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The magneto-hydrodynamics of a rotating fluid 
and the earth's dynamo problem 

BY J.B. TAYLOR  
U.1c.A.E.A ., Culham Laboratory, Abinydon, Berkslzi~e  

(Commz~nicated by Sir Edward Bullard, F.R.S.-Received 14 February 1963) 

This paper discusses a rotating, incompressible fluid enclosed within a rigid boundary which is 
a, surface of revolution. I t  is shown that if viscous forces are negligible, then, in the presence 
of magnetic fields, the fluid can execute slow, steady relative motions only if the magnetic 
force satisfies a constraint. I n  cylindrical polar co-ordinates this constraint can be wit ten 

that is, the couple exerted by the magnetic forces on any cylinder of fluid coaxial %-it11 the 
axis of rotation must vanish. 

Furthermore, subject to certain restrictions on the shape of the container (which, for. 
example, are fulfilled by a sphere but not by a cylinder), it is shown that if the field satisfies 
the above condition then the fluid velocity is completely determined by the instantaneous 
value of the magnetic field (together with that of the density if buoyancy forces are im-
portant). This velocity is such that the necessary conditions on the field will continue to be 
satisfied. An algorithm for the determination of the velocity is given and its application to 
the earth's dynamo problem is indicated. 

This paper is concerned with the influence of magnetic forces on the behaviour of 
a rotating, incompressible, conducting fluid. It is well known (Proudman 1916; 
Taylor 1921) that in the absence of external forces the slow relative motions of a 
rotating, inviscid fluid are confined to planes a t  right angles to the axis of rotation. 
Bullard & Gellman (1954) have pointed out that if the rotating fluid is contained 
in a rigid spherical container then the restriction on the motion is even more severe ; 
in fact the only slow free motions in a rotating fluid contained in a rigid spherical 
envelope are those in which cylindrical shells rotate like rigid bodies about the axis 
of the main rotation. 

The present discussion concerns theorems of a. similar nature to that of Proudman 
and Taylor, but which refer to the influence of external forces, such as the Lorentz 
(j x B) force in a conducting fluid. Specifically the present results will be derived in 
the context of the earth's dynamo problem since this is an application in which they 
may be particularly useful. 

(a) The dynamo problem 
It is widely believed that the magnetic field of the earth is produced by a self-

excited dynamo action resulting from convection in a rotating, conducting fluid 
such as the earth's core. (See, for example, the recent review by Hide & Roberts 
(1961) which contains references to earlier work, in ~a~rticular that of Bullard and 
of Elsasser.) 



Lllugneto-hydr.ody~zamicsof rotating id 275 
One approach (Bnllard & Gellman 1954) to the problem of ealculatillg this 

dynamo action is to take the fluid velocity, v, as given and to conlpute fro111 it the 
magnetic field, B, by the equation 

where q is the resistivity of the core. In this approach the d-nainics of the motion 
is entirely ignored. 

A more complete procedure would be to solve equation jl.l),  together with the 
equations of motion, continuity and heat generation, for v and B simultaneously. 
It is customary to use a model in which the changes in Auid density depend only on 
temperature and the problem can then be reduced to one of incompressible flow by 
tlze Boussinesq approximation (Chandrasekhar I96r ; Jeffreys I930; Spiegel & 
Veronis 1960). In  a co-ordinate system rotating with the earth a t  angular speed 
Q the equations can then be written 

p Dv 
-= -Vp' + (jx B)+pfVq5-2p(Q x v)t pvV2v, (1.2)Dt 

div v = 0, (1.3) 

-
aB 

= curl (v x B)+ 7 V2B,at 4n 

where DIDt denotes a/?t+ (v.V). 
In  these equations p'Vq5 is the buoyailcy force due to changes, p', in fluid density 

and the potential q5 includes both gravitational and centrifugal forces 

Equation (1.4) is derived from the equation for temperature; S' corresponds to a 
source of heat and K is the heat diffusivity. 

The problem of the earth's dynamo, therefore, is one incentive for a study of the 
motion of incompressible, rotating fluids under electromagnetic and buoyancy 
forces and we now turn to a discussion of this problem as defined by equations (1.2) 
to (1.5). 

( b )  Slow motions 

The solution of the full equations (1.2) to (1.6) is a forniidabIe task, even for a 
illoderii computer, because they admit the possibility of rapid oscillatory motion. 
For many purposes, such as the dynamo problem, these rapid oscillations are 
unimportant and one therefore tries to set up equations which adequately represent 
the slow, long term, beliaviour of the fluid but which eliminate rapid oscillations. 
Fortunately in the case of motion in the earth's core the inertial p Dv/Dt and viscous 
force vV2v are small (Bullard 1949a; Hide 1956) and may be neglected. This is the 
approximation of 'slow' motion which is also made in the Proudman-Taylor 
theorem. 

18-2 
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Such 'slow' relative motion is governed by the equations 

2p(8x v) = ( jx B)-V p '  + p'VQ, 

divv = 0, 

?B 7'-. 

i;t = curl (v x B)+ -4n V2B, 

The question now arises: under what conditioils call these ecluations have physically 
meaningful solutions? We shall prove two theorems relating to this question; the 
second provides an algorithm for the solution of (1.7) to (1.10) and might form the 
basis for a more realistic attack on the dynamo problem than any hitherto made. 

THEOREM1. I f  therotating$uidisco~%tai?zedina rigid envelope in the form ofasurfucc 
of revolution then for there to exist a velocity v compatible with our equations it i s  
necessary for the magneticjeld to satisfy a constraint which can be written. in cylindrical 
polar co-ordinates (r ,  $, z ): 

( j  x B)$ dQ d: = 0; 
r-constant 

i.e. the couple on ang annular cylinder parallel to the uxis of rotcrtion nzust vanish. 
If this constraint is not satisfied then rapid motions occur (in which the accelera- 

tion term Dv/Dt cannot be neglected) until such time as the couples producing thih 
motion satisfy (1.1 1). The possibility of the magnetic field producing rapid motion< 
mras noted by Bullard (1949 a ,  b). 

THEOREM2. The constraint (1.1 1) i s  not only necessary forthe existence of v but is  albo 
suficient, at least if the bounding surface is  a sphere or any surface of revolutiolz in 
which the normal directions at each end of a line parallel to tlze axis are not thernselcr. 
parallel. (Th is  restriction excludes a cylindrical container.) 

By sufficient we mean that if one is given a density p' and a magnetic field which 
satisfies (1.11) then the fluid velocity is completely determined by our approximate 
equations (1.7) to (1.10); also this velocity ensures that (1.1 1)will continue to bc 
satisfied. In  demonstrating this we will be providing an algorithm for the deteu- 
mination of v in terms of B and p', shomiiig that this involves only space q~~adrature  
and the solution of an ordinary differential equation. Por the dynamo problem the 
importance of this result lies in the fact that, once v is expressed in terms of B 
and p', the time dependence of the problem is then contained only in the simp!r.r 
equations (1.9) and (1.10). 

2. NECESSARY FORCONDITIOS SOLCTIOF 

To derive the necessary condition (1.11) ~r-e first abbreviate equatioils (1.7) and 
(1.8)to 

2p(Sx V) = A -V$', (2.1) 

where A r ( j x B)i p'VQ, and div v - 0. (2.2) 
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Introduce cylindrical polar co-ordinates (r, $,x), the x-axis being the axis of 

rotation and consider a cylinder of radius r, co-axial with the axis of rotation 
(figure 1). 

Let us integrate the $-component of equation (2.1) over that part of the cylinder 
which lies within the fluid (for simplicity we consider the fluid to be enclosed in a 
sphere but it will be apparent that the arguments of this section can be extended to 
apply to any surface of revolution). Then 

2p 1 (ax v), r dq5 dz = S rA6d$ dt (2.3) 
?=To ?=To 

2ppR J' ru, dq5 d; = 1 rA6dq5d;, (2.4) 
r=r0 T=T 

which can be written 2ppR S v .  dS = IrA, dQ d:. 
T=TB 

At this stage the integral on the left of this equation is only over the cylindrical 
surface, but since the normal component of v is zero over the spherical caps B'NB 
and A'XA we can extend the integral to cover the closed surface formed by the 
cylinder plus the polar caps: then using Gauss's theorem, 

2ppR (div v) d~ = rAgciP dzS J'r=r0  

and since div v = 0 we obtain a necessary condition for a solution of (2.1) and (2.2), 
namely Sr=,o 

A6 d$ dx - 0, (2.7) 
n 

or finally, 

since the buoyancy force has no $-component. 
This condition can conveniently be interpreted as stating that the couple on any 

annular cylinder co-axial with the axis of rotation must be zero, 
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3. SUFFICIEXT FORCONDITIONS SOLUTION 

We now show that if the condition (2.8) is satisfied then the equations 
2p(Q x v) =-Vp' + (jx B)+p'VQ (3.1) 

and divv = 0,  (3.2) 
together with the boundary condition (v.  n) = 0 on the surface of a sphere, are just 
sufficient to determine v whenp' and B are given. We prove this by giving an explicit 
demonstration of the manner in which v might be calculated. 

Taking the curl of equation (3.1) we obtain 
dvldr = curl A, (3.3) 

where a constant factor -2pQ has now been absorbed into the definition of A 
(-2pQA = j x B +p1Vq5). It will now be shown that this equation possesses a 
unique solution when A is given and condition (2.8) is satisfied. 

Consider a line parallel to the axis of rotation, intersecting the fluid bonndary a t  
A, B (figure2). Introduce as axes the normal directions a t  B and A (by defining unit 
vectors g, q), then we can resolve any vector into components in the g,q directions, 
thus vg= v,cos 0 +v, sin 0, (3.4) 

v, = v,cos 0 -v, sin 0, (3.5) 
where +0 and -0 are the latitudes of B and A, respectively. 

Then we can write 
vy=-vt+vr v, = v<--'"7 

2 cos0' 2 sin 0' 
and the boundary conditions are vg= O at  B; v, = O at  A. By using (3.3) vgand v, 
may be expressed as integrals along AB from B and A, respectively, then from (3.6) 

le finds 1 r e ,  . . . .  f " .  . . ~ - l \  
v = (curlA)[ dr + (curlA), dzj ,I? c o s ~ [ J ,  !a 



Since A is given, these equations clearly define v, and v, along A B  and the construc- 
tion may be repeated until v, and v, are known everywhere. This fact does not 
depend on a spherical container; a similar but more complicated construction would 
be possible if the container were any surface of revolution provided that the direction,^ 
5, q were not parallel. It is only necessary, therefore, for the container to be a surface 
of revolution in which the normals a t  B, A are not parallel. Thus any surface which 
is everywhere convex is permissible but a cylinder (which has plane ends) is ex- 
cluded. In  a spherical container the axis is a particular line on which 5,q are 
parallel but this causes no difficulty as the construction can be continued arbitrarill, 
closely to the axis; it can also be shown that the formulae (3.8) and (3.9) below lead 
to properly behaved velocities as r -t 0. 

We can express (curl A)[ and (curl A), in terrns of cylindrical co-ordinates by 
means of equations similar to (3.4), (3.5); then 

(curl A), d i  -tan 0 (curlA),dz\ 
v, = I 'a [c + C 

with similar expression for v,, 

It might appear at  this point that v,is not well behaved as r + 0 (and thus tan 0 -t a). 
However, by considering the necessary condition (2.7) as r -t 0 it can be shown that 
it leads to  

as r -t 0, in just such a way that v, has the correct behavio~v as r + 0. 
By using equation (3.3) and the boundary conditions, then, we have found v, and 

v,; however, we cannot find v, in a similar way because the boundary conditions do 
not involve vg. Instead we attempt to find vg from the equation div v = 0; that is 

We have already found v,, v, so the right-hand side is now llinomn, but (3.10) will 
possess a single-valued solutioii v, if und only if 

where v,, v, are to be considered as given by (3.8), (3.9). It is convenient to rewrite 

and equation (3.3) (which v, satisfies by definition) gives 

where we have introduced 

0-t(curl A), d i  1: 
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Furthermore, from equation (3.8) we obtain 

and therefore from (3.12) to (3.14), 

We now observe that 

where the additional terms on the right come from variation of the length of the 
path A B  with r ;  also 

so that finally Q - ~ ~ ( ~ [ t a ~ ~ ~ $ ~ ~ ~ ~ d ~ ] ) .= r ar  
However, by definition,  

and we have previously shown that this quantity necessarily vanishes. We see now 
that the vanishing of (3.18) is also a suflcient condition for Q to vanish and therefore 
for equation (3.10) to have a single-valued solution vg. 

We have thus far shown, then, that if (2.8) is satisfied we can solve equation (3.3) 
for v, and v, and we can solve (3.10) for vg. The solution of this last equation contains 
an arbitrary function u+(r, z), but (3.3) determines the z-dependence of v+ so we are 
left only with an indeterminate function ug(r). At this stage therefore we have 

where v,, v+, v, are now explicitly known, ljut u+(r) is still to be determined. 

In  this section we complete the determination of v by determining u+(r), the only 
remaining unknown. I n  fact we show that u+ is determined when we require that 
(2.8) shall be satisfied not only at  a given instant but for all time, that is we no-sv 
demand that as B develops according to equation (1.9) the necessary constraint 
(2.8) shall continue to apply. For this it is sufficient that 

or 

aB 7where -at = curl (v x B)+-4~ V2B. 
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Wow v consists of a known vector v*(= v,, vg, v,) and an unknown part (0,2h9(r),0)  

which we will denote by u. It is obvious that if we insert v = v*+u into equa- 
tion (4.3) to obtain aB/at and then substitute this into (4.2) the resulting equatioi~ 
will be of the form 

![(curl2 (u  x B))x B]#d$ dz + ![(curl B) n curl (u x B)], dq5 dz =JG(r, q5, z) d$ dz, 

where C(r, 9,z ) is a function which depends only on the known part v* of v and on B, 
and is therefore itself a known function. At this stage in the argument, then, the 
right-hand side of equation (4.4) is a known function of r, say G(r). Furthermore, 
since u has only a $-component and varies only with r, the left-hand side of (4.4) 
can be evaluated and the equation then becomes 

where a(r)  = IrB; d# dz, 

We have now shown that ug(r) must satisfy a second-order, inhomogeneous, 
ordinary differential equation with known coefficients. Thus we have finally deter- 
mined u+(r) apart from the two scalar constants which must appear in the solution 
of (4.5). 

It is clear that one solution of the'homogeneous part of (4.5) is just 

where a*is an arbitrary constant. One of the arbitrary constants in the full solutioil 
of (4.5) therefore corresponds to the arbitrariness in our original choice of the 
velocity of rotation i2 of our co-ordinate system. In  practice it would be fixed by 
(say) the requirement that the angular momentum be zero in the rotating co- 
ordinate system. The final arbitrary constant is fixed by the condition that vi(r)/r be 
finite as r + 0. 

We have now shown that if (2.8) is satisfied, and continues to be satisfied, the 
velocity v is completely determined by equations (3.1)and (3.2)and the boundary 
conditions. 

It has been shown that a rotating, conducting fluid can execute slow relative 
motions only if the condition 

S ( jx B)$dQdx = 0 
T= constant 

is satisfied, i.e. the couple exerted by the magnetic forces on any cylinder of fluid 
co-axial with the axis of rotation must vanish. 
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Furthermore, once this condition has been satisfied then the instantaneous fluid 

velocity is specified by the instantaneous values of magnetic field B and density p'. 
together with $he boundary conditions of vanishing normal velocity over a sphere 
(or other surface of revolution satisfying the conditions in theorem 2), apart from 
an arbitrary azimuthal velocity u,(T).This azimuthal velocity is itself determined 
by the requirement that (5 .1)continue to be satisfied as IB develops accordiiig to the 
appropriate electromagnetic equation (1.9). for then it i~ Eounld that uO(r)must 
satisfy the equation 

where a(?),P ( r )and G( r )are expressible in terms of the magnetic field. 
I n  the course of demonstrating that (5.1) is, indeed, a sufficient condition for the 

solution of our basic equations (1.7)  t o  (1.10) we also provided an algoritlim for 
their solution; i t  would appear that this algorithm should provide a basis for a new 
calculation of the earth's dynamo problem in which most of the important d~mamical 
effects would be included. 

The physical meaning of these results is illuniinated by returning to the full 
equation of motion 

Although for slow motions the Coriolis term is so much larger than the inertial 
Dv/Dt term that the latter can usually be neglected, there is a class of motions for 
which the Coriolis force is ineffective. These are just the motions described by u g ( r ) ;  
for these motions we can integrate the 4-component of (5.3)  over a cylinder to 
obtain 

d d S ( j ~ B ) ~ d $ d z  (5.4)at ,,=,, 
and condition (5.1)  is seen to be necessary to prevent large accelerations in tlie 
$-direction. If (5.1) were not satisfied; rapid torsional motion would be set up ill 
which each concentric cylindrical annulus rotated as a rigid body. The adjacent 
annuli are coupled together, as if by elastic strings, through the magnetic field B,. 
Because of this linkage, the torsional motion would modify the fields until a state 
was reached in which (5.1) was satisfied. That this view is correct is confirmed by 
the form of equation (5.2)which finally determines u3( r ) ,for it will be observed that 
the coefficients of this equation a, p, vanish when, but only when, B, is zero every- 
where over one of the cylindrical annuli. When this occurs that annulus is free t o  
rotate independently of its neighbours. 

We conclude that the equations discussed, together with the algorithm for 
calculating v, do indeed give a consistent description of the slow relative motions 
of a conducting rotating fluid such as the earth's core and might form the basis 
of a method for calculating the 'dynamo problem'. The two theorenis we have 
enunciated here can clearly be regarded as extensions of the Proudman-Taylor 
theorem and a modification of it given by Bullard $ Gellman ( I954). The Proudman- 
Taylor result showed that rotation restricts slow motions to a plane a t  right 
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angles to the axis, while Bullard & Gellman showed that in a spherical (or generally 
a convex) container the restriction is still more severe; in fact the only slow, free 
motion possible is that in which cylindrical shells move rigidly about the axis of 
rotation. It is only to be expected, therefore, that when external forces are present 
they should have to satisfy a constraint such as we have found necessary and that 
when this constraint is satisfied the motion should be specified by the forces acting. 

The author records his gratitude to Drs K. V. Roberts and N. 0.Weiss who not 
only introduced him to this problem but participated in many stimulating and 
helpful discussions. 
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