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This paper considers the decay in time of an advected passive scalar in a large-scale flow. The
relation between the decay predicted by “Lagrangian stretching theories,” which consider evolution
of the scalar field within a small fluid element and then average over many such elements, and that
observed at large times in numerical simulations, associated with emergence of a “strange
eigenmode” is discussed. Qualitative arguments are supported by results from numerical simulations
of scalar evolution in two-dimensional spatially periodic, time aperiodic flows, which highlight the
differences between the actual behavior and that predicted by the Lagrangian stretching theories. In
some cases the decay rate of the scalar variance is different from the theoretical prediction and
determined globally and in other cases it apparently matches the theoretical prediction. An updated
theory for the wavenumber spectrum of the scalar field and a theory for the probability distribution
of the scalar concentration are presented. The wavenumber spectrum and the probability density
function both depend on the decay rate of the variance, but can otherwise be calculated from the
statistics of the Lagrangian stretching history. In cases where the variance decay rate is not
determined by the Lagrangian stretching theory, the wavenumber spectrum for scales that are much
smaller than the length scale of the flow but much larger than the diffusive scale is argued to vary
ask™*?, wherek is wavenumber, and is a positive number which depends on the decay rate of the
variancey, and on the Lagrangian stretching statistics. The probability density function for the
scalar concentration is argued to have algebraic tails, with exponent roa@énd with a cutoff

that is determined by diffusivityx and scales roughly as /2 and these predictions are shown to be

in good agreement with numerical simulations.2@04 American Institute of Physics

[DOI: 10.1063/1.1807431

I. INTRODUCTION very small scales. Conversely, an example of a flow that is
not “large-scale” is three-dimensional turbulence when the
Several recent papéfé have used theories based on thescalar diffusivity is of the same order of magnitude as the
statistical distribution of stretching histories following fluid momentum diffusivity(or larger than it
particles to predict the evolution of passive scalargdergo- The important differences between large-scale flow and
ing advection and diffusiorin large-scale flows in the large- other cases are emphasized in the review by Falkovich,
Peclet-number limit(i.e., weak diffusion. These theories Gawedzki, and Vergassé‘la(who use the terminology
predict the evolution of a range of measures of the scalarsmooth” and “nonsmooth’ We note here that while large-
field, including probability distributions for both the scalar scale flow is more tractable than other cases and is not di-
concentration and its gradient, structure functions and spatiakctly relevant to fundamental theoretical issues in three-
power spectra, in both the case of a freely evolving initialdimensional turbulence, it has many practical applications,
value problem and the case of a forced problem where the.g., in flows in the atmosphere, ocean and Earth’s interior
scalar field reaches a statistical equilibrium. We refer to thesand in important classes of chemical engineering problems.
theories as “Lagrangian stretching theories.” The Lagrangian stretching theories exploit the difference
By “large-scale flow” we mean that the velocity field has in scale between the velocity field and the scalar field to
a well-defined smallest spatial scale that is much larger thaargue that, by transforming to a frame of reference moving
the smallest scale attained by the scalar fidhe latter scale with a relevant fluid element, the problem for the scalar field
being determined jointly by advective stretching and diffu-is equivalent, locally, to that for a scalar field in a flow that is
sion). One example is the “Batchelor regime” of three- a linear function of space. This problem may be solved for a
dimensional turbulence, in which the Schmidt numlfie  given stretching history, i.e., a given time history of the ve-
ratio of the momentum diffusivity to the scalar diffusivitig ~ locity gradient tensor for the linear flow, and then the statis-
large, so that the minimum scale of the velocity field, thetics of the scalar field deduced by considering all realization
Kolmogorov scale, is larger than the minimum scale of theof the stretching history, i.e., following all possible fluid el-
scalar field. Another is that commonly known as chaoticements.
advectiom,’ where velocity fields, e.g., time-periodic fields, A recent paper by Feredast al® throws doubt on the
with simple spatial structure give rise to scalar fields withvalidity of the Lagrangian stretching theories for predicting
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decay rates in the initial-value problem. That paper considersut loss of generality we shall assume that the integral of
a prototype one-dimensional problem in which advection isyy(x) over the domain is zero.

represented by a baker’s map, but notes the significance of The solution to(1) may be written as

disagreements between local stretching theories and explicit

cglculatlons of scalar decay in two-dimensional flows by X(X,t):JdyXo(y)Q(x,t,y,O) (2)
Pierrehumbert,who demonstrated the emergence of a domi-

nant exponentially decaying structure in the scalar field that , ) _ )

he called a “strange eigenmod®™® In mathematical terms Where the Green's functiodi(x,t,y,s) is the solution to(1)

the decay rate is determined by the eigenvali@smore With initial condition x(x,s)=&(x~y). _ n

strictly the Liapunov exponentf the advection-diffusion One important property of(x,t,y,s) is that it is not
operator(in the limit of small diffusivity). See Childress and ©nNly the solution of an advection-diffusion equation in which
Gilber and Sukhatme and PierrehumB2for more details X @ndt are space and time variables gneinds are variables
on the mathematical background. Sukhatme andndmggng \{vhere and when the fgngtmn defining the initial
Pierrehumbel? demonstrate inconsistencies between the nuconditions is to be evaluated, but it is also the solution of an
merical results and the Lagrangian stretching theories, pafdioint advection-diffusion equation in which the roles of
ticularly that at large times the behavior of higher momentd€se two pairs of variables are reversed. Thost,y ) is

of the scalar field predicted by the theofidre inconsistent @ISO the solution to the equation

with the probability distribution function for values of the
scalar field implied by the simulations.

This paper further considers the initial-value problem forwith initial condition x(y,t)=8(y—x). Note that the sign of
scalars in large-scale flows. It shows that the Lagrangiathe diffusive term in(3) is reversed relative to that ifl),
stretching theories cannot always predict the long-time decaynplying that just ag1) may be integrated only forward in
rate of the strange eigenmode. It generalizes a previous the3) may be integrated only backward $n
oretical prediction for the scalar wavenumber spectrum and |t follows from (2) that the value of tracer concentration
gives a theoretical prediction for the probability density at a particular poink and at timet is a weighted integral
function for the scalar concentration and compares the presver the initial field, where the weighting function is the
dictions with numerical simulations. Green’s functiong(x,t,y,s), determined by backwards inte-

The structure of this paper is as follows. Section Il givesgration ins of (3) from time s=t to time s=0, with “initial”

a general discussion of the advection-diffusion problem, withcondition thatG(x,t,y,t)= 8(y—x).

the aim of clarifying both the progress allowed by the La- The relation betweeril)~3) is well known, but we re-
grangian stretching theories and the limitations of such theoiterate it here since it provides a framework in which to
ries. Section Ill summarizes the predictions of the Lagranganalyze solutions ofl1) in which the relation between and
ian stretching theories. Section IV describes numericathe limitations of different approximation procedures can be
simulations of the initial-value problem for the advection- made absolutely clear.

diffusion problem in two dimensions, following previous Familiar physical intuition on the advection-diffusion
work in this field by using a flow that is aperiodic in time. equation, applied t63) may be used to predict the evolution
Section V considers the Cramer “rate function” describingof G(x,t,y,s) ass decreases fror It is useful to consider
the probability distribution of stretching factors, which plays the region ofy space wherg(x,t,y,s) takes significant val-

a central role in the Lagrangian stretching theories and is alsges, i.e., the region that gives a significant contribution to the
important for the results presented here. Section VI exploitsntegral in(2), as the “domain of influence” or (at timet)

the previous discussion in Sec. Il of the paper to present agnd to identify ranges daf-s in which the domain of influ-
updated theory for the wavenumber spectrum of the scalagnce has different characteristics.

concentration field and a theory, compared against numerical  For t—s small enough(defined here as regime, diffu-
simulation, for the probability density function for the scalar sion dominates and the domain of influence spreads isotro-
concentration. Section VII discusses the results of the papegiically. Then fort—-s= %}: (defined here as regime)|where
and their implications. Sec is the time-averaged stretching rate following the back-
wards trajectory fronx, advection becomes important and
Il. ADJOINT PROBLEM FOR INITIAL VALUE d.oma.in of influence o is stretched in the form of a ellip—
PROBLEM AND IMPLICATIONS tical flament, whose Wldﬂ"l remains at an equilibrium width
of order (k/S,)*? determined by the balance between ad-
We consider the initial value problem for the advection-vection and diffusion and whose length increases exponen-
diffusion equation, i.e., tially with t—s as (k/Sy) %%, Regimes | and Il are
1) well described by an analysis in a coordinate system where
the origin follows a fluid particle trajectory backwards in
with y(x,t) the scalar concentration(x,t) the velocity field, time from the pointx and the velocity field is approximated
assumed to be a given function of spacand timet and to  as a linear function of space. We discuss this in more detail
be incompressible, and the diffusivity, assumed constant. in Sec. Ill.
Equation(1) is to be solved given the initial condition that Eventually, however, the length of the filamentary region
x(X,0)=xo(x), wherey, is a given function of space. With- corresponding to the domain of influence reaches the length

Xs+U(y,s) . Vyx+kViy =0 (3)

xe+u(x,t) . Vx— kVax =0
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scale Ly, On which the flow varies. This occurs when

(il Soo) M2e50e9 ~ Lo, e, t-5~ 252 IN(Socl 2,/ ). At Regime [ Regime II
this stage the velocity field can no longer be approximated as S\
a linear function of space and the filamentary region begins : o \
i i @ !
to curve and folddefined as regime I It therefore seems : ) 1
unlikely this regime can be fully captured by theories that : |
follow the stretching histories of individual fluid parcels and ' Y ,'
approximate the velocity field as a linear function of space. B H ‘\ /I
The details of what happens subsequently depends or Y

the transport and mixing properties of the flow. Here we shall
consider flows that are globally mixing in the sense that a

small material area is deformed by the flow such that at Regime 11
sufficiently large times it intersects an arbitrarily chosen area PEN
in the flow domain. In other words we shall assume that P Y . .
there are no transport barriefisarriers to purely advective : I 1 _’ ‘-‘ '

transporf that divide the flow into disjoint regions. It follows
that the filamentary area corresponding to the domain of in- : :
fluence of any poink is repeatedly stretched and foldedsas & !
decreases frornuntil it covers the whole domain. The period oAy PP
during which the filamentary area visits only part of the do- - i
main will be regarded as belonging to regime Ill. The final
regime, beyond the time at which domain of influence hasIG. 1. Schematic diagram showing,jirspace, the different regimes in the
expanded to cover the whole flow domain, is defined as reevolution of t_he C_Sreen fupctioﬁ(x,t,y,s) ass d‘ecre:‘:lses from Regimell:

. . . . .o [t-s<S.] Diffusion dominates and the domain of influence spreads isotro-
gime IV. The structure of the domain of influence in this final | ., o G 11:[ St = t=5< 350 IN(Sool fou/ )] The domain of influ-
regime might be described as “packed filaments” in the terance is determined by diffusion and the local stretching experienced along
minology of Sukhatme and Pierrehumb®rtThe different  the backward trajectory from. (S _ is the time-averaged stretching rate
regimes of behavior are depicted schematically in Fig. 1. following the backward trajectoryRegime Il: [ 5S¢ In(Sockfo. /1) <t-s

: : : ; s%ﬂobln(SocLﬁOW/K)] The domain of influence has the form of a filament
In regime il the domain of influence samples StretChIngwhose length is larger than the length scale of the flgy, and which

rates associated with many parts of the flow and an estimatgerefore experiences stretching corresponding to several different backward
for the time spent in regime lll, i.e., the time taken for the trajectories, represented by an average stretchingSaje Regime IV:[t

area of the domain of influence to increasd_ﬁgN, is given -s= %ﬂobln(socLﬁOW/K)] The domain of influence covers the whole flow

11 2 . . domain, though the functio@(x,t,y,s) is not homogeneous. The elliptical
by zsélobln(LflowSoc/ K), Wheresglob is the stretching rate av- curves are schematic contours of a possible initial conditapplied att

eraged over the entire flow. =s) with the dotted curve indicating negative values and the dashed curve
Note that if there are transport barriers in the flow, thenindicating positive values. The concentratiorxait timet due to this initial
; ; : : : condition is the weighted integral of the initial concentration field over the
the domain of influence of. a given po_lnt will eventually domain of influence.
cover the whole flow domain, but the time scales for pen-
etration of the barriers by the domain of influence will de-

pend strongly on the diffusivity.

concentration field over the domain has been assumed to be

Now consider the implications for the evolution of the ;¢ angd hence decay in tinfeThis occurs within regime Ii
concentration, which is a weighted integral of the initial CON-only if L. is significantly less than the length scale of the
centration field over the domain of influence. Denote thevelocity Xﬁeld L This case is the primary focus of

ow*

length scale of variation of the initial scalar fiejé(x) by  gykhatme and Pierrehumbé?tin this case calculations

L, At early times(regimes | and I the domain of influence  )aseq on the local stretching theory can give useful quanti-

onx has a scale much smaller thap. In other words, itis  tative information on the decay of the concentration, at least

as if the functionG(x,t,y,0) is a & function, as it would be  yntil the end of regime Il is reached. Otherwise, Lif_

for all time in the case where dlﬁ:US|V|ty was zero. At these LflOW! the diffusive effects are felt precise|y when regime 1]

early times, therefore, advection dominates the evolution ognds and the approximate description of the funcgén by

the scalar field(even though diffusion plays an important the |ocal stretching theory breaks down.

role in determining the size of the small but finite region in In regime Il the decay of the tracer continues to be

which G is significantly different from zenp and, if  governed by the way in which the filamentary domain of

G(x,t,y,0) was in regime Il for all, the probability density influence samples the initial condition and the fact that there

of scalar concentration, for example, would be that impliedis increasingly good cancellation from different parts of the

by the initial condition. domain. By regime IV the idea of a domain of influence is
The effect of diffusion on the scalar field atis felt  less helpful and it is better to think of the small remaining

when the domain of influence onhas evolved to a filament inhomogeneities ofj(x,t,y,s) as determining the value of

whose length is comparable tQ,: Beyond this stage there is x(x,t), given the assumption that the integral ygfx) over

increasing cancellation in the integral from different parts ofthe flow domain is zero. We suggest that the decay(gft)

the domain of influencérecall that the integral of the initial in this regime is essentially independentxofThe evidence
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from numerical solutiongsee Sec. IV, Pierrehumbgrand  fore independent df, which depends on the entire stretching
Sukhatme and Pierrehumbjéjtthat the integral2) decays history.
exponentially with time during this regime and that the rate  The approach now is to regafdas a random variable
of exponential decrease at large times is independent of iniwhose probability distribution function at large times may be
tial conditions is entirely consistent with this. While it seemsapproximated by the ‘“large-deviation” formP(h,t)
rather clear that the local stretching theories cannot capture exg-tG(h)], where G(:) is the Cramer “rate function”
all aspects of the behavior in regimes Il and IV, it cannot beand 7 as an independent random variable whose probabil-
immediately assumed that all of the predictions of thesety distribution is stationary and represented by the prob-
theories are incorrect. This point will be discussed furtherbility density functionM(7).
later in the paper. Antonseret al! estimate the scalar varianGs(t) result-

ing from a sinusoidal initial condition with wavenumbleg

as

I1l. LAGRANGIAN STRETCHING THEORIES @ 2 ® 1
Cz(t)=f dhf daf dr—P(h,t)M(7)
0 0 0 2m

During regimes | and Il above the behavior of
Gg(x,t,y,s) may be captured by assuming that that the flow is
a linear function ofx. Writing G(x,t,y,s)=G(x,t,r,s),
wherer =y—X(s;x,t) andX(s;x,t) is the position of a dif- Note that the angle betwedsy ande; has been written ag
fusionless fluid particle at time that is atx at timet, it and has been assumed to be uniformly distributdd ).
follows that(3) reduces Note also thah has been constrained to be positive. Anton-

~ ) ~ 2 senet al! argue that for large times the above integral is

G+ Lo(six,D) 1]V G+ &Vix =0, (4) dominated by values of for which cog @ is close to zero. It
where G— &(r) as s—t~ and o(s;X,)=V,u(y,9)|y=x(sx.- follows that
[In other words, as decreases fromy o(s;X,1) is the veloc- o

Ca(t) Nf

X exp(— 2xcos 0kge?"r). (5)

ity gradient tensor evaluated along the backwards particle dhexd - ht—G(h)t]
trajectory starting fronx.]

Note that to each point there corresponds a different 1
backward trajectoryX(s;x,t) and hence a different stretch- XJ d?‘(
ing history defined by the variation af(s;x,t). The basis of
the Lagrangian stretching theories is that the statistical ProRThe calculation of Antonseet al differs in detail here, but
erties of y(x,t) (with different values ok taken as different {he differences have no consequence for what follpws.
realization$ may be predicted by considering that, for differ- The r integral is constant in time. Noting that the
entx, a(s;X,t) is a different realization of a random function h-integral is for large times dominated by the contribution
and hence that statistical properties oxedire equivalent to  from the minimum of h+G(h), it therefore follows that
statistical properties over all realizations of this ra”domCZ(t)~exp(—72t), where y,=h,+G(h,), with h, defined by
function. _ o _ 1+G’(hy)=0, assuming thatt,= 0. If h, by this definition is

To make straightforward relation with previous work, wWe |ess than zero, then the integral is dominated by the contri-
here consider the forward-in-time equation corresponding t@tion from neah=0 and v,=G(0). (This latter possibility
(4). [But exactly the same conclusions follow from solving jg neglected by Antonseet al’)

(4) itself.] This may be solved in terms of a time-dependent Exactly the same expression for the decay rate of the
Gaussian function of space, which is the approach used bysriance is deduced by Balkovsky and FouRamo assume
Balkovsky and FouxofiAn alternative, but entirely equiva-  that the initial condition is a Gaussian random function of
lent approach, used by Antonsest al,” is to consider space, rather than being sinusoidal, and characterize the de-
sinusoidal solutions of  the form x(x,)  cay by taking statistical averages over all realizations of this
=Rex(ko,t) exlik(t)-x]], where dk/dt=—k.o, with k(0)  random function. Balkovsky and Fouxbalso predict the
=ko anddy(ko,t)/dt=-«|k(t)|*. If the flow is stretching then  gecay rate of higher moments of the scalar field, for this
k(t) may be divided into two parts, one of which is exponen-particular type of initial condition. They show from the rel-
tially increasing and the other of which is exponentially de-gygnt generalization ab) that the decay rate,, of the ath
creasing, so that k(t)=(ko-€5)e (e + (ko &) (ME™  moment is given byy,=3ah,+G(h,), where 3a+G’(h,)
where[€g, €] and[e"(t),e7(t)] are pairs of orthonormal unit =g ynlessh, <0 in which casey,=G(0). It follows that y,,
vectors anch>0. To be precise; is the direction at=0 of s 5 nonlinear function ofr with y,/a decreasing as in-

a solutionk(t) that shrinks in forward time ane’(t) is the  creases, and such that, is independent ofx for a= a;
direction att of a solutionk(t) that shrinks in backward time. =-2G'(0). The physical reason for this is that, fee «, the
(Note thath is usually t-dependeny. It follows that, at  decay is controlled by the realizations for which the stretch-
large times, x(Ko,t) = ¥(ko,0) exd—«(Ko-€0)[tdt' €™ )']  ing is zero. The proportion of such realizations decreases
= (Ko, 0) exp(—«|k|27) where 7= [idt’ et )t -2h(tt, exponentially with time at rat&(0).

The integral definingr is dominated by times close to As noted in Sec. I, the approximations leading4pare
and Antonseret al argue that in the largelimit it is there-  valid only in regimes | and Il and are not justifiable once

0

112
) M(7). (6)

2
KkTKQT
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regime lll is reached. The time to reach regime Ill is differ-
ent for different realizations ofr(s;x,t). Nonetheless, as 1
shown in the Appendix, even for thogere) realizations for 1 }
which there is no stretching at some large titmeliffusive 1
effects alone will have enlarged the domain of influence to
an area of at least «t. Nothing that the proportion of such
realizations decreases as px@(0)t], it follows that the as-
sumption that solutions a#) may be treated independently
for each x fails when t=T,,, where kTpa~Li,
Xexp(—G(0)Tiay, i-€., when the area of the domain of in-
fluence for a single point is larger than the area of the flow
corresponding to realizations with zero stretchifig,,y is 0.01¢

estimated by the expressidi,,~ G(0)™* In[LﬁOWG(O)/K]. 0.1 U 1

X+
B3+
B+

O % X +
3+

<+

0.1t - @

Variance decay rate

[ X

IV. NUMERICAL RESULTS ON STRANGE FIG. 2. Variance decay rate as a functioribfor four different values ofk.
EIGENMODES

In order to support the arguments in Sec. Il about the icated little quantitative sensitivity to the number of steps.

possible shortcomings of the Lagrangian stretching theorlelgor example, the variance decay rate varied by about 2% as

at large times and to provide numerical results as a basis f% . A . i
. ; . - . e number of advection and diffusion steps in each time
comparison in Sec. VI we now consider explicit numerical _ ~. . . .
period increased from the minimum described above.

simulations of the advection-diffusion equation. The decay of the scalar variance in flows sucliZas

We follow previous authors, including Antonset all : . )
) . o . _been discussed by previous authors and our results confirm
and Pierrehumbertjn considering a sequence of alternating,, - . .
their conclusions that the variance decays, on average, expo-

sinusoidal shear flowgwith spatial period 1 irx andy), first nentially for large times and that the decay rate is indepen-

n the>_< direction and then in thy dlr_ectpn. In other words dent of the initial condition. Pierrehumbéorinterpreted this
in the intervaln<t<(n+1) the flow is given by b . .
ehavior as the emergence of a slowest decaying “strange
u(x,n+ 7) =U[f(7) sif2m(y + ¢,) e, eigenmode” of the advection-diffusion problem.
_ . It appears from our results that the decay rgjeof the
*L-f(n]sif2mlx+ gy, ™ variance appears to tend to a nonzero limit as the diffusivity
wheree, ande, are unit vectors ix andy directions, respec- « tends to zero, though from the numerical results it is dif-
tively, and f(7) is defined byf(7)=1 (0<7<1/2) andf(7) ficult to be precise about the form of thedependence. The
=0(1/2<7<1). U is a constant specifying the magnitude finite nonzero decay rate as—0 would not be expected in
of the velocity field. The phaseg, and ¢, are chosen ran- a flow with barriers to advective transport, i.e., mgiayd
domly from one value oh to the next. This ensures that possibly alj time-periodic flows. Pikovsky and Popov;}éh
there are no transport barriers and that the flow is globallydescribe explicit calculations suggesting that the decay rate
chaotic. For the present we impose the condition that théends to zero ag— 0 in such flows.
scalar field has the same spatial periodicity as the velocity For reference, it is useful to record the dependence of
field, i.e., thaty(x,y,t) =x(x+1,y,t) =x(x,y+1,t). variance decay rate od and this is shown in Fig. 2. The
Following Pierrehumbettwe use a “lattice-advection” asymptotic forms ofy, are, for smallJ, y,~ 0.78J2 and, for
method to solve the advection-diffusion problem. The advectarge U, y,~1.47 InU+0.65. The coefficients here have
tion by the sinusoidal shear over one half interval of lengthbeen derived from numerical fit, but the forms of the expres-
1/2 is represented as a mapping on a discrete lattice and ussihtns may be justified analytically.
to update the scalar field. This is followed by another map-  The issue to be considered now is the extent to which
ping on a lattice, representing the effect of a shear in arthis exponential decay is predicted by the Lagrangian
orthogonal direction to the first, followed by a diffusive step. stretching theories. Recall first that certain of these theories
We chose to implement the diffusive step using a Fouriepredict nonlinear dependence anof the decay rate of the
transform method, rather than as a smoothing operation oath moment. In Fig. 3 we show, for various evéh the
the grid, since that allowed a greater range of values of diftypical time evolution of the ratio of thBlth moment of the
fusivity to be used. Most results reported below are for cal-scalar fieldCy to the N/2th power of the second moment
culations on a grid of 1608 1600 points, though sensitivity (C,)"V2. According to these theori&d such guantities should
of increasing the number of grid points was checked and ifncrease exponentially with time. However, this is not what
some casese.g., for large values ob)) the number was is observed. It may be seen from the figure that there are
increased, to a maximum of 508G000. indications of exponential increase up te50 or so, but
This approach to solving the advection-diffusion equa-beyond that there is no further systematic increase. The fluc-
tion is somewhat crude, since the advection and diffusiortuations at later times are associated with the aperiodicity of
steps are both separated and represent effects acting ovethe flow. (The details of the fluctuations vary from one flow
finite time interval, but tests conducted with larger numbersealization to another.
of advection and diffusion steps within each time period in-  The behavior of the ratios is consistent with the obser-
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w
o

independent of. This clearly indicates that the theoretical
prediction of the decay cannot always be corréof. course

the theories are based on the premise that the important
structure in the scalar field is on much smaller scales than
those of the velocity field and large values®fvould there-

fore perhaps not be expected to be in the scope of the theo-
ries. But nonetheless there is significant dependence of the
decay rate orP whenP is not large)

N
(63}

N

—_
o

V. CRAMER RATE FUNCTION FOR DISTRIBUTION OF
STRETCHING FACTORS

Log of scaled moments
o

o

200 An important aspect of the Lagrangian stretching theo-
t ries is that the decay rate is predicted in terms of the Cramer
FIG. 3. Plots of the quantitie€,/C)? as a function of time. For these rate functiopG(-) that governs .the dis.tribUti-on of stretching
resu.lts.the initial scalar field is ’\éivén byp=cos 27X, with U:6.5 andk factors. Estlmgtlon .OG(') by direct simulation of the ran-
=107, dom process is delicate, since, away from the minimum of
G(+), its form is necessarily associated with values that are
realized extremely infrequently.
vation by Pierrehumbettthat the probability density func- Inspection of Fig. 9 of Antonseet al® suggests that the
tions for the scalar fielgscaled by the variangg¢end to an  data used to estimat@(-) is widely scattered on the crucial
invariant form. Further detailed evidence on this point is prepart of the function. The claimed agreement between the
sented by Sukhatme and Pierrehumbert. predicted and measured decay rate is crucially dependent on
An additional aspect of the prediction of decay rate fromthe fitting of a suitable polynomial function to these widely
the Lagrangian stretching theorf&sis that there is no ref- scattered points. Furthermore, the Cramer function plays an
erence to boundary conditions on the scalar field. Howevetimportant role in the theory developed in Sec. VI. We there-
if we consider the decay of the scalar in the floW, but  fore investigate accurate evaluation of the Cramer function
increase the assumed spatial periddf the scalar field rela- in more detail.
tive to that of the velocity, i.e., apply the condition The large-deviation result for the probability density
XXy, ) =x(x+P,y,t)=x(x,y+P,t), then the decay rate is function P(h,t) for h is that
found to depend o, as shown in Fig. 4. tG’(h) \ V2
Note that the values of the decay rate wHers large P(h,t) = (—) exd —tG(h)]. (8)
agree with the estimate é(q-rU/ P)?2 obtained from “homog- 27
enization” theoriege.g., Sec. Il of the review by Majda and Rearranging gives an estimate 6th) as
Kramer*). This estimate may also be obtained by consider-
ing the rate at which variance is transfered out of the gravest G(h) ~ - 1 |n<%/’2t)>
spatial mode in the system. t t

Note that the distribution of stretching factors is inde-\here terms that ar®(t™) or smaller have been neglected.
pendent ofP a_nd the Lagrangian stretching_theories would The probability density functioP(h,t) was estimated
therefore predict the decay rate of the variance to also by tgjowing infinitesimal material ellipses in the flow de-

fined by (7). The most straightforward simulation of the pro-
cess described by the ensemble theories would be to follow a
10 — = large set of such ellipses, each started at a different location
3 x in a single flow(i.e., defined by a single sequengs,, i
; =1,2,..}). But it was found that the convergence of the
ry G(h) estimates generated in this manner was very slow. We
ry - have noted earlier that we are regarding the decay rate of the
variance(and all other momenfsas characterizing almost all
TR realizations of the flow and it follows th&(h,t) should be
e T regarded as applying to the entire set of realisations. There-
0.1% e fore theP(h,t) were instead generated by following line el-
TE X ements in different flowé.e., defined by different sequences
“m {&,4;,i=1,2,..}). This gave a more rapidly convergent es-
001 -, tima’Fe fqr G(h) for smaller times. Figure 5_shows _the ap-
' Scalar field spatial periodicity (P) 10 proximations toG(h) generated by Eq9) at different times.
Convergence of the estimates as time increases is good near
FIG. 4. Variance decay rate as a function of spatial periodiitgr differ- the minimum ofG(h), but not surprisingly, the number of

ent values olJ and . The straight lines indicate the decay rate predicted by realiz"’.‘ti_ons ComribUting to the estimate @(h) away from
considering the transfer of variance out of the gravest mode. the minimum, in particular wher&(h)+h is a minimum,

9

Variance decay rate
E 3
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0.2 . . . . . variance decay rate is not predicted correctly by the Lagrang-
0.181 ian stretching theories for all flows, results from numerical
0.16l simulation indicate that the decay rate is predicted correctly
014h for some flowsl, in particular for the caf=1 considered by
0.12) % Antonsenet al.

< 0.1}
© 0.08} VI. PROPERTIES OF THE SCALAR FIELD IN THE
0.06} STRANGE EIGENMODE PHASE
0.04¢ The results of Sec. IV show that in some cases the decay
0.02¢ rate of the variance cannot be captured by the Lagrangian
0 stretching theories and is determined by the action of the

0 01 02 03 04 05 06 . . .
h flow on the largest scales in the tracer field. This suggests

that the corresponding predictions for wavenumber

FIG. 5. Comparison of the rate functi@ih) for U=0.5 generated from the spectrun]\ and for probability density functions for scalar

Cramer formulg10) using the estimated probability density function of the i 39 ; : ; ;

stretching factors over ten periods with numerical results based on thgoncemratl(??1 nEEd_reexamlnatlon' In _thls section we S_et

asymptotic form forP(h, t) for several different values df out alternative theories for these quantities and test against

the numerical simulations.

significantly decreases as time increases. However estimatés Wavenumber spectrum of scalar field
at moderate times suggest that the difference between the 1140 \wavenumber spectrum of the decaying scalar has

finite-time estimate for the minimum value @&(h)+h and been predicted by Antonsest all based on the Lagrangian
the infinite-time estimate varies as a negative powet.of gyetching theories. The evidence from previous sections is
This can be used as the basis of improved estimatg=0tl, ¢ in some flows at least, this prediction cannot be correct.
for U=0.5, for example, predicted,=0.14, whereas a o yever the corresponding theory for the steady-state forced
simple estimate from the form @#(h,t) for t=80 predicted  roplem(where the spatial contrast in the scalar is forced at
72=0.174. large scalesis useful (see further comments in Sec. Yl

A more direct approach to calculatir®(-) is based on 4 it tumns out that extension is also relevant to the spatially
the probability density function for the underlying random decaying problem of interest here.

variable (which is the logarithmA, say, of the stretching

. : el As explained in Sec. lll, the basis of the Lagrangian
factor over time interval )1 ThenG(-) is given by stretching theories is that a scalar Fourier component
G(h) = sugzh- In(e?*)} (10) with initial form y(kq,0) explikg-x) has at later timet, the

z form  x(ko,0) exp(—«|k(t)[>7) exp(ik(t)-x), where [k(t)]
(the Cramer formulgp =k, cos#e™ and  andh may, at large times, be regarded as

One complication here is that the stretching factor ovefndependent random variables with probability density func-
one time interval is not independent of the stretching historyions M(7) and P(h.,t) respectively. It follows, as for the
in previous time intervals. However a sequence of approxi&XPression), that the power spectrum at tief the scalar -
mations to the probability density function afmay be gen- f|§ld that initially consists of this single Fourier component is
erated by replacing the &) in (10) by Nt In(e?~), where ~ 9iven by
Ay is the logarithm of the stretching factor ovlrtime in-
tervals, and letting\ increase. The moment generating func-  E(K,t) =f
tion may be estimated by calculating the expectation over a
large number of realizations, for randomly chosen initial X cog 6e”") 8(k — ko|cosdle™). (12)
conditions and flow history. Close agreement between est

mates forN=5 andN=10 indicate thatN=10 is sufficiently . by int i 0 andh. using the | deviati
large for the procedure to have converged. The estimate f&mes y integrating over andh, using the farge-deviation
1isymptotic expression fdP(h,t) as described in Sec. Ill to

N=10 is superimposed on Fig. 5 and shows very good agre@_
ment with the estimate frorf®) for t=500, though the latter

o 0 2 d
dhP(h,t) f drM(7) f dé exp(— 2«kaT
0 0 277

0

l'i'he approach of Antonsest allis to evaluate this at large

estimate is useful only close to the minimum @th). The N )

N=10 estimate fo6(h) implies thaty,=0.15. It also appears E(k,t) ~ exp(- Vzt)J exp(- 2kk°r)M(7)dr, (12)
that the relevant value df[i.e., that for whichG’(h)=-1] is 0

very close to zero. where y; is the decay rate of the variance predicted by the

We therefore have that our two most reliable estimates okagrangian stretching theoryNote that the formula for
G(h) for U=0.5 imply, respectivelyy,=0.14 andy,=0.15.  E(k,t) given by Antonseret al is missing the factor of 2 in
It has not been possible to obtain convincing evidence thaihe exg—2«k?7) term] Given that the actual decay ragg is
these are significantly different from the simulated decaynot always equal to the predicted decay raiethe expres-
rate, with part of the difficulty being the extrapolation to  sion (12) cannot always be correct. The arguments given in
=0. Thus, while the results shown in Fig. 4 show that theSec. Il suggest that one problem is that the approximations
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made in the Lagrangian stretching theories apply only forcos 2mx at each time step. Fdd small, the power spectra
finite time. seen in the scalar field simulations fluctuate over time. How-

Consider now the forced case, where scalar variance aver, the predicted power spectrum appears to be within the
wavenumberk, is continually added to the system. As ar- range of these fluctuations. The good agreement between
gued by Antonset al.,* the corresponding power spectrum simulation and theory in the forced case has already been
may be found by integrating E¢11) with respect to time as demonstrated by Antonsest al

follows: The possibility has been raised by the results in Sec. IV
t w o that in some cases the decay rate is determined at large
E(k,t) :f dsf dhP(h,t - S)f dM(7) scales. This motivates a heuristic extension to the freely de-
- Jo 0 caying case of the above theory for the spectrum in the
27 4p forced case, by regarding the variance at low wavenumbers
X f — exp— 2Kk(2)TCOSZ fexp h(t-9)) as providing a forcing whose variance decays exponentially
o 2m in time as exp-y,t). For the freely decaying problem, we
X 8(k — ko|cos6|e"t™9) therefore expect the spectrum to be predicted a similar ex-
. . . o pression to(13), but including a term expy,S) in the
:f dsf th(h,s)f dTM(T)J do s-integral to account for the time decay:
0 0 0 0o 2m t @
xexp(- 2xkir cog 6 exp 2hs) E(kp = j_x dsexp(- yzs)Jo dhRh,t-9)
X 8(k - ko|cos 6]€). (13) oo 27 4g ,
The second expression is independent of time, implying that Xfo dTM(T)JO 2 exp( 2rkoT
the forced power spectrum evolves to a steady state, in which
the variance added at the low wavenumkgis balanced by xcos gexp A(t-s))
the variance dissipated at high wavenumbers. For gkien X 8(k - ko|cos 6]e"t9). (15)

the integral is dominated by the contribution from finge

since the transfer of scalar variance from the forcing waveAs in the derivation o{13) for the forced case, the potential
numbersk, to any finite higher wavenumbds takes place breakdown of approximations leading (ttl) at large time is
over a finite time scale. Thus it is the finite-time behavior ofcircumvented by the fact the integrél5) is dominated by
(11) that determines the form @fL3), and(13) is therefore finite times.

potentially useful whether or not the validity ¢f1) breaks Integrating overs as before gives
down at large times(Again, see further discussion in Sec.
VL) e thsz daf ( )yzlh
: E(k,t
Integrating thes function overs gives (k)= h\ ko|cos¥|
2
T dé In(k/ko|cos 6 In(k
e - f f i P( (i |>> Xp<h7 n( ,k0|coso|>)
h h
Xj d7M(7) exp(— 2kk?7). Xf d™M(7) exp(— 2«k?7).
0 0

For sufficiently largek, the probability density function fdt ~ This integral may now be estimated by writing the second
may, in this case, be approximated By- 6(h—h,,¢), where  two terms in theh integral as exp-In(k/ky|cosé|)(G(h)

ha.g is the mean stretching rate, so that —7v,)/h] and noting that the dominant contribution comes
m from h=h., whereG(h:)-h.G’(h.)-y,=0 (following Reyl,
1 In(k/ 0
f dh—P(h n(kkglcos D) = i Antonsen, and O who considered the analogous problem
o N h havg for magnetic fielgl Then, providedy,<h.+G(h.) (so that
hence the singularities ofcosg|(¢)-r2/M gre integrable irg) this
gives
E(k,t) ~ f d7M(7) exp(— 2«k?7). (14) , %
khavgJ o E(kt) ~ e 72k 1C'(h) f drM(7) exp(- 2«xk?7),  (16)
0

This is the well-knowrk™* Batchelor spectrum, modified by

diffusion. (See also Yuaret al,'® Haynes and Vannestd)  i.e., a similar form as for the forced case, but with a time-
The accuracy of this prediction has been tested by generatirdecay factor and with a different exponent for the powek of
M(7) numerically and using it to calculate the predictedoutside the integral. Note that the spectrum in the decaying
E(k,t). The predictedE(k,t) is close to theE(k,t) measured case is shallower than that in the forced case, and i

in scalar field simulations for a variety of different values of sufficiently small that there is a range lo¥ k, such that the

« and U. In the simulation the forcing is implemented by exponential decay factor can be ignored then the spectrum is
adding to the scalar field an increment proportional toa power law with exponent —1G’(h.), analogous to that
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18 - \ \ \ \ \ \ form. Numerical results indicate that for certain parameter
values part of the spectrum may be approximated as an ex-
ponential function, but no more than that.

The approach to calculating the spectrum outlined above
is heuristic, but gives results in good agreement with numeri-
cal integration. A more rigorous approach is possible in
which the change in the spectrum or second-order structure
function over some finite time is considered and combined
with the assumption of an exponentially decaying mode.

B. Probability density function for scalar
concentration

The probability density function for the scalar concen-
tration may be straightforwardly evaluated from results of
2 : : L : L L ! . numerical simulations. At large times the probability density
log (wavenumber) functions have long tails and can be strongly asymmetric,

i.e., with a longer tail for positive values of scalar concen-
FIG. 6. Waver_lumbe_zr spectra at_Iarge times, suitably normalized, for 2048rations and a short tail for negative values, or vice versa.
X 2048 numerlcal simulations with=0.5 andP=1,3,5,7. The graphs are The tails are subject to fluctuations, so that the probability
offset with P=1 the uppermost an&=7 the lowermost. For eacR two density function can change over time from having a lon
cases are shown, one wit=10"7 and the other withc=3x 108, to give a > y ) " 9 . ) ) 9 9
sense of the effect of diffusivity. The significant differences between decaypositive tail to having a long negative tail, and vice versa.
rates forP=5 andP=7 on the one hand arf=1 on the other, suggests that The probability density function for the modulus of concen-
the formula(16) applies to the former two cases. The numerically calculatedtrati(._)n becomes approximately self similar at |arge times. in
decay rates and the functi@-) shown in Fig. 5 imply that the prefactor of th that iatel lizing th t f’th
the expressioli16) should bek% for P=5 andk™°8 for P=7. Correspond- e senge a gppropng ely nQrma 1ZIng the arggmen orthe
ing dashed lines are superimposed in the figure. probability density function by its standard deviatida take
account of the fact that the scalar field is decayipigpduces
a function that is approximately time independent. Explicit
results are shown by PierrehumBernd Sukhatme and
found by Feredat al® in the one-dimensional baker map Pierrehumbert? The self-similar form of the probability
' density function is consistent with the linear dependence on

problem. « of the decay rate of theth moment
In a case wherey is correctly predicted by the Lagrang- From (2) we need to consider the probability density

ian stretching theories, thep,=h.+G(h.) and G'(h.)=-1 . .
and the singularities are not integrabledinalthough a naive function for the quantity
interpretation of the previous result would be that the expo-
nent ofk is in that case zero, matching the Antonsgral!

result. [The requirement for integrability i@ may alterna-

tively be interpreted as implying that the actual decay fate x(x,1) :f dyxo(y)G(x,t,y,0). (17)
can be no larger than that predicted by the Lagrangian

stretching theorie¢E. Ott, personal communication; Tsaeg We have noted in Sec. Il that the evolution of this quan-

al., paper in preparatioh If vy, is very small, as it would be, tity falls into four stages. For regimes | and Il it remains
for example, in the case studied in Sec. IVAfwas very roughly constant, then in regime Ill it decays as the domain
large, thenh. is very close to the minimum o6(-) and  of influence forms an elongated filament that samples many
G'(h.) is also very small. Thus iP increases from iwhen values of the initial concentratiogy(x,t). Finally in regime

the Lagrangian stretching theory prediction is apparently corlV, on the evidence presented in Sec. 1V, it appears that the
rect, or at least very accuratt a large value, the power of integral will decay exponentially at a raty, (y, is the

k appearing as a prefactor {@6) is predicted by the above decay rate of the variangéhat is independent of. We ex-
calculation to decreases from zero towarets. Spectra gen- pect that the time spent in regimes | and Il is strongly de-
erated by numerical simulations f®=1, 3, 5, 7 shown in pendent orx (it will be long for backward trajectories that
Fig. 6 appear generally consistent with this prediction, if weexperience little stretchingnd that the time spent in regime
consider that the casdés=5 andP=7 (for which the decay Il is more weakly dependent ox (since the filamental do-
rate is significantly different to that foP=1 andP=3) are  main of influence experiences stretching histories for many
not described by the Lagrangian stretching theory. Howeveindependent backward trajectories in this regime

the effects of diffusivity limit the range of wavenumbers for PierrehumbePtand Sukhatme and Pierrehumbétave
which power-law behavior is relevant. The full predicted characterized the tail of the probability density function as
form (16) may be calculated and is in good agreement with"stretched exponential” but we argue below that the tail is in
results of explicit numerical simulations for many values offact algebraic. The arguments given by Pierrehunibfert

U and . Note that Pierrehumbérsuggested that the spec- the probability density function are based on the Lagrangian
trum of the strange eigenmode appeared to have exponentisiretching histories and therefore apply only to regimes | and

Downloaded 23 Nov 2008 to 132.239.127.60. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



4368 Phys. Fluids, Vol. 16, No. 12, December 2004 D. R. Fereday and P. H. Haynes

II. Indeed Sukhatme and Pierrehum%apply these argu- 1T
ments only to their early-time and intermediate-time re-
gimes. 01l

In order to capture the decay beyond regimes | and Il we
make the following hypothesis. A random variable represent-  0.01|
ing the concentrationy(x,t) at large times may be con-

structed in the fornZ expl -3 y,(t-T.)] whereZ is a random 0.001}

variable that represents the variationygfx) and also varia-

tion associated with the passage through regimdilbn the Te-4t

other hand, is a random variable representing the time spent

in regimes | and . If the tails of the distribution & decay 1e-5

sufficiently rapidly then the tails of the distribution of con- 16-6 _ . N
centration will be dominated by the tails of the distribution 0.01 0.1 1 10 100

of exg3y,T.).

The variableT. is precisely the variable that appears in FIG. 7. Probability density function dfy| generated by numerical simula-
the forced problem considered by Balkovsky and Fouxon tion, for different values ofJ. The straight line indicates &3 power law.
[defined by their Eq(4.4)], where it is the time over which
the forcing must be integrated to give the value of scalar ) ) o )
concentration. Balkovsky and Fouxbhave argued that its _ Finally, consider the effect of diffusivity on the probabil-
probability density function at large values may be approxi—'ty denS|_ty function. From the above |t_app_e§1rs that the form
mated byC exd-G(0)T.], whereC is a constant an@(-) is of the tails should not depend on the diffusivity. However the
the Cramer function for the stretching rates, introduced irff9Ument given at_tlhe er21d of Sec. Il suggests Thanay be
Sec. Ill. If follows that the probability density function for NO larger tharG(ZO) In[L G(C/JZ)G/ ’g] and hence thaf may be
¢=exp1y,T.) may be approximated by 20/%, implying ~ "° larger thariL3,,,G(0)/ x]2?¢©_ The diffusivity therefore

that the probability density function for concentration hasd®términes the position of the cutoff in the tail in the prob-
tails that are algebraically decaying. ability density function and increasing the diffusivity moves

An alternative argument for the form of the tail of the the cutoff to smaller values. B(0)/ y,=1, then the value at

probability density function, which exploits the self- Which the cutoff occurs is proportional to_llz'_The numeri-
similarity, is as follows. Consider the evolution of the pdf cal results shown in Fig. 8 are consistent with these theoret-

between the timeg andty+7, wheret, is taken to be suffi- ical predictions.

ciently large that the scalar field has evolved into the long

time eigenmode regime. Let the probability density functionVIl. DISCUSSION AND CONCLUSIONS
for scalar concentration at tintebe denoted byP(c,t). As-

: T . ST The conclusion of this paper is that, in the initial-value
suming self-similarity, as discussed above, implies that pap

problem, the predictions of Lagrangian stretching theories
Pc,ty+T) = e727727?(ce72772,t0). (18) for the statistics of the scalar field are incorrect in that they
do not capture all aspects of the evolution of the scalar field
Now consider the region of influence of the Green'sat large times. The reason is that some aspects of the large-
function G(x,to+7,y,to) that relates the scalar field at time time behavior depends on behavior of solutions of the
to+7 to that att,. By the arguments given in Sec. lll, the advection-diffusion equation that is not captured by a local
largest values of scalar concentration at titpe7 will be
associated with those pointsfor which the region of influ-
ence of the Green’s function is in regime | or Il, rather than
[Il or IV. The proportion of suchx is, by the arguments of
Balkovsky and Fouxon mentioned above, proportional to
exp(—-G(0)7). Assuming that there is no correlation between
the regions of influence of suchand the scalar field at time 0.011l
to, it follows that

1}

0.1¢

0.001}
P(c,ty+T) ~ € COTP(c 1) (19)

for the tails of the scalar pdf. Combining E@.8) and (19) fe-4t

implies thatP(c,ty) ~c™#, where8=1+2G(0)/ vs. 1e-51
Probability density functions evaluated from the numeri-

cal simulations are shown in Fig. 7 and 8 and are clearly 1e-g . .

consistent with the above prediction of algebraic tails. Fur- 0.01 0.1 1 10 100

thermore the calculate®(-) curves presented in Sec. V

- ; FIG. 8. Probability density function dfy| generated by numerical simula-
showed tha’G(O)/'yZ 1 for the flows considered here, and tion, for different values of. Once again the straight line indicates-8

hence imply Fhat82—3. Again, this appears to be in good power law. The variation with diffusivity of the cutoff in the probability
agreement with the numerical results. density function at large values agrees well with the theoretical prediction.
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analysis. These conclusions are supported by the first prirthe same as the scale of the flow. However the analysis pre-
ciples arguments of Secs. Il and lll, by the demonstratiorsented in this paper suggests that some modification is
that decay rate of th&lth moment of the scalar ultimately needed to take account of the maximum possible value of the
decays at a rate proportional kb (Fig. 3) and by the dem- time T« spentin regimes | and Il. For example, including this
onstration that the decay rate depends on the boundary coim the analysis of Balkovsky and Fou>(°b'rmp|ies that the
dition applied by the scalar fieldrig. 4). However compari- predicted exponential tails to the probability density function
son between predicted decay rates based on a carefidr the scalar concentration have a cut-off at a value of con-
calculation of the Cramer functioG(h) and decay rates in centration that is proportional tin(L#,,G(0)/ ], not pro-
simulations indicates that the Lagrangian stretching theorieportional toLﬁOWG(O)/K as suggested previoushysince the
do for some classes for flows predict the correct decay rate ofalue of concentration at which the exponential tails appear
the variance. Why the decay rate is predicted correctly fohas a similar dependence anthis might imply that the tails
some flows and not for others is under investigaiidsang are in practice difficult to observe and in that respect would
et al, Haynes and Vanneste, papers in preparatibhe ar-  be consistent with numerical results in Ref. 9. This topic will
guments of Secs. Il and Il have been used to derive updatelde analyzed more carefully in future work.
theories for the wavenumber spectrum of the scalar field and It follows from our conclusions that “verifications” of
a theory for the probability density of the scalar concentrathe Lagrangian stretching theories for the initial value prob-
tion, which have been shown to be in good agreement withem by comparison with numerical simulation or experiment
numerical simulation. These derivations exploit some aspectseed to be interpreted with care. Note, in particular, the paper
of the Lagrangian stretching theories but, crucially, only inof Groisman and Steinberd, cited by Falkovichet al,**
representing the action of the flow over finite timgsrre-  which describes experiments where an elastic flaigholy-
sponding to regimes | and Il as described in Sec. Il mer solution flows down a contorted pipe and hydrody-

The discussion so far has focussed on the initial-valusmamic instabilities driven by the elasticity give rise to effi-
problem. The Lagrangian stretching theories have also madgent mixing. The mixing of a scalar is followed by dyeing
predictions about the forced problem, i.e., when the evolupart of the flow at one end of the pipe and analyzing the
tion equation for the scalar concentration is variation of the dye field along the pipe. There is therefore a
rough analogy between distance along the pipe in the experi-
ments and time in the initial value problem and Groisman
and Steinberg base their comparison between experiments
and theoretical predictions on this analogy and present evi-
dence that the decay rate of the moments of the dye concen-
tration along the pipe is a nonlinear function of the index of
the moment in agreement with the Lagrangian stretching

t theories. But the evidence presented above and in
x(x,0) :f dsf dy$(y,s)G(x,t.y,s), (21 pierrehumbeftand Sukhatme and PierrehumBis that the
- decay rate should be a linear function of the moment index.

where the Green’s function is as defined in Sec. II. Note thasroisman and Steinberg also present the pdfs of dye concen-
the solution now involves a time integrédver all previous tration and show that they have exponential tails, claiming
times as well as a space integral. agreement with the Lagrangian stretching theories. But the

Following the discussion given in Sec. Il, we expect theLagrangian stretching theories predict exponential tails only
integrandfdy ¢(y,s)G(x,t,y,s) to remain roughly constant for the forced problem and we have shown above that in the
ass decreases through regime | and Il, until the domain ofinitial value problem the tails are actually algebraic. Other
influence onx att is a filament of length comparable to the experimental investigations, e.g., Julien, Castiglione, and
length comparable to the length scale on whiblx,t) var- Tabeling19 have attempted to identify properties predicted for
ies, after which the integrand will decrease rapidly. If thethe forced problente.g.,k™ spectrum, exponential tails for
length scale of the forcing is less than that of the flow, therprobability distributiony by selecting a suitable time during
the value ofs at which the integrand begins to decay rapidly an initial value problem(The forced problem is very diffi-
will lie within regime 11 otherwise it will lie precisely at the cult to realise in laboratory experimenta. further important
boundary of regime 1l and regime Ill. But once regime Il point (perhaps more important than those raised apove
has been entered, the integrand will certainly be decreasingoted by Chertkov and Lebed\s that the no-slip condi-
rapidly ass decreases. This suggests that the Lagrangiaton relevant in laboratory experimendsut not neccessarily
stretching theories will be able to capture some of the leadin numerical simulations or in geophysical contgxtsay
ing order behavior of the scalar field, since the approximat&ignificantly effect the decay. Any theory that is to be use-
form of G(x,t,y,s) on which the ensemble theories rely is fully compared to the experiments must clearly take this into
valid for almost the entire range &fwhich dominates the account.
integral (21). At first sight, then, we have no reason to dis-
agree with many of the predictions concerning the statistics, ckNOWLEDGMENTS
of the scalar concentration field in the forced problem made
by Balkovsky and Fouxohand others. Indeed these predic- Conversations(many at the 2001 Cargese Summer
tions seem likely to hold even if the scale of the forcing is School on transport and mixing directed by B. Legrasd

xe +UX,b) . Vyx — kVax = d(x,1) (20)

with the forcing ¢(x,t) a given function of space and time.
Again it is useful to assume that the integral¢(ix,t) over
the domain is zero.

The solution to(20) may be written as
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correspondence with G. Falkovich, R. Pierrehumbert, Abeen in the absence of a velocity gradiéntwhich case it
Schekochihin, J. Sukhatme, T. Tel, J. Vanneste, and M. Vewould have increased linearly at ratec s s decreased
gassola are gratefully acknowledged. Comments by E. Ott ofrom t).

a previous version of the paper were very helpful, particu-

larly in arriving at the formulg16). D.R.F. was supported by

a Ph.D. studentship from the UK Natural Environment Re-that

search Council while carrying out this work.

APPENDIX: LOWER BOUND ON AREA OF DOMAIN
OF INFLUENCE

We consider the solution t¢4). First note that the de-
pendence ox andt is purely parametric. We therefore sup-
press thex andt dependence and regasdsolely as a func-
tion of s. Then, following solution of the forward time
advection-diffusion problerﬁwe note that there is a solution
of the form G(r,s)=(detA)Y2exp—rTA-r), where A is a
symmetric tensor. It is convenient to define the tenBor
=[rr G(r,s)d? and it follows thatBjA;=4y and thatB
=oB+BTo"-2«l, with B—0 ass—t".

Now note that(detB)s=(B;;)Cij, whereCj; is the cofac-
tor of B;;. Hence

(detB)S: UikBijij + O-jkBikCij - ZKC”

= O-ik5ik detB + O-jkaik detB - 2KC” =-2kC;

i

It follows that the area of the domain of influence of any
point must be at least as large as the area of the flow domain
has experienced zero stretching whet(t—s)
=L3,, exd-G(0)(t-9)].
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