. In these
nondimensionalized units, L,, w, and S},,” are all equal to unity.

6.5.3. Pair separation statistics obtained from Monte Carlo simulation

Here we present the results of the Monte Carlo simulations [86] for the pair separation statistics
which utilize the algorithm described above with the Hurst exponent chosen as the Kolmogorov
value H =4. The initial particle separation is chosen as /, = 10~ !4, which is well within the
resolution capabilities of the Monte Carlo algorithm being used. The adaptive time step strategy is
described and validated in [86]. Averages are computed over 1024 realizations.

The graph of the root mean-square pair separation oiy(t) = {JAX]|*(t)> in Fig. 37 indicates
a power law behavior after about t = 100 and persists for eight decades of pair separation. The

Fig. 37. Plot of the root-mean-square tracer pair separation o3x(t) versus time (from [86]). Hurst exponent H = 3, initial
separation 7, = 1074, averaged over 1024 realizations.



554 A.J. Majda, P.R. Kramer | Physics Reports 314 (1999) 237-574

graph of the logarithmic derivative of giy(f) versus time in Fig. 38 oscillates mildly with a mean
value 3, providing an independent and much more stringent confirmation of Richardson’s ¢ law.

Finally, in Fig. 39, we graph the variation of AA(t) = oix(t)t 3, which is just the prefactor in the
Richardson’s t* law. Remarkably, as the reader can see by comparing Figs. 37 and 39, the prefactor
settles down over more than 7.5 decades of pair separation to the constant value 0.031 + 0.004.

We recall that one of the main computational devices in the Monte Carlo algorithm used above
is the approximation of an isotropic incompressible Gaussian random velocity field by a superposi-
tion of a large (My;, = 32) number of independent simple shear layers oriented in various directions
with equiangular spacing. If instead only a small number of independent shear layer directions are
utilized, then the simulated random field is anisotropic but with a similar energy spectrum as in the
isotropic case. Pair dispersion simulations using only My;, = 2 or 4 directions were conducted in

3.5 T T T TTTTT] T T T T T T T 7177 T T T T TTTT7 T T T TTTTT] T

15k i .....

05_1 . ......

A R
10* 10

0 i

Fig. 38. Plot of the logarithmic derivative of root-mean-square tracer pair separation, y = dIn g3,(t)/dInt versus time
(from [86]). Solid line indicates y = 3 predicted by Richardson’s t3 law. Hurst exponent H =4, initial separation
/o = 10714, averaged over 1024 realizations.
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Fig. 39. Plot of the scaling prefactor in the root-mean-square tracer pair separation, 4,(t) = o3x(t)t > versus time (from
[86]). Hurst exponent H = 4, initial separation /, = 10~ !4, averaged over 1024 realizations.

[83] to investigate the effects of anisotropy on Richardson’s > law. It was found that Richardson’s
t* law remains valid over many decades of separation. Moreover, the prefactor A,(f) is approxim-
ately constant over the scaling regime and nearly universal. For both My, = 2 and My;, = 4, with
various angles between the constant sweep w and the directions of the shear flows comprising the
velocity field, the best fit constant values for the scaling coefficient 4(t) fell within the range of
0.029-0.032, which includes the isotropic value 0.031 computed above. These results give strong
evidence that the Richardson constant Cy in (395) is universal for Gaussian random fields with
a wide self-similar inertial range, whether they are isotropic or anisotropic. The adjustment time to
achieve the scaling behavior can vary however with the degree of anisotropy.

Other statistics are measured in [86] which quantify the intermittency of the pair separation
process. In particular, the separation distance AX(¢) is found to have a broader-than-Gaussian
distribution, and Richardson’s t law is crudely obeyed by the mean-square particle separation
averaged over only two realizations.
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6.5.4. Relation to other work concerning Richardson’s t> law

In addition to providing a numerical demonstration of Richardson’s t*> law over many decades of
scales, the results of the above Monte Carlo simulation pose some interesting challenges for various
theories which seek to predict the statistics of pair separation in the inertial range. We shall
separately discuss issues pertaining to the ¢ scaling of the mean-square particle separation and the
computed value of the scaling preconstant.

6.5.4.1. Open problem: Theoretical explanations for Richardson’s t> law for velocity field satisfying
Taylor’s hypothesis. The mean-square pair separation c3y(t) has been demonstrated to obey
Richardson’s t* law in an extraordinarily clean way over eight decades of scales, and the underlying
numerical algorithm has been extensively validated for simulating turbulent diffusion [84,85]. It is
therefore most remarkable that no theory of which we are aware clearly predicts that Richardson’s
t3 law should hold for the velocity field with the spatio-temporal dynamics used in the simulation!

Recall that the velocity field in the laboratory frame vy zp(x,t) is given by sweeping a frozen
random velocity field v(x, ), at a constant velocity w:

v ag(X, 1) = v(x — wt) .

The frozen field v(x) is Gaussian random, statistically isotropic, incompressible flow with a wide
inertial range with the Kolmogorov value H = J for the Hurst exponent. The tracers are advected
by vpag(x, t); see Eq. (397). A key difference between the simulated field vy sg(x,t) and the usual
random velocity models assumed in turbulence theories is that the temporal decorrelation for
v aB(x, 1) 1s explicitly set through Taylor’s hypothesis by a constant sweep velocity w (which is
naturally equated in magnitude with the large-scale velocity fluctuations in v(x)).

Physical scaling considerations [86] indicate that the sweep velocity w should be included along
with & and ¢ in the list of a priori relevant parameters describing the inertial-range dynamics of pair
separation in the simulation described above. Dimensional analysis is then insufficient to predict
a unique inertial-range scaling behavior for o34(t). Obukhov’s inertial-range similarity arguments
therefore do not even explain qualitatively Richardson’s > law for a velocity field with spatial
statistics given by Kolmogorov theory and temporal statistics set by Taylor’s hypothesis. We now
briefly mention some other modern theories which suggest why Richardson’s > law should be
observed in various contexts, and indicate why none of these, as they stand, provide a clear
explanation for the scaling behavior observed in the Monte Carlo numerical simulations.

Some researchers [21,258,351] have pointed out that a cubic growth of the mean-square
displacement could arise for reasons having nothing to do with inertial-range scaling. For example,
Babiano and coworkers [21,351] show that a cubic growth of the mean-square distance between
a pair of tracers will occur over ranges of scales in which the accelerations of the tracers are
independent of one another and statistically stationary. These considerations may well describe
reasons why Richardson’s ¢* law is observed in experimental situations and numerical simulations
(such as [108]) where Obukhov’s similarity arguments do not apply or on scales extending outside
the inertial range of the velocity field.

The o%\(t) ~ t* scaling behavior in the Monte Carlo simulation reported in Section 6.5.3,
however, cannot be explained so simply. This is demonstrated by other similar numerical simula-
tions in [86] with different values of the Hurst exponent H describing the inertial-range scaling of
the velocity field (396). It is found for H = 0.2, 0.3, and 0.4 that the mean-square particle separation
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has power law scaling 6i\(t) ~ t” over several decades, with y ~ 2/(1 — H) within the small error
0.03. Therefore, the scaling behavior of the pair dispersion in the Monte Carlo simulations under
discussion is fundamentally related to the Hurst exponent H, and cannot be explained by the above
class of theories which does not take the scaling properties of the inertial range into account.

It is moreover interesting to note that the dependence of the scaling exponent y = 2/(1 — H) is in
accord with a variety of theories [178,192,351] which assume that the only relevant time scale
describing the pair separation dynamics at a scale L in the inertial range is the eddy turnover time:

L

TC(L) = m X (SL!”)_I/ZLl—H . (400)

Here Av (L) ~/S;, L" is the mean-square longitudinal velocity difference observed between
points separated by a distance L. As seen in Eq. (400), the eddy turnover time is simply a natural
advective time scale at scale L. Consequently, any analytical or phenomenological theory for
inertial-range pair dispersion (such as that described in [351]) which involves only length scales and
the mean-square (longitudinal) velocity difference across such scales is implicitly assuming that the
only relevant time scale is the eddy turnover time. For a flow satisfying Taylor’s hypothesis, there is
however another relevant time scale set by the time taken for the constant sweep to travel a distance L:

(L) = L/lw| .

When the sweep velocity is matched to the magnitude of the large-scale velocity fluctuations, as it is
in the Monte Carlo simulations described above, then the sweeping time scale (L) is much shorter
than the eddy turnover time t.(L) for all scales within the inertial range [86,319]. Therefore, the
sweeping time scale has an a priori importance in the dynamics of tracers in a flow satisfying
Taylor’s hypothesis. Formally, it appears that 7 (L) should be setting the Lagrangian correlation
time, which as we have discussed in Section 3, plays a crucial role in determining the statistical
dynamics of a tracer.

It is far from clear why pair separation in a flow satisfying Taylor’s hypothesis should obey the
scaling laws predicted by theories which ignore the presence of any large-scale sweeping mecha-
nism. Indeed, there is unambiguous mathematical evidence [14,208] that the nature of the
spatio-temporal energy spectrum can have a substantial influence on pair dispersion. Moreover, if
the Lagrangian History Direction Interaction Approximation (LHDIA) used by Kraichnan [178]
or the Eddy-Damped Quasi-Normal Markovian Approximation (EDQNM) used by Larchevéque
and Lesieur [192] are crudely modified to account for the sweeping by replacing the appearance of
the eddy turnover time t.(L) by the sweeping time scale t(L), they will predict pair dispersion
behavior very different from Richardson’s 3 law for H = § and its generalization giy(t) ~ t>/(1 =1
for general H. It would be most interesting to see whether and how these or other [200] turbulence
closure theories could properly take sweeping effects into account in a more sophisticated way, and
to obtain a clear understanding for why Richardson’s t* (or more general t*/* =) Jaw should still
be observed within the inertial-range of a velocity field with temporal decorrelations set by Taylor’s
hypothesis. Some subtle consequences of sweeping have been explicitly and rigorously demon-
strated for random shear flow models in [ 14,141], and were discussed in Section 3. The importance
of sweeping effects is not limited to flows satisfying Taylor’s hypothesis; tracer pairs in any
turbulent flow are subjected to (nonconstant) sweeping by the large scales of the flow [319,320].
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6.5.4.2. Theoretical overprediction of Richardson constant. Since the value of the Richardson
constant Cy in his t3 law (395) has been the object of extensive experimental [248,261,315],
theoretical [124,178,192,200,241,299,322], and numerical [109,291] investigation in various con-
texts, we relate the results reported in Section 6.5.3 to those developed elsewhere. By comparing
Eq. (399) with the prefactor S} | =1 to the theoretical Kolmogorov relation for the longitudinal
velocity fluctuation:

(e + 1) — o) (r/Ir))*) = Cj&*°[r*",

with experimentally measured dimensionless constant C ~ 2.0 (in three dimensions), we can
associate an effective value of &£ = (Cf})*/* ~ 2.8 to the simulation. The Monte Carlo simulations
presented here therefore predict a Richardson constant of

Cr =0.09 £+ 0.01

in the scaling law (395) for pair dispersion in a two-dimensional, incompressible, Gaussian,
random, isotropic velocity field which possesses an isotropic Kolmogorov spectrum and satisfies
Taylor’s hypothesis.

This value agrees reasonably well with the one obtained by Tatarski [315], Cx = 0.06 in his
experiments. Ozmidov [261] has argued from his experimental data that the appropriate range for
Cg is O(1072). Sabelfeld [291] used the Randomization Method (Section 6.2.3) to study pair
dispersion over one decade of scales in a three-dimensional, statistically isotropic synthetic
turbulent flow satisfying Taylor’s hypothesis, and obtained the value Cg = 0.25 + 0.03. Funget al.,
in an interesting paper [ 109], did not study pair dispersion in a flow satisfying Taylor’s hypothesis,
but instead built synthetic three-dimensional turbulent velocity fields with Kolmogorov spatio-
temporal statistics as in Section 3.4.3. Inertial-range scaling (396) was satisfied for less than one
decade (in contrast to the 12 decades in the methods [84-86] utilized above); nevertheless, the
Richardson’s ¢* law was observed for 1.5 decades of pair separation with a Richardson constant
Cgr = 0.1. All of the empirical work just mentioned points to a small value of the Richardson
constant, Cg, and the direct simulations spanning many decades of pair separation reported in [86]
and Section 6.5.3 confirm a small value Cx = 0.09 + 0.01 for pair dispersion in a flow which has
a wide inertial scaling range and satisfies the assumptions of Taylor’s hypothesis.

On the other hand, turbulence closure theories produce values of Cy that are a full order of
magnitude larger. With LHDIA, Kraichnan [178] predicted Cgr = 2.42; with another Lagrangian-
history closure, Lundgren [200] predicted Cy = 3.06; an EDQNM procedure [192] leads to
Cr = 3.50; a stochastic, Markovian two-particle model [322] has Cx = 1.33; some quasi-Gaussian
approximations predicted Cy = 0.534 [241] and Cy = 2.49 [57]; and some Langevin equation
models [124,299] produced Cy = 0.667. What are the reasons for the wide discrepancies between
these closure theories and the results mentioned in the previous paragraph regarding the value of Cy?

One source may be the way in which the closure theories treat the temporal dynamics of the
tracers [86]. Kraichnan [178] found that under a certain rapid decorrelation in time limit within
his LHDIA calculation, the pair separation would continue to obey Richardson’s t* law but with
a scaling constant 50 times larger. Another possibility for the depression of Richardson’s constant
below theoretically predicted values is the flow topology. The theories may not be taking into
account the slowing of the relative diffusion of a tracer pair as it passes through regions in which
vorticity dominates strain [109].
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6.5.4.3. General remarks on the role of Monte Carlo simulations. We have seen in the above
discussion an excellent instance of the valuable interaction between mathematics, reliable numer-
ical simulations, and physical theories. Mathematical considerations suggested the basis of an
efficient and accurate Monte Carlo algorithm for simulating turbulent diffusion in flows with
a wide inertial range, and exactly solvable mathematical model problems and other considerations
were used to validate and scrutinize the method (Section 6.3). This numerical algorithm was then
utilized to explore turbulent diffusion in more realistic flows which are still described in a math-
ematically straightforward fashion (inertial-range scaling, Gaussian statistics, statistical isotropy),
but for which exact solutions are no longer available. The results from these Monte Carlo
simulations (Section 6.5.3) then pose new test problems for approximate physical theories for
turbulent diffusion. One advantage of numerical simulations with synthetic velocity fields over
laboratory experiments in this regard is the fact that the turbulent environment is specified in
a mathematically transparent fashion, so the challenge for physical theories can be posed with
a suitable degree of complexity. For example, the predictions of turbulent diffusion theories can be
first examined for accuracy without taking into account intermittency and other nonideal features
of a turbulent velocity field. Furthermore, as we discussed in Sections 4 and 5 above, Gaussian
velocity fields can often induce similar non-Gaussian statistics in a passive scalar field at long times
as more complex non-Gaussian velocity fields. For Richardson’s > law, such expected behavior has
been confirmed recently [42].

7. Approximate closure theories and exactly solvable models

We have demonstrated throughout this report how simple mathematical models can illustrate
various subtle physical mechanisms involved in turbulent diffusion. In Section 6, we also discussed
how simple models manifesting a complex variety of behavior can be used to assess the virtues and
shortcomings of numerical simulation methods, and how they can lead to and validate the design
of more powerful and efficient algorithms. In this concluding section, we mention how the simple
mathematical models can be used in a similar spirit to test the robustness of various approximate
theoretical closure theories for turbulent diffusion. We will be intentionally brief because the reader
may find extensive discussions of these applications in the original work of Avellaneda and the first
author [13,17] and the recent review paper of Smith and Woodruff [300].

We discussed at the beginning of Section 3 the inherent difficulty of deriving effective large-scale
equations for the mean passive scalar density due to the active fluctuations of the velocity field
over a wide inertial range of scales. The rigorous homogenization theory described in Section 2
cannot be applied in general because there is usually no strong scale separation between the length
scales of the passive scalar and velocity field. Various schemes for deriving approximate large-scale
equations for the mean passive scalar density in the absence of scale separation have been proposed
proceeding from a diverse collection of frameworks and formal assumptions [48,49,57,175,177,182,
227,285,286,321,327,328,344].

However, the equations produced by different theories are generally distinct, and it is usually
difficult to determine whether the formal hypotheses are satisfied on which the different theories are
founded. Tests of the theoretical predictions against laboratory experiments and direct numerical
simulations are therefore crucial [ 133]. Experimental assessments however face certain limitations
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concerning both the extent to which the input parameters can be faithfully matched between the
theory and the laboratory setup, and the extent to which accurate and comprehensive data can be
collected in high Reynolds number flows. Direct numerical simulations, on the other hand, are
constrained by hardware limitations to moderate Reynolds numbers [59,154], particularly if
nontrivial macroscale variations are present. Simplified mathematical models therefore provide an
important complementary means of examining the accuracy and content of approximate closure
theories. We have seen how exact characterization of the passive scalar statistics may be achieved
in a variety of nontrivial mathematical models. These often allow precise characterization of
turbulent diffusion in important asymptotic limits as well as at finite parameter values and over
finite time intervals.

We particularly mention in this regard the Simple Shear Models described in Section 3 for which
exact equations describing the high Reynolds number behavior of the mean passive scalar density
have been derived using a rigorous renormalization procedure [ 10]. It is particularly instructive to
compare these exact equations with the predictions of approximate closure theories to gain some
insight into their strengths and shortcomings. Such a study was carried out by Avellaneda and the
first author [13] for closures based on the renormalization group theory (RNG) [300,344] and
renormalized perturbation theory (in particular, Kraichnan’s Direct Interaction Approximation
[173-175,177,197,285] and the first-order smoothing (quasi-normal) approximation [48,49]). Each
of the approximate closure theories recovers the correct large-scale equations for a subset of the
phase diagram of scaling exponents (&, z) (see Section 3.4.3), but predicts incorrect equations in
other substantial regions [13].

In particular, the RNG theory is exact for those Simple Shear Models in which the correlation
time of the velocity field is much shorter than the dynamical time scale of the passive scalar field,
but fails otherwise [ 13,17,300]. The RNG theory always predicts a local effective diffusion equation
with some enhanced eddy diffusivity, but the rigorous results of the Simple Shear Model indicate
that this is inappropriate in a wide variety of situations [10]. The RNG theory also predicts
incorrect space-time rescalings for certain regimes. The renormalized perturbation theories, by
contrast, predict the correct scaling exponents (after an elaborate analysis) for all phase regimes in
the Simple Shear Model, but sometimes mistakenly suggest nonlocal evolution equations when the
exact equations are in fact local [13]. (Other examples of this latter phenomenon in simple
stochastic problems are presented in [328]). Both the RPT and RNG theories predict correct
large-scale equations in one phase region abutting the Kolmogorov values ((¢, z) = (8/3, 2/3)), but
introduce discrepancies from the exact renormalized equation at this point and in the other
neighboring regime. Note that the Eulerian and Lagrangian versions [177] of the renormalized
perturbation theories are equivalent for the Simple Shear Model without a sweep as discussed in
[13] because the Eulerian and Lagrangian velocity correlations coincide. We see in this way how
simple mathematical models can yield both quantitative and qualitative insight into the strengths
and shortcomings of approximate closure strategies.

Recently, van den Eijnden and the current authors have investigated how various closure
theories, including a new “modified direction interaction approximation” [328,329], fare under the
introduction of a temporally fluctuating cross sweep to a shear flow (Section 3). This is the simplest
model problem with complex behavior where the Eulerian and Lagrangian correlations are
unequal. These results will be reported in a forthcoming paper [330]. Our hope, in the long run, is
to learn the strengths and weaknesses of various existing closure theories by applying them to the
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simplified mathematical models described in this report, and thereby be instructed in the formula-
tion of new and improved closure approximations.
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