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This paper considers the decay in time of an advected passive scalar in a large-scale flow. The
relation between the decay predicted by “Lagrangian stretching theories,” which consider evolution
of the scalar field within a small fluid element and then average over many such elements, and that
observed at large times in numerical simulations, associated with emergence of a “strange
eigenmode” is discussed. Qualitative arguments are supported by results from numerical simulations
of scalar evolution in two-dimensional spatially periodic, time aperiodic flows, which highlight the
differences between the actual behavior and that predicted by the Lagrangian stretching theories. In
some cases the decay rate of the scalar variance is different from the theoretical prediction and
determined globally and in other cases it apparently matches the theoretical prediction. An updated
theory for the wavenumber spectrum of the scalar field and a theory for the probability distribution
of the scalar concentration are presented. The wavenumber spectrum and the probability density
function both depend on the decay rate of the variance, but can otherwise be calculated from the
statistics of the Lagrangian stretching history. In cases where the variance decay rate is not
determined by the Lagrangian stretching theory, the wavenumber spectrum for scales that are much
smaller than the length scale of the flow but much larger than the diffusive scale is argued to vary
ask−1+r, wherek is wavenumber, andr is a positive number which depends on the decay rate of the
varianceg2 and on the Lagrangian stretching statistics. The probability density function for the
scalar concentration is argued to have algebraic tails, with exponent roughly23 and with a cutoff
that is determined by diffusivityk and scales roughly ask−1/2 and these predictions are shown to be
in good agreement with numerical simulations. ©2004 American Institute of Physics.
[DOI: 10.1063/1.1807431]

I. INTRODUCTION

Several recent papers1–4 have used theories based on the
statistical distribution of stretching histories following fluid
particles to predict the evolution of passive scalars(undergo-
ing advection and diffusion) in large-scale flows in the large-
Peclet-number limit(i.e., weak diffusion). These theories
predict the evolution of a range of measures of the scalar
field, including probability distributions for both the scalar
concentration and its gradient, structure functions and spatial
power spectra, in both the case of a freely evolving initial
value problem and the case of a forced problem where the
scalar field reaches a statistical equilibrium. We refer to these
theories as “Lagrangian stretching theories.”

By “large-scale flow” we mean that the velocity field has
a well-defined smallest spatial scale that is much larger than
the smallest scale attained by the scalar field(the latter scale
being determined jointly by advective stretching and diffu-
sion). One example is the “Batchelor regime” of three-
dimensional turbulence, in which the Schmidt number(the
ratio of the momentum diffusivity to the scalar diffusivity) is
large, so that the minimum scale of the velocity field, the
Kolmogorov scale, is larger than the minimum scale of the
scalar field. Another is that commonly known as chaotic
advection,5–7 where velocity fields, e.g., time-periodic fields,
with simple spatial structure give rise to scalar fields with

very small scales. Conversely, an example of a flow that is
not “large-scale” is three-dimensional turbulence when the
scalar diffusivity is of the same order of magnitude as the
momentum diffusivity(or larger than it).

The important differences between large-scale flow and
other cases are emphasized in the review by Falkovich,
Gawedzki, and Vergassola4 (who use the terminology
“smooth” and “nonsmooth”). We note here that while large-
scale flow is more tractable than other cases and is not di-
rectly relevant to fundamental theoretical issues in three-
dimensional turbulence, it has many practical applications,
e.g., in flows in the atmosphere, ocean and Earth’s interior
and in important classes of chemical engineering problems.

The Lagrangian stretching theories exploit the difference
in scale between the velocity field and the scalar field to
argue that, by transforming to a frame of reference moving
with a relevant fluid element, the problem for the scalar field
is equivalent, locally, to that for a scalar field in a flow that is
a linear function of space. This problem may be solved for a
given stretching history, i.e., a given time history of the ve-
locity gradient tensor for the linear flow, and then the statis-
tics of the scalar field deduced by considering all realization
of the stretching history, i.e., following all possible fluid el-
ements.

A recent paper by Feredayet al.8 throws doubt on the
validity of the Lagrangian stretching theories for predicting
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decay rates in the initial-value problem. That paper considers
a prototype one-dimensional problem in which advection is
represented by a baker’s map, but notes the significance of
disagreements between local stretching theories and explicit
calculations of scalar decay in two-dimensional flows by
Pierrehumbert,9 who demonstrated the emergence of a domi-
nant exponentially decaying structure in the scalar field that
he called a “strange eigenmode.”9,10 In mathematical terms
the decay rate is determined by the eigenvalues(or more
strictly the Liapunov exponents) of the advection-diffusion
operator(in the limit of small diffusivity). See Childress and
Gilbert11 and Sukhatme and Pierrehumbert12 for more details
on the mathematical background. Sukhatme and
Pierrehumbert12 demonstrate inconsistencies between the nu-
merical results and the Lagrangian stretching theories, par-
ticularly that at large times the behavior of higher moments
of the scalar field predicted by the theories2–4 are inconsistent
with the probability distribution function for values of the
scalar field implied by the simulations.

This paper further considers the initial-value problem for
scalars in large-scale flows. It shows that the Lagrangian
stretching theories cannot always predict the long-time decay
rate of the strange eigenmode. It generalizes a previous the-
oretical prediction for the scalar wavenumber spectrum and
gives a theoretical prediction for the probability density
function for the scalar concentration and compares the pre-
dictions with numerical simulations.

The structure of this paper is as follows. Section II gives
a general discussion of the advection-diffusion problem, with
the aim of clarifying both the progress allowed by the La-
grangian stretching theories and the limitations of such theo-
ries. Section III summarizes the predictions of the Lagrang-
ian stretching theories. Section IV describes numerical
simulations of the initial-value problem for the advection-
diffusion problem in two dimensions, following previous
work in this field by using a flow that is aperiodic in time.
Section V considers the Cramer “rate function” describing
the probability distribution of stretching factors, which plays
a central role in the Lagrangian stretching theories and is also
important for the results presented here. Section VI exploits
the previous discussion in Sec. II of the paper to present an
updated theory for the wavenumber spectrum of the scalar
concentration field and a theory, compared against numerical
simulation, for the probability density function for the scalar
concentration. Section VII discusses the results of the paper
and their implications.

II. ADJOINT PROBLEM FOR INITIAL VALUE
PROBLEM AND IMPLICATIONS

We consider the initial value problem for the advection-
diffusion equation, i.e.,

xt + usx,td . ¹xx − k¹x
2x = 0 s1d

with xsx ,td the scalar concentration,usx ,td the velocity field,
assumed to be a given function of spacex and timet and to
be incompressible, andk the diffusivity, assumed constant.
Equation(1) is to be solved given the initial condition that
xsx ,0d=x0sxd, wherex0 is a given function of space. With-

out loss of generality we shall assume that the integral of
x0sxd over the domain is zero.

The solution to(1) may be written as

xsx,td =E dyx0sydGsx,t,y,0d s2d

where the Green’s functionGsx ,t ,y ,sd is the solution to(1)
with initial condition xsx ,sd=dsx−yd.

One important property ofGsx ,t ,y ,sd is that it is not
only the solution of an advection-diffusion equation in which
x andt are space and time variables andy ands are variables
indicating where and when the function defining the initial
conditions is to be evaluated, but it is also the solution of an
adjoint advection-diffusion equation in which the roles of
these two pairs of variables are reversed. ThusGsx ,t ,y ,sd is
also the solution to the equation

xs + usy,sd . ¹yx + k¹y
2x = 0 s3d

with initial condition xsy ,td=dsy−xd. Note that the sign of
the diffusive term in(3) is reversed relative to that in(1),
implying that just as(1) may be integrated only forward int,
(3) may be integrated only backward ins.

It follows from (2) that the value of tracer concentration
at a particular pointx and at timet is a weighted integral
over the initial field, where the weighting function is the
Green’s functionGsx ,t ,y ,sd, determined by backwards inte-
gration ins of (3) from time s= t to time s=0, with “initial”
condition thatGsx ,t ,y ,td=dsy−xd.

The relation between(1)–(3) is well known, but we re-
iterate it here since it provides a framework in which to
analyze solutions of(1) in which the relation between and
the limitations of different approximation procedures can be
made absolutely clear.

Familiar physical intuition on the advection-diffusion
equation, applied to(3) may be used to predict the evolution
of Gsx ,t ,y ,sd ass decreases fromt. It is useful to consider
the region ofy space whereGsx ,t ,y ,sd takes significant val-
ues, i.e., the region that gives a significant contribution to the
integral in (2), as the “domain of influence” onx (at time t)
and to identify ranges oft−s in which the domain of influ-
ence has different characteristics.

For t−s small enough(defined here as regime I), diffu-
sion dominates and the domain of influence spreads isotro-
pically. Then fort−s*Sloc

−1 (defined here as regime II), where
Sloc is the time-averaged stretching rate following the back-
wards trajectory fromx, advection becomes important and
domain of influence onx is stretched in the form of a ellip-
tical filament, whose width remains at an equilibrium width
of order sk /Slocd1/2 determined by the balance between ad-
vection and diffusion and whose length increases exponen-
tially with t−s as sk /Slocd1/2eSlocst−sd. Regimes I and II are
well described by an analysis in a coordinate system where
the origin follows a fluid particle trajectory backwards in
time from the pointx and the velocity field is approximated
as a linear function of space. We discuss this in more detail
in Sec. III.

Eventually, however, the length of the filamentary region
corresponding to the domain of influence reaches the length
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scale Lflow on which the flow varies. This occurs when
sk /Slocd1/2eSlocst−sd,Lflow, i.e., t−s, 1

2Sloc
−1 lnsSlocLflow

2 /kd. At
this stage the velocity field can no longer be approximated as
a linear function of space and the filamentary region begins
to curve and fold(defined as regime III). It therefore seems
unlikely this regime can be fully captured by theories that
follow the stretching histories of individual fluid parcels and
approximate the velocity field as a linear function of space.

The details of what happens subsequently depends on
the transport and mixing properties of the flow. Here we shall
consider flows that are globally mixing in the sense that a
small material area is deformed by the flow such that at
sufficiently large times it intersects an arbitrarily chosen area
in the flow domain. In other words we shall assume that
there are no transport barriers(barriers to purely advective
transport) that divide the flow into disjoint regions. It follows
that the filamentary area corresponding to the domain of in-
fluence of any pointx is repeatedly stretched and folded ass
decreases fromt until it covers the whole domain. The period
during which the filamentary area visits only part of the do-
main will be regarded as belonging to regime III. The final
regime, beyond the time at which domain of influence has
expanded to cover the whole flow domain, is defined as re-
gime IV. The structure of the domain of influence in this final
regime might be described as “packed filaments” in the ter-
minology of Sukhatme and Pierrehumbert.12 The different
regimes of behavior are depicted schematically in Fig. 1.

In regime III the domain of influence samples stretching
rates associated with many parts of the flow and an estimate
for the time spent in regime III, i.e., the time taken for the
area of the domain of influence to increase toLflow

2 , is given
by 1

2Sglob
−1 lnsLflow

2 Sloc/kd, whereSglob is the stretching rate av-
eraged over the entire flow.

Note that if there are transport barriers in the flow, then
the domain of influence of a given point will eventually
cover the whole flow domain, but the time scales for pen-
etration of the barriers by the domain of influence will de-
pend strongly on the diffusivityk.

Now consider the implications for the evolution of the
concentration, which is a weighted integral of the initial con-
centration field over the domain of influence. Denote the
length scale of variation of the initial scalar fieldx0sxd by
Lx0

. At early times(regimes I and II) the domain of influence
on x has a scale much smaller thanLx0

. In other words, it is
as if the functionGsx ,t ,y ,0d is a d function, as it would be
for all time in the case where diffusivity was zero. At these
early times, therefore, advection dominates the evolution of
the scalar field(even though diffusion plays an important
role in determining the size of the small but finite region in
which G is significantly different from zero), and, if
Gsx ,t ,y ,0d was in regime II for allx, the probability density
of scalar concentration, for example, would be that implied
by the initial condition.

The effect of diffusion on the scalar field atx is felt
when the domain of influence onx has evolved to a filament
whose length is comparable toLx0

. Beyond this stage there is
increasing cancellation in the integral from different parts of
the domain of influence(recall that the integral of the initial

concentration field over the domain has been assumed to be
zero) and hence decay in time.9 This occurs within regime II
only if Lx0

is significantly less than the length scale of the
velocity field Lflow. This case is the primary focus of
Sukhatme and Pierrehumbert.12 In this case calculations
based on the local stretching theory can give useful quanti-
tative information on the decay of the concentration, at least
until the end of regime II is reached. Otherwise, ifLx0
,Lflow, the diffusive effects are felt precisely when regime II
ends and the approximate description of the functionGs·d by
the local stretching theory breaks down.

In regime III the decay of the tracer continues to be
governed by the way in which the filamentary domain of
influence samples the initial condition and the fact that there
is increasingly good cancellation from different parts of the
domain. By regime IV the idea of a domain of influence is
less helpful and it is better to think of the small remaining
inhomogeneities ofGsx ,t ,y ,sd as determining the value of
xsx ,td, given the assumption that the integral ofx0sxd over
the flow domain is zero. We suggest that the decay ofxsx ,td
in this regime is essentially independent ofx. The evidence

FIG. 1. Schematic diagram showing, iny space, the different regimes in the
evolution of the Green functionGsx ,t ,y ,sd ass decreases fromt. Regime I:
ft−s!Sloc

−1g Diffusion dominates and the domain of influence spreads isotro-
pically. Regime II:fSloc

−1 & t−s!
1
2Sloc

−1 lnsSlocLflow
2 /kdg The domain of influ-

ence is determined by diffusion and the local stretching experienced along
the backward trajectory fromx. (S

loc
is the time-averaged stretching rate

following the backward trajectory.) Regime III: f 1
2Sloc

−1 lnsSlocLflow
2 /kd& t−s

&Sglob
−1 lnsSlocLflow

2 /kdg The domain of influence has the form of a filament
whose length is larger than the length scale of the flowLflow and which
therefore experiences stretching corresponding to several different backward
trajectories, represented by an average stretching rateSglob. Regime IV: ft
−s*Sglob

−1 lnsSlocLflow
2 /kdg The domain of influence covers the whole flow

domain, though the functionGsx ,t ,y ,sd is not homogeneous. The elliptical
curves are schematic contours of a possible initial condition(applied att
=sd with the dotted curve indicating negative values and the dashed curve
indicating positive values. The concentration atx at timet due to this initial
condition is the weighted integral of the initial concentration field over the
domain of influence.
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from numerical solutions(see Sec. IV, Pierrehumbert9 and
Sukhatme and Pierrehumbert12) that the integral(2) decays
exponentially with time during this regime and that the rate
of exponential decrease at large times is independent of ini-
tial conditions is entirely consistent with this. While it seems
rather clear that the local stretching theories cannot capture
all aspects of the behavior in regimes III and IV, it cannot be
immediately assumed that all of the predictions of these
theories are incorrect. This point will be discussed further
later in the paper.

III. LAGRANGIAN STRETCHING THEORIES

During regimes I and II above the behavior of
Gsx ,t ,y ,sd may be captured by assuming that that the flow is

a linear function of x. Writing Gsx ,t ,y ,sd= G̃sx ,t ,r ,sd,
wherer =y−Xss;x ,td andXss;x ,td is the position of a dif-
fusionless fluid particle at times that is atx at time t, it
follows that (3) reduces

G̃s + fsss;x,td · r g¹r G̃ + k¹r
2x = 0, s4d

where G̃→dsr d as s→ t− and sss;x ,td==yusy ,sduy=Xss;x,td.
[In other words, ass decreases fromt, sss;x ,td is the veloc-
ity gradient tensor evaluated along the backwards particle
trajectory starting fromx.]

Note that to each pointx there corresponds a different
backward trajectoryXss;x ,td and hence a different stretch-
ing history defined by the variation ofsss;x ,td. The basis of
the Lagrangian stretching theories is that the statistical prop-
erties ofxsx ,td (with different values ofx taken as different
realizations) may be predicted by considering that, for differ-
entx, sss;x ,td is a different realization of a random function
and hence that statistical properties overx are equivalent to
statistical properties over all realizations of this random
function.

To make straightforward relation with previous work, we
here consider the forward-in-time equation corresponding to
(4). [But exactly the same conclusions follow from solving
(4) itself.] This may be solved in terms of a time-dependent
Gaussian function of space, which is the approach used by
Balkovsky and Fouxon.3 An alternative, but entirely equiva-
lent approach, used by Antonsenet al.,1 is to consider
sinusoidal solutions of the form xsx ,td
=Refx̂sk0,td expfikstd ·xgg, where dk /dt=−k .s, with ks0d
=k0 anddx̂sk0,td /dt=−kukstdu2. If the flow is stretching then
kstd may be divided into two parts, one of which is exponen-
tially increasing and the other of which is exponentially de-
creasing, so that kstd=sk0·e0

+de+stdeht+sk0·e0
−de−stde−ht

wherefe0
+,e0

−g andfe+std ,e−stdg are pairs of orthonormal unit
vectors andh.0. To be precisee0

− is the direction att=0 of
a solutionkstd that shrinks in forward time ande+std is the
direction att of a solutionkstd that shrinks in backward time.
(Note that h is usually t-dependent.) It follows that, at
large times, x̂sk0,td. x̂sk0,0d expf−ksk0·e0

+d2e0
t dt8e2hst8dt8g

. x̂sk0,0d exps−kuk u2td wheret=e0
t dt8e2hst8dt8−2hstdt.

The integral definingt is dominated by times close tot
and Antonsenet al.1 argue that in the large-t limit it is there-

fore independent ofh, which depends on the entire stretching
history.

The approach now is to regardh as a random variable
whose probability distribution function at large times may be
approximated by the “large-deviation” formPsh,td
, expf−tGshdg, whereGs·d is the Cramer “rate function”
andt as an independent random variable whose probabil-
ity distribution is stationary and represented by the prob-
ability density functionMstd.

Antonsenet al.1 estimate the scalar varianceC2std result-
ing from a sinusoidal initial condition with wavenumberk0

as

C2std =E
0

`

dhE
0

2p

duE
0

`

dt
1

2p
Psh,tdMstd

3exps− 2kcos2 uk0
2e2httd. s5d

Note that the angle betweenk0 ande0
+ has been written asu

and has been assumed to be uniformly distributed inf0,2pd.
Note also thath has been constrained to be positive. Anton-
sen et al.1 argue that for large times the above integral is
dominated by values ofu for which cos2 u is close to zero. It
follows that

C2std , E
0

`

dhexpf− ht − Gshdtg

3E dt
1

2
S 2

kpk0
2t
D1/2

Mstd. s6d

(The calculation of Antonsenet al.1 differs in detail here, but
the differences have no consequence for what follows.)

The t integral is constant in time. Noting that the
h-integral is for large times dominated by the contribution
from the minimum of h+Gshd, it therefore follows that
C2std,exps−g2td, whereg2=h2+Gsh2d, with h2 defined by
1+G8sh2d=0, assuming thath2ù0. If h2 by this definition is
less than zero, then the integral is dominated by the contri-
bution from nearh=0 andg2=Gs0d. (This latter possibility
is neglected by Antonsenet al.1)

Exactly the same expression for the decay rate of the
variance is deduced by Balkovsky and Fouxon,3 who assume
that the initial condition is a Gaussian random function of
space, rather than being sinusoidal, and characterize the de-
cay by taking statistical averages over all realizations of this
random function. Balkovsky and Fouxon3 also predict the
decay rate of higher moments of the scalar field, for this
particular type of initial condition. They show from the rel-
evant generalization of(6) that the decay ratega of the ath
moment is given byga= 1

2aha+Gshad, where 1
2a+G8shad

=0, unlessha,0 in which casega=Gs0d. It follows thatga

is a nonlinear function ofa with ga /a decreasing asa in-
creases, and such thatga is independent ofa for aùac

=−2G8s0d. The physical reason for this is that, foraùac the
decay is controlled by the realizations for which the stretch-
ing is zero. The proportion of such realizations decreases
exponentially with time at rateGs0d.

As noted in Sec. II, the approximations leading to(4) are
valid only in regimes I and II and are not justifiable once
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regime III is reached. The time to reach regime III is differ-
ent for different realizations ofsss;x ,td. Nonetheless, as
shown in the Appendix, even for those(rare) realizations for
which there is no stretching at some large timet, diffusive
effects alone will have enlarged the domain of influence to
an area of at least,kt. Nothing that the proportion of such
realizations decreases as expf−Gs0dtg, it follows that the as-
sumption that solutions of(4) may be treated independently
for each x fails when t*Tmax, where kTmax,Lflow

2

3exps−Gs0dTmaxd, i.e., when the area of the domain of in-
fluence for a single point is larger than the area of the flow
corresponding to realizations with zero stretching.Tmax is
estimated by the expressionTmax,Gs0d−1 lnfLflow

2 Gs0d /kg.

IV. NUMERICAL RESULTS ON STRANGE
EIGENMODES

In order to support the arguments in Sec. II about the
possible shortcomings of the Lagrangian stretching theories
at large times and to provide numerical results as a basis for
comparison in Sec. VI we now consider explicit numerical
simulations of the advection-diffusion equation.

We follow previous authors, including Antonsenet al.1

and Pierrehumbert,9 in considering a sequence of alternating
sinusoidal shear flows(with spatial period 1 inx andy), first
in the x direction and then in they direction. In other words
in the intervalnø t, sn+1d the flow is given by

usx,n + td = Uffstd sinf2psy + fndgex

+ f1 − fstdg sinf2psx + cndgeyg, s7d

whereex andey are unit vectors inx andy directions, respec-
tively, and fstd is defined byfstd=1 s0,t,1/2d and fstd
=0 s1/2,t,1d. U is a constant specifying the magnitude
of the velocity field. The phasesfn and cn are chosen ran-
domly from one value ofn to the next. This ensures that
there are no transport barriers and that the flow is globally
chaotic. For the present we impose the condition that the
scalar field has the same spatial periodicity as the velocity
field, i.e., thatxsx,y,td=xsx+1,y,td=xsx,y+1,td.

Following Pierrehumbert9 we use a “lattice-advection”
method to solve the advection-diffusion problem. The advec-
tion by the sinusoidal shear over one half interval of length
1/2 is represented as a mapping on a discrete lattice and used
to update the scalar field. This is followed by another map-
ping on a lattice, representing the effect of a shear in an
orthogonal direction to the first, followed by a diffusive step.
We chose to implement the diffusive step using a Fourier
transform method, rather than as a smoothing operation on
the grid, since that allowed a greater range of values of dif-
fusivity to be used. Most results reported below are for cal-
culations on a grid of 160031600 points, though sensitivity
of increasing the number of grid points was checked and in
some cases(e.g., for large values ofU) the number was
increased, to a maximum of 500035000.

This approach to solving the advection-diffusion equa-
tion is somewhat crude, since the advection and diffusion
steps are both separated and represent effects acting over a
finite time interval, but tests conducted with larger numbers
of advection and diffusion steps within each time period in-

dicated little quantitative sensitivity to the number of steps.
For example, the variance decay rate varied by about 2% as
the number of advection and diffusion steps in each time
period increased from the minimum described above.

The decay of the scalar variance in flows such as(7) has
been discussed by previous authors and our results confirm
their conclusions that the variance decays, on average, expo-
nentially for large times and that the decay rate is indepen-
dent of the initial condition. Pierrehumbert10 interpreted this
behavior as the emergence of a slowest decaying “strange
eigenmode” of the advection-diffusion problem.

It appears from our results that the decay rateg2 of the
variance appears to tend to a nonzero limit as the diffusivity
k tends to zero, though from the numerical results it is dif-
ficult to be precise about the form of thek dependence. The
finite nonzero decay rate ask→0 would not be expected in
a flow with barriers to advective transport, i.e., many(and
possibly all) time-periodic flows. Pikovsky and Popovych13

describe explicit calculations suggesting that the decay rate
tends to zero ask→0 in such flows.

For reference, it is useful to record the dependence of
variance decay rate onU and this is shown in Fig. 2. The
asymptotic forms ofg2 are, for smallU, g2,0.75U2 and, for
large U, g2,1.47 lnU+0.65. The coefficients here have
been derived from numerical fit, but the forms of the expres-
sions may be justified analytically.

The issue to be considered now is the extent to which
this exponential decay is predicted by the Lagrangian
stretching theories. Recall first that certain of these theories
predict nonlinear dependence ona of the decay rate of the
ath moment. In Fig. 3 we show, for various evenN, the
typical time evolution of the ratio of theNth moment of the
scalar fieldCN to the N/2th power of the second moment
sC2dN/2. According to these theories2–4 such quantities should
increase exponentially with time. However, this is not what
is observed. It may be seen from the figure that there are
indications of exponential increase up tot=50 or so, but
beyond that there is no further systematic increase. The fluc-
tuations at later times are associated with the aperiodicity of
the flow. (The details of the fluctuations vary from one flow
realization to another.)

The behavior of the ratios is consistent with the obser-

FIG. 2. Variance decay rate as a function ofU for four different values ofk.
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vation by Pierrehumbert9 that the probability density func-
tions for the scalar field(scaled by the variance) tend to an
invariant form. Further detailed evidence on this point is pre-
sented by Sukhatme and Pierrehumbert.12

An additional aspect of the prediction of decay rate from
the Lagrangian stretching theories1–4 is that there is no ref-
erence to boundary conditions on the scalar field. However,
if we consider the decay of the scalar in the flow(7), but
increase the assumed spatial periodP of the scalar field rela-
tive to that of the velocity, i.e., apply the condition
xsx,y,td=xsx+P,y,td=xsx,y+P,td, then the decay rate is
found to depend onP, as shown in Fig. 4.

Note that the values of the decay rate whenP is large
agree with the estimate of1

2spU /Pd2 obtained from “homog-
enization” theories(e.g., Sec. II of the review by Majda and
Kramer14). This estimate may also be obtained by consider-
ing the rate at which variance is transfered out of the gravest
spatial mode in the system.

Note that the distribution of stretching factors is inde-
pendent ofP and the Lagrangian stretching theories would
therefore predict the decay rate of the variance to also be

independent ofP. This clearly indicates that the theoretical
prediction of the decay cannot always be correct.(Of course
the theories are based on the premise that the important
structure in the scalar field is on much smaller scales than
those of the velocity field and large values ofP would there-
fore perhaps not be expected to be in the scope of the theo-
ries. But nonetheless there is significant dependence of the
decay rate onP whenP is not large.)

V. CRAMER RATE FUNCTION FOR DISTRIBUTION OF
STRETCHING FACTORS

An important aspect of the Lagrangian stretching theo-
ries is that the decay rate is predicted in terms of the Cramer
rate functionGs·d that governs the distribution of stretching
factors. Estimation ofGs·d by direct simulation of the ran-
dom process is delicate, since, away from the minimum of
Gs·d, its form is necessarily associated with values that are
realized extremely infrequently.

Inspection of Fig. 9 of Antonsenet al.1 suggests that the
data used to estimateGs·d is widely scattered on the crucial
part of the function. The claimed agreement between the
predicted and measured decay rate is crucially dependent on
the fitting of a suitable polynomial function to these widely
scattered points. Furthermore, the Cramer function plays an
important role in the theory developed in Sec. VI. We there-
fore investigate accurate evaluation of the Cramer function
in more detail.

The large-deviation result for the probability density
function Psh,td for h is that

Psh,td . S tG9shd
2p

D1/2

expf− tGshdg. s8d

Rearranging gives an estimate forGshd as

Gshd . −
1

t
lnSPsh,td

t1/2 D s9d

where terms that areOst−1d or smaller have been neglected.
The probability density functionPsh,td was estimated

by following infinitesimal material ellipses in the flow de-
fined by(7). The most straightforward simulation of the pro-
cess described by the ensemble theories would be to follow a
large set of such ellipses, each started at a different location
in a single flow(i.e., defined by a single sequencehfi ,ci , i
=1,2, . . .jd. But it was found that the convergence of the
Gshd estimates generated in this manner was very slow. We
have noted earlier that we are regarding the decay rate of the
variance(and all other moments) as characterizing almost all
realizations of the flow and it follows thatPsh,td should be
regarded as applying to the entire set of realisations. There-
fore thePsh,td were instead generated by following line el-
ements in different flows(i.e., defined by different sequences
hfi ,ci , i =1,2, . . .j). This gave a more rapidly convergent es-
timate for Gshd for smaller times. Figure 5 shows the ap-
proximations toGshd generated by Eq.(9) at different times.
Convergence of the estimates as time increases is good near
the minimum ofGshd, but not surprisingly, the number of
realizations contributing to the estimate ofGshd away from
the minimum, in particular whereGshd+h is a minimum,

FIG. 3. Plots of the quantitiesCN/C2
N/2 as a function of time. For these

results the initial scalar field is given byx0=cos 2px, with U=0.5 andk
=10−7.

FIG. 4. Variance decay rate as a function of spatial periodicityP for differ-
ent values ofU andk. The straight lines indicate the decay rate predicted by
considering the transfer of variance out of the gravest mode.
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significantly decreases as time increases. However estimates
at moderate times suggest that the difference between the
finite-time estimate for the minimum value ofGshd+h and
the infinite-time estimate varies as a negative power oft.
This can be used as the basis of improved estimates ofg and,
for U=0.5, for example, predictedg2=0.14, whereas a
simple estimate from the form ofPsh,td for t=80 predicted
g2=0.174.

A more direct approach to calculatingGs·d is based on
the probability density function for the underlying random
variable (which is the logarithmL, say, of the stretching
factor over time interval 1). ThenGs·d is given by

Gshd = sup
z

hzh− lnkezLlj s10d

(the Cramer formula).
One complication here is that the stretching factor over

one time interval is not independent of the stretching history
in previous time intervals. However a sequence of approxi-
mations to the probability density function ofL may be gen-
erated by replacing the lnkezLl in (10) by N−1 lnkezLNl, where
LN is the logarithm of the stretching factor overN time in-
tervals, and lettingN increase. The moment generating func-
tion may be estimated by calculating the expectation over a
large number of realizations, for randomly chosen initial
conditions and flow history. Close agreement between esti-
mates forN=5 andN=10 indicate thatN=10 is sufficiently
large for the procedure to have converged. The estimate for
N=10 is superimposed on Fig. 5 and shows very good agree-
ment with the estimate from(9) for t=500, though the latter
estimate is useful only close to the minimum ofGshd. The
N=10 estimate forGshd implies thatg2=0.15. It also appears
that the relevant value ofh [i.e., that for whichG8shd=−1] is
very close to zero.

We therefore have that our two most reliable estimates of
Gshd for U=0.5 imply, respectively,g2=0.14 andg2=0.15.
It has not been possible to obtain convincing evidence that
these are significantly different from the simulated decay
rate, with part of the difficulty being the extrapolation tok
=0. Thus, while the results shown in Fig. 4 show that the

variance decay rate is not predicted correctly by the Lagrang-
ian stretching theories for all flows, results from numerical
simulation indicate that the decay rate is predicted correctly
for some flows, in particular for the caseP=1 considered by
Antonsenet al.1

VI. PROPERTIES OF THE SCALAR FIELD IN THE
STRANGE EIGENMODE PHASE

The results of Sec. IV show that in some cases the decay
rate of the variance cannot be captured by the Lagrangian
stretching theories and is determined by the action of the
flow on the largest scales in the tracer field. This suggests
that the corresponding predictions for wavenumber
spectrum1 and for probability density functions for scalar
concentration3,9 need reexamination. In this section we set
out alternative theories for these quantities and test against
the numerical simulations.

A. Wavenumber spectrum of scalar field

The wavenumber spectrum of the decaying scalar has
been predicted by Antonsenet al.1 based on the Lagrangian
stretching theories. The evidence from previous sections is
that, in some flows at least, this prediction cannot be correct.
However the corresponding theory for the steady-state forced
problem(where the spatial contrast in the scalar is forced at
large scales) is useful (see further comments in Sec. VII),
and it turns out that extension is also relevant to the spatially
decaying problem of interest here.

As explained in Sec. III, the basis of the Lagrangian
stretching theories is that a scalar Fourier component
with initial form x̂sk0,0d expsik0·xd has at later time,t, the
form x̂sk0,0d exps−kukstdu2td expsikstd ·xd, where ukstd u
=k0 cosueht andt andh may, at large times, be regarded as
independent random variables with probability density func-
tions Mstd and Psh,td respectively. It follows, as for the
expression(5), that the power spectrum at timet of the scalar
field that initially consists of this single Fourier component is
given by

Esk,td =E
0

`

dhPsh,tdE
0

`

dtMstdE
0

2p du

2p
exps− 2kk0

2t

3cos2 ue2htddsk − k0ucosuuehtd. s11d

The approach of Antonsenet al.1 is to evaluate this at large
times by integrating overu andh, using the large-deviation
asymptotic expression forPsh,td as described in Sec. III to
give

Esk,td , exps− g2
* tdE

0

`

exps− 2kk2tdMstddt, s12d

whereg2
* is the decay rate of the variance predicted by the

Lagrangian stretching theory.[Note that the formula for
Esk,td given by Antonsenet al.1 is missing the factor of 2 in
the exps−2kk2td term.] Given that the actual decay rateg2 is
not always equal to the predicted decay rateg2

* , the expres-
sion (12) cannot always be correct. The arguments given in
Sec. II suggest that one problem is that the approximations

FIG. 5. Comparison of the rate functionGshd for U=0.5 generated from the
Cramer formula(10) using the estimated probability density function of the
stretching factors over ten periods with numerical results based on the
asymptotic form forPsh,td for several different values oft.
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made in the Lagrangian stretching theories apply only for
finite time.

Consider now the forced case, where scalar variance at
wavenumberk0 is continually added to the system. As ar-
gued by Antonsenet al.,1 the corresponding power spectrum
may be found by integrating Eq.(11) with respect to time as
follows:

Esk,td =E
−`

t

dsE
0

`

dhPsh,t − sdE
0

`

dtMstd

3E
0

2p du

2p
exps− 2kk0

2t cos2 u exp 2hst − sdd

3dsk − k0ucosuuehst−sdd

=E
0

`

dsE
0

`

dhPsh,sdE
0

`

dtMstdE
0

2p du

2p

3exps− 2kk0
2t cos2 u exp 2hsd

3dsk − k0ucosuuehsd. s13d

The second expression is independent of time, implying that
the forced power spectrum evolves to a steady state, in which
the variance added at the low wavenumberk0 is balanced by
the variance dissipated at high wavenumbers. For givenk,
the integral is dominated by the contribution from finites,
since the transfer of scalar variance from the forcing wave-
numbersk0 to any finite higher wavenumberk takes place
over a finite time scale. Thus it is the finite-time behavior of
(11) that determines the form of(13), and (13) is therefore
potentially useful whether or not the validity of(11) breaks
down at large times.(Again, see further discussion in Sec.
VII. )

Integrating thed function overs gives

Esk,td =
1

k
E

0

2p du

2p
E

0

`

dh
1

h
PSh,

lnsk/k0ucosuud
h

D
3E

0

`

dtMstd exps− 2kk2td.

For sufficiently largek, the probability density function forh
may, in this case, be approximated byP,dsh−havgd, where
havg is the mean stretching rate, so that

E
0

`

dh
1

h
PSh,

lnsk/k0ucosuud
h

D .
1

havg
,

hence

Esk,td ,
1

khavg
E

0

`

dtMstd exps− 2kk2td. s14d

This is the well-knownk−1 Batchelor spectrum, modified by
diffusion. (See also Yuanet al.,15 Haynes and Vanneste.16)
The accuracy of this prediction has been tested by generating
Mstd numerically and using it to calculate the predicted
Esk,td. The predictedEsk,td is close to theEsk,td measured
in scalar field simulations for a variety of different values of
k and U. In the simulation the forcing is implemented by
adding to the scalar field an increment proportional to

cos 2px at each time step. ForU small, the power spectra
seen in the scalar field simulations fluctuate over time. How-
ever, the predicted power spectrum appears to be within the
range of these fluctuations. The good agreement between
simulation and theory in the forced case has already been
demonstrated by Antonsenet al.1

The possibility has been raised by the results in Sec. IV
that in some cases the decay rate is determined at large
scales. This motivates a heuristic extension to the freely de-
caying case of the above theory for the spectrum in the
forced case, by regarding the variance at low wavenumbers
as providing a forcing whose variance decays exponentially
in time as exps−g2td. For the freely decaying problem, we
therefore expect the spectrum to be predicted a similar ex-
pression to(13), but including a term exps−g2sd in the
s-integral to account for the time decay:

Esk,td =E
−`

t

dsexps− g2sdE
0

`

dhPsh,t − sd

3E
0

`

dtMstdE
0

2p du

2p
exps− 2kk0

2t

3cos2 u exp 2hst − sdd
3dsk − k0ucosuuehst−sdd. s15d

As in the derivation of(13) for the forced case, the potential
breakdown of approximations leading to(11) at large time is
circumvented by the fact the integral(15) is dominated by
finite times.

Integrating overs as before gives

Esk,td =
e−g2t

k
E

0

2p du

2p
E

0

`

dh
1

h
S k

k0ucosuuD
g2/h

3PSh,
lnsk,k0ucosuud

h
D

3E
0

`

dtMstd exps− 2kk2td.

This integral may now be estimated by writing the second
two terms in theh integral as expf−lnsk/k0ucosu u dsGshd
−g2d /hg and noting that the dominant contribution comes
from h=h* , whereGsh*d−h*G8sh*d−g2=0 (following Reyl,
Antonsen, and Ott17 who considered the analogous problem
for magnetic field). Then, providedg2,h* +Gsh*d (so that
the singularities ofucosuusGsh* d−g2d/h* are integrable inu) this
gives

Esk,td , e−g2tk−1−G8sh* dE
0

`

dtMstd exps− 2kk2td, s16d

i.e., a similar form as for the forced case, but with a time-
decay factor and with a different exponent for the power ofk
outside the integral. Note that the spectrum in the decaying
case is shallower than that in the forced case, and ifk is
sufficiently small that there is a range ofk@k0 such that the
exponential decay factor can be ignored then the spectrum is
a power law with exponent −1−G8sh*d, analogous to that
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found by Feredayet al.8 in the one-dimensional baker map
problem.

In a case whereg2 is correctly predicted by the Lagrang-
ian stretching theories, theng2=h* +Gsh*d and G8sh*d=−1
and the singularities are not integrable inu, although a naive
interpretation of the previous result would be that the expo-
nent ofk is in that case zero, matching the Antonsenet al.1

result. [The requirement for integrability inu may alterna-
tively be interpreted as implying that the actual decay rateg2

can be no larger than that predicted by the Lagrangian
stretching theories(E. Ott, personal communication; Tsanget
al., paper in preparation)]. If g2 is very small, as it would be,
for example, in the case studied in Sec. IV ifP was very
large, thenh* is very close to the minimum ofGs·d and
G8sh*d is also very small. Thus ifP increases from 1(when
the Lagrangian stretching theory prediction is apparently cor-
rect, or at least very accurate) to a large value, the power of
k appearing as a prefactor to(16) is predicted by the above
calculation to decreases from zero towards21. Spectra gen-
erated by numerical simulations forP=1, 3, 5, 7 shown in
Fig. 6 appear generally consistent with this prediction, if we
consider that the casesP=5 andP=7 (for which the decay
rate is significantly different to that forP=1 andP=3) are
not described by the Lagrangian stretching theory. However
the effects of diffusivity limit the range of wavenumbers for
which power-law behavior is relevant. The full predicted
form (16) may be calculated and is in good agreement with
results of explicit numerical simulations for many values of
U and k. Note that Pierrehumbert9 suggested that the spec-
trum of the strange eigenmode appeared to have exponential

form. Numerical results indicate that for certain parameter
values part of the spectrum may be approximated as an ex-
ponential function, but no more than that.

The approach to calculating the spectrum outlined above
is heuristic, but gives results in good agreement with numeri-
cal integration. A more rigorous approach is possible in
which the change in the spectrum or second-order structure
function over some finite time is considered and combined
with the assumption of an exponentially decaying mode.

B. Probability density function for scalar
concentration

The probability density function for the scalar concen-
tration may be straightforwardly evaluated from results of
numerical simulations. At large times the probability density
functions have long tails and can be strongly asymmetric,
i.e., with a longer tail for positive values of scalar concen-
trations and a short tail for negative values, or vice versa.
The tails are subject to fluctuations, so that the probability
density function can change over time from having a long
positive tail to having a long negative tail, and vice versa.
The probability density function for the modulus of concen-
tration becomes approximately self similar at large times, in
the sense that appropriately normalizing the argument of the
probability density function by its standard deviation(to take
account of the fact that the scalar field is decaying) produces
a function that is approximately time independent. Explicit
results are shown by Pierrehumbert9 and Sukhatme and
Pierrehumbert.12 The self-similar form of the probability
density function is consistent with the linear dependence on
a of the decay rate of theath moment.

From (2) we need to consider the probability density
function for the quantity

xsx,td =E dyx0sydGsx,t,y,0d. s17d

We have noted in Sec. II that the evolution of this quan-
tity falls into four stages. For regimes I and II it remains
roughly constant, then in regime III it decays as the domain
of influence forms an elongated filament that samples many
values of the initial concentrationx0sx ,td. Finally in regime
IV, on the evidence presented in Sec. IV, it appears that the
integral will decay exponentially at a rate12g2 (g2 is the
decay rate of the variance) that is independent ofx. We ex-
pect that the time spent in regimes I and II is strongly de-
pendent onx (it will be long for backward trajectories that
experience little stretching) and that the time spent in regime
III is more weakly dependent onx (since the filamental do-
main of influence experiences stretching histories for many
independent backward trajectories in this regime).

Pierrehumbert9 and Sukhatme and Pierrehumbert12 have
characterized the tail of the probability density function as
“stretched exponential” but we argue below that the tail is in
fact algebraic. The arguments given by Pierrehumbert9 for
the probability density function are based on the Lagrangian
stretching histories and therefore apply only to regimes I and

FIG. 6. Wavenumber spectra at large times, suitably normalized, for 2048
32048 numerical simulations withU=0.5 andP=1,3,5,7. The graphs are
offset with P=1 the uppermost andP=7 the lowermost. For eachP two
cases are shown, one withk=10−7 and the other withk=3310−8, to give a
sense of the effect of diffusivity. The significant differences between decay
rates forP=5 andP=7 on the one hand andP=1 on the other, suggests that
the formula(16) applies to the former two cases. The numerically calculated
decay rates and the functionGs·d shown in Fig. 5 imply that the prefactor of
the expression(16) should bek−0.6 for P=5 andk−0.8 for P=7. Correspond-
ing dashed lines are superimposed in the figure.
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II. Indeed Sukhatme and Pierrehumbert12 apply these argu-
ments only to their early-time and intermediate-time re-
gimes.

In order to capture the decay beyond regimes I and II we
make the following hypothesis. A random variable represent-
ing the concentrationxsx ,td at large times may be con-
structed in the formZ expf−1

2g2st−T*dg whereZ is a random
variable that represents the variation ofx0sxd and also varia-
tion associated with the passage through regime III.T* on the
other hand, is a random variable representing the time spent
in regimes I and II. If the tails of the distribution ofZ decay
sufficiently rapidly then the tails of the distribution of con-
centration will be dominated by the tails of the distribution
of exps 1

2g2T* d.
The variableT* is precisely the variable that appears in

the forced problem considered by Balkovsky and Fouxon3

[defined by their Eq.(4.4)], where it is the time over which
the forcing must be integrated to give the value of scalar
concentration. Balkovsky and Fouxon3 have argued that its
probability density function at large values may be approxi-
mated byC expf−Gs0dT*g, whereC is a constant andGs·d is
the Cramer function for the stretching rates, introduced in
Sec. III. If follows that the probability density function for
z=exps 1

2g2T* d may be approximated byz−1−2Gs0d/g2, implying
that the probability density function for concentration has
tails that are algebraically decaying.

An alternative argument for the form of the tail of the
probability density function, which exploits the self-
similarity, is as follows. Consider the evolution of the pdf
between the timest0 and t0+T, wheret0 is taken to be suffi-
ciently large that the scalar field has evolved into the long
time eigenmode regime. Let the probability density function
for scalar concentration at timet be denoted byPsc,td. As-
suming self-similarity, as discussed above, implies that

Psc,t0 + Td = eg2T/2Psceg2T/2,t0d. s18d

Now consider the region of influence of the Green’s
function Gsx ,t0+T ,y ,t0d that relates the scalar field at time
t0+T to that att0. By the arguments given in Sec. III, the
largest values of scalar concentration at timet0+T will be
associated with those pointsx for which the region of influ-
ence of the Green’s function is in regime I or II, rather than
III or IV. The proportion of suchx is, by the arguments of
Balkovsky and Fouxon mentioned above, proportional to
exps−Gs0dTd. Assuming that there is no correlation between
the regions of influence of suchx and the scalar field at time
t0, it follows that

Psc,t0 + Td , e−Gs0dTPsc,t0d s19d

for the tails of the scalar pdf. Combining Eq.(18) and (19)
implies thatPsc,t0d,c−b, whereb=1+2Gs0d /g2.

Probability density functions evaluated from the numeri-
cal simulations are shown in Fig. 7 and 8 and are clearly
consistent with the above prediction of algebraic tails. Fur-
thermore the calculatedGs·d curves presented in Sec. V
showed thatGs0d /g2.1 for the flows considered here, and
hence imply thatb.−3. Again, this appears to be in good
agreement with the numerical results.

Finally, consider the effect of diffusivity on the probabil-
ity density function. From the above it appears that the form
of the tails should not depend on the diffusivity. However the
argument given at the end of Sec. II suggests thatT* may be
no larger thanGs0d−1 lnfL2Gs0d /kg and hence thatz may be
no larger thanfLflow

2 Gs0d /kgg2/2Gs0d. The diffusivity therefore
determines the position of the cutoff in the tail in the prob-
ability density function and increasing the diffusivity moves
the cutoff to smaller values. IfGs0d /g2.1, then the value at
which the cutoff occurs is proportional tok−1/2. The numeri-
cal results shown in Fig. 8 are consistent with these theoret-
ical predictions.

VII. DISCUSSION AND CONCLUSIONS

The conclusion of this paper is that, in the initial-value
problem, the predictions of Lagrangian stretching theories
for the statistics of the scalar field are incorrect in that they
do not capture all aspects of the evolution of the scalar field
at large times. The reason is that some aspects of the large-
time behavior depends on behavior of solutions of the
advection-diffusion equation that is not captured by a local

FIG. 7. Probability density function ofuxu generated by numerical simula-
tion, for different values ofU. The straight line indicates a23 power law.

FIG. 8. Probability density function ofuxu generated by numerical simula-
tion, for different values ofk. Once again the straight line indicates a23
power law. The variation with diffusivity of the cutoff in the probability
density function at large values agrees well with the theoretical prediction.
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analysis. These conclusions are supported by the first prin-
ciples arguments of Secs. II and III, by the demonstration
that decay rate of theNth moment of the scalar ultimately
decays at a rate proportional toN (Fig. 3) and by the dem-
onstration that the decay rate depends on the boundary con-
dition applied by the scalar field(Fig. 4). However compari-
son between predicted decay rates based on a careful
calculation of the Cramer functionGshd and decay rates in
simulations indicates that the Lagrangian stretching theories
do for some classes for flows predict the correct decay rate of
the variance. Why the decay rate is predicted correctly for
some flows and not for others is under investigation(Tsang
et al., Haynes and Vanneste, papers in preparation). The ar-
guments of Secs. II and III have been used to derive updated
theories for the wavenumber spectrum of the scalar field and
a theory for the probability density of the scalar concentra-
tion, which have been shown to be in good agreement with
numerical simulation. These derivations exploit some aspects
of the Lagrangian stretching theories but, crucially, only in
representing the action of the flow over finite times(corre-
sponding to regimes I and II as described in Sec. II).

The discussion so far has focussed on the initial-value
problem. The Lagrangian stretching theories have also made
predictions about the forced problem, i.e., when the evolu-
tion equation for the scalar concentration is

xt + usx,td . =xx − k=x
2x = fsx,td s20d

with the forcingfsx ,td a given function of space and time.
Again it is useful to assume that the integral offsx ,td over
the domain is zero.

The solution to(20) may be written as

xsx,td =E
−`

t

dsE dyfsy,sdGsx,t,y,sd, s21d

where the Green’s function is as defined in Sec. II. Note that
the solution now involves a time integral(over all previous
times) as well as a space integral.

Following the discussion given in Sec. II, we expect the
integrandedyfsy ,sdGsx ,t ,y ,sd to remain roughly constant
as s decreases through regime I and II, until the domain of
influence onx at t is a filament of length comparable to the
length comparable to the length scale on whichfsx ,td var-
ies, after which the integrand will decrease rapidly. If the
length scale of the forcing is less than that of the flow, then
the value ofs at which the integrand begins to decay rapidly
will lie within regime II otherwise it will lie precisely at the
boundary of regime II and regime III. But once regime III
has been entered, the integrand will certainly be decreasing
rapidly as s decreases. This suggests that the Lagrangian
stretching theories will be able to capture some of the lead-
ing order behavior of the scalar field, since the approximate
form of Gsx ,t ,y ,sd on which the ensemble theories rely is
valid for almost the entire range ofs which dominates the
integral (21). At first sight, then, we have no reason to dis-
agree with many of the predictions concerning the statistics
of the scalar concentration field in the forced problem made
by Balkovsky and Fouxon3 and others. Indeed these predic-
tions seem likely to hold even if the scale of the forcing is

the same as the scale of the flow. However the analysis pre-
sented in this paper suggests that some modification is
needed to take account of the maximum possible value of the
time T* spent in regimes I and II. For example, including this
in the analysis of Balkovsky and Fouxon3 implies that the
predicted exponential tails to the probability density function
for the scalar concentration have a cut-off at a value of con-
centration that is proportional toflnsLflow

2 Gs0d /kg, not pro-
portional toLflow

2 Gs0d /k as suggested previously.4 Since the
value of concentration at which the exponential tails appear
has a similar dependence onk, this might imply that the tails
are in practice difficult to observe and in that respect would
be consistent with numerical results in Ref. 9. This topic will
be analyzed more carefully in future work.

It follows from our conclusions that “verifications” of
the Lagrangian stretching theories for the initial value prob-
lem by comparison with numerical simulation or experiment
need to be interpreted with care. Note, in particular, the paper
of Groisman and Steinberg,18 cited by Falkovichet al.,14

which describes experiments where an elastic fluid(a poly-
mer solution) flows down a contorted pipe and hydrody-
namic instabilities driven by the elasticity give rise to effi-
cient mixing. The mixing of a scalar is followed by dyeing
part of the flow at one end of the pipe and analyzing the
variation of the dye field along the pipe. There is therefore a
rough analogy between distance along the pipe in the experi-
ments and time in the initial value problem and Groisman
and Steinberg base their comparison between experiments
and theoretical predictions on this analogy and present evi-
dence that the decay rate of the moments of the dye concen-
tration along the pipe is a nonlinear function of the index of
the moment in agreement with the Lagrangian stretching
theories. But the evidence presented above and in
Pierrehumbert9 and Sukhatme and Pierrehumbert12 is that the
decay rate should be a linear function of the moment index.
Groisman and Steinberg also present the pdfs of dye concen-
tration and show that they have exponential tails, claiming
agreement with the Lagrangian stretching theories. But the
Lagrangian stretching theories predict exponential tails only
for the forced problem and we have shown above that in the
initial value problem the tails are actually algebraic. Other
experimental investigations, e.g., Julien, Castiglione, and
Tabeling19 have attempted to identify properties predicted for
the forced problem(e.g.,k−1 spectrum, exponential tails for
probability distributions) by selecting a suitable time during
an initial value problem.(The forced problem is very diffi-
cult to realise in laboratory experiments.) A further important
point (perhaps more important than those raised above)
noted by Chertkov and Lebedev20 is that the no-slip condi-
tion relevant in laboratory experiments(but not neccessarily
in numerical simulations or in geophysical contexts) may
significantly effect the decay. Any theory that is to be use-
fully compared to the experiments must clearly take this into
account.
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APPENDIX: LOWER BOUND ON AREA OF DOMAIN
OF INFLUENCE

We consider the solution to(4). First note that the de-
pendence onx and t is purely parametric. We therefore sup-
press thex and t dependence and regards solely as a func-
tion of s. Then, following solution of the forward time
advection-diffusion problem,3 we note that there is a solution

of the form G̃sr ,sd=sdetAd1/2 exps−r TA·r d, where A is a
symmetric tensor. It is convenient to define the tensorB

=err G̃sr ,sdd2r and it follows thatBijAjk=dik and thatBs

=sB+BTsT−2kI, with B→0 ass→ t−.
Now note thatsdetBds=sBijdsCij , whereCij is the cofac-

tor of Bij . Hence

sdetBds = sikBkjCij + s jkBikCij − 2kCjj

= sikdik detB + s jkdik detB − 2kCjj = − 2kCjj ,

where the second equality follows from the identity that
BkjCij =dik detB (with dik the Kronecker delta) and the third
equality follows from the incompressibility condition that
sii =0.

Now, choosing axes in whichB is diagonal and takingl1

andl2 to be the eigenvalues, it follows that

sl1l2ds = − 2ksl1 + l2d ø − 4ksl1l2d1/2,

where the second inequality follows from the arithmetic/
geometric mean inequality, together with the fact thatl1 and
l2 are both positive(since the tensorB is positive definite by
definition). The above equation may be written as

sdetBds ø − 4ksdetBd1/2

and it therefore follows thatsdetBd1/2ù2kst−sd, using the
fact that detB=0 whens= t.

Now sdetBd1/2 is proportional to the area over which
Gsr ,sd exceeds a certain fraction of its maximum value, i.e.,
it estimates of the area of the domain of influence. It follows
that this area is at givens at least as large as it would have

been in the absence of a velocity gradient(in which case it
would have increased linearly at rate 2k as s decreased
from t).

It follows that the area of the domain of influence of any
point must be at least as large as the area of the flow domain
that has experienced zero stretching whenkst−sd
.Lflow

2 expf−Gs0dst−sdg.
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